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Abstract

It is well-known that filtered chaotic signals can exhibit increases in observed fractal

dimension.  However, there is still insufficient knowledge regarding the underlying causes of this

phenomenon.  We provide further insight into this problem through the use of computer

animations and three-dimensional ray-tracings.  Specifically, we show that lowpass filters can

induce a non-uniform convergence to a dynamical systemÕs mean state-space location.  With

chaotic attractors, this convergence distorts the attractorÕs normal geometrical configuration such

that the observed system acquires increased dimensionality.
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1. Introduction
 Since the early 1980s, the field of chaos has enjoyed a remarkable growth in popularity.

With origins primarily in physics and mathematics, chaos has gained the attention of researchers

from largely disparate disciplines (e.g., physiology, communications, economics).

Unfortunately, this popularity has not been free of undesired side effects.  Some

experimentalists, for instance, use the tools (i.e., numerical algorithms) of chaos without

familiarity of their theoretical limitations.  (See [1, 2] for examples of potential problems.)  For

this reason, a great deal of recent dynamical-systems research has focused on the practical use of

numerical algorithms for examining systems suspected of displaying chaos.

Since experimentally obtained data are usually filtered (possibly unintentionally), one

should be aware of the effects of filtering chaotic signals.  Although, several research groups [3-

6] showed that lowpass filters can increase the observed fractal dimension of a chaotic system,

there is still insufficient understanding of this phenomenon.1  Hence, this paper provides further

insight into the mechanisms underlying the effects of filtering chaotic signals.  In particular, we

show that the dimension increase results from a non-uniform scaling of the observed systemÕs

geometry.  With this purpose in mind, we found data visualization via three-dimensional ray-

tracings to be an intuitive and effective resource.

2. Signal generation and processing
For the examples presented in Section 4, we performed numerical experiments using the

Lorenz attractor [8], which is defined by the following three coupled differential equations:

                                                
1   When estimating fractal dimension, one typically evaluates a relevant quantity (e.g., the

correlation sum [7]) over a specified range of length scales.  With lowpass-filtered data, an

increase in observed dimension is apparent over length scales dominated by the chaotic signal.

However, on length scales dominated by noise, one may actually observe a decrease in fractal

dimension.
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Çx = s (y - x)

Çy = x(R- z) - y

Çz = xy- bz .

In order to examine the Lorenz system in the chaotic regime, we chose parameter values of

s =16.0, R= 45.92, b = 4.0.  The differential equations were solved numerically using a

fourth-order Runge-Kutta integration with a step size equal to 0.005 s; the numerical integration

was calculated from an arbitrary initial condition, and a sufficient number of transient points

were discarded.  Finally, three 1275-point time series (one for each of the x-, y-, and z-

coordinates) were generated for subsequent processing.

Signal processing consisted of lowpass filtering the time series using a first-order (i.e.,

single-pole) filter with the following impulse response (h):

h[n] = an ×u[n],

where a is the filter parameter (0 < a <1), u is the unit step function, and n represents discrete

time.  To force the DC gain to unity, the filter was implemented as the difference equation

y[n] = a×y[n - 1] + (1- a)×x[n] ,

where x is the input and y is the output.  (The term 1- a divides the z-transform of h[n] by the

sum of its coefficients, 1+ a + a2 + a3 + ....)  Notice that y[n] depends upon previously

computed values of the filter output; that is, the chosen filter is an infinite-impulse response (IIR)

filter.  The corresponding frequency response of this lowpass filter is

H(ejw ) =
1- a

1- ae- jw ,

where w  is the radian frequency.

During the filtering process, the x-, y-, and z-coordinate times series were separately

filtered via the above difference equation.  The value of a was computed from the desired cutoff

frequency, wcutoff , (e.g., see the captions to Figures 3-5) using the following equation:

a = 2 - coswcutoff - cos2 wcutoff - 4coswcutoff + 3 .
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(This relation was derived from the assumption that wcutoff  corresponds to the -3 dB point, i.e.,

the half-power point, of the filter.)  Each set of filtered time series was then used to create a

three-dimensional ray-traced image.

3. Graphics generation
As a graphics engine, we chose the Persistence of Vision Raytracer (POV-Ray) [9, 10],

which is available for a number of computer platforms: Macintosh, MS-DOS, Amiga, UNIX, X-

Windows, and VAX.  (Other platforms, e.g., Silicon Graphics, Sun, are supported by compiling

the C source code on the desired system.)  POV-Ray images are represented using a rich scene

description language (SDL), and Listing 1 gives a brief example of a limited number of the

SDLÕs features.

*** LISTING 1 NEAR HERE ***

A software utility was developed to convert a three-dimensional time series into a model

compatible with the POV-Ray SDL.  This utility generated an ASCII ÒincludeÓ file which

defined a sphere for every 3D data point and a truncated cylinder as a link between successive

spheres.  (A similar utility [11] is available from the same sources that distribute POV-Ray.)

Moreover, a color was associated with each sphere and its link to the previous sphere.  (Section 4

describes the color-coding scheme.)  This gave the data set the appearance of a multi-color,

winding Òtube.Ó  Listing 2 shows the core C functions needed to define a tube.

*** LISTING 2 NEAR HERE ***

Once the POV-Ray include file was created, the data set was rendered using the scene file

described in Listing 3.  Running on an Apple Quadra 700 computer, POV-Ray required

approximately 16 hours of computation time to generate a 1023- x 682-pixel image.  However,

through the generous use of POV-Ray Òbounding objectsÓ, we were able to speed up the ray-

tracing by 500-800%.  (The computational savings results from POV-RayÕs ability to eliminate

the calculations associated with a group of objects, except when a given light ray intersects the

groupÕs bounding object.)
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*** LISTING 3 NEAR HERE ***

4. Results
Figure 1 shows a ray-traced model generated from the unfiltered Lorenz data set.  The

color scheme used in the figure conveys supplemental information about the systemÕs history.

Specifically, a violet-blue hue refers to the oldest states of the system, whereas an orange-red

color indicates the systemÕs most recent output.  Note that the system trajectory, i.e., sequence of

states, is bounded in space; therefore, the trajectory tends to pass repeatedly near previously

traversed regions of state space.  This trait is important because similar temporal patterns are

necessary if two points are to be nearby in state space.  Thus, one can expect spatially close

points to behave similarly under the influence of a temporal filter.

*** FIGURE 1 NEAR HERE ***

Figure 2 shows several frames from a computer animation that was developed for

pedagogical purposes as well as a research tool for examining and understanding the effects of

filtering chaotic signals.  By associating higher degrees of lowpass filtering (i.e., lower cutoff

frequencies) with elapsed time, the animation illustrates the primary features of filtered chaotic

signals.  For example, as one lowers the cutoff frequency, energy is removed from a signal until

only the DC component remains.  Hence, in terms of the geometry, the attractor collapses toward

its mean position with increased amounts of filtering.  (However, a given point actually moves

toward its local mean2 before converging upon the global mean.  Thus, some points may first

drift away from the global mean.)

*** FIGURE 2 NEAR HERE ***

For presentation purposes, we magnified three representative frames of the animation to

produce Figures 3-6.  Like Figure 1, these images communicate additional information through a

                                                
2   ÒLocal meanÓ here refers to the mean value calculated from a window of data centered about

a given point.
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color scheme.  Specifically, we related the colors to a scale factor, Fscale, which was based on

the spatial effects of the filter:

Fscale=
dist1
dist0

 ,

where dist1 is the distance from a filtered point to its original, unfiltered location, and dist0 is the

distance from the unfiltered position to its global mean.  As indicated by the legends in Figures

3-6, a scale factor between 0.0 and 1.0 is associated with a change in color from violet to red,

whereas a scale factor greater than 1.0 corresponds to a reduced saturation (i.e., a whitening) of

the red hue.  With minimal filtering, one observes little change in the geometry of the attractor

and, therefore, little change in the systyemÕs fractal dimension.3  This fact is supported by the

predominantly violet-blue color of the filtered attractor in Figure 3.  With increased filtering

(Figures 4 and 5), however, the attractorÕs geometry undergoes a scale change and the

appropriate colors shift closer to the red end of the spectrum.

*** FIGURES 3-5 NEAR HERE ***

Perhaps the most important feature to notice in Figures 3-5 is the non-uniform coloring of

the filtered attractor.  We interpret this result as a shape change regardless of overall scale.  Thus,

different portions of the attractor move (as a function of wcutoff ) toward the global mean at

varying rates.  This phenomenon is due to the filterÕs selective attenuation of points associated

with the highest frequencies.  As best revealed by Figure 6, the attractor is transformed from its

normal configuration (roughly two planar lobes for the Lorenz system) to one that is more

                                                
3   For comparison with previous work [3-6], the captions to Figures 1, 3, 4, and 5 present the

closely-related ÒLyapunov dimensionÓ in lieu of the fractal dimension.  The Lyapunov

dimension (as calculated using the Kaplan-Yorke conjecture [12]) relates fractal dimension to the

stretching and folding quantified by a dynamical systemÕs Lyapunov exponents.



6

convoluted or space-filling (over a smaller volume).4  Thus, filtering causes a non-uniform scale

change, i.e., a shape change, which manifests itself as a dimension increase for chaotic systems.

*** FIGURE 6 NEAR HERE ***

5. Summary
We demonstrated that data-visualization techniques are useful as a novel means to

understanding existing problems in nonlinear dynamics.  Specifically, we utilized three-

dimensional ray-tracings to examine the effects of filtering chaotic signals.  The images

presented in this paper were derived from a computer animation that was designed to show the

mechanisms underlying the observed increase in fractal dimension.  We found that lowpass

filters can induce a non-uniform convergence to a systemÕs mean state-space position.  With

chaotic systems, this convergence results in a distortion of the attractorÕs geometry such that the

observed system acquires greater complexity and, therefore, increased dimensionality.
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Captions
Listing 1. Example of the POV-Ray scene description language (SDL).

Listing 2. Principle C source code for describing a 3D ÒtubeÓ in terms of the POV-Ray SDL.

Listing 3. POV-Ray scene file used to generate Figures 1-6.

Figure 1. Unfiltered Lorenz attractor.  The theoretical Lyapunov dimension is 2.067.

Figure 2. Several frames from a computer animation which illustrates the effects of filtering

chaotic signals.

Figure 3. Filtered Lorenz attractor with lowpass cutoff frequency (wcutoff ) ofÊ0.2513 rad

(8.0ÊHz).  The theoretical Lyapunov dimension is 2.067.

Figure 4. Filtered Lorenz attractor with lowpass cutoff frequency (wcutoff ) ofÊ0.0628 rad

(2.0ÊHz).  The theoretical Lyapunov dimension is 2.119.

Figure 5. Filtered Lorenz attractor with lowpass cutoff frequency (wcutoff ) ofÊ0.0157 rad

(0.5ÊHz).  The theoretical Lyapunov dimension is 2.477.

Figure 6. Magnification of the image in Figure 5.
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// axes.inc ... a POV-Ray include file
for implementing 3D coordinate axes

// first define a unit arrow along the x-coordinate axis
#declare Arrow_X = object
{

union  // join a cylinder and a cone
{

intersection   // an infinite cone truncated by a plane
{

quadric{<-0.25 1.0 1.0> <0.0 0.0 0.0> <0.500 0.0 0.0> -0.250}
plane{<1.0 0.0 0.0> 0.75 inverse}

}
intersection   // an infinite cylinder truncated by a plane
{

quadric{<0.0 1.0 1.0> <0.0 0.0 0.0> <0.0 0.0 0.0> -0.002500}
plane{<1.0 0.0 0.0> 0.75}

}
}
bounded_by{box{<0.0 -0.13 -0.13> <1.0 0.13 0.13>}}   // used to speed up rendering
clipped_by{box{<0.0 -0.13 -0.13> <1.0 0.13 0.13>}}   // truncates rest of infinite quadrics

}

// now rotate Arrow_X to get unit arrows along the y- and z-coordinate axes
#declare Arrow_Y = object{Arrow_X rotate<0.0 0.0 +90.0>}
#declare Arrow_Z = object{Arrow_X rotate<0.0 -90.0 0.0>}

// define the surface characteristics of the axes
#declare Axes_Texture = texture
{

color Yellow
metallic
ambient 0.25
reflection 0.10

}

// form a composite object from the three arrows and a sphere at the origin
#declare Axes_XYZ = composite
{

object{Arrow_X texture{Axes_Texture}}
object{Arrow_Y texture{Axes_Texture}}
object{Arrow_Z texture{Axes_Texture}}
object{sphere{<0.0 0.0 0.0> 0.0500} texture{Axes_Texture}}
bounded_by{box{<-0.13 -0.13 -0.13> <1.0 1.0 1.0>}}

}

(LISTING 1)
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/*
NOTES:

1. The radius of the tube is stored in the global variable r.

2. HasLinks and HasColors are Boolean global variables set by the user.

3. This code shows minimal use of bounding objects.  If faster rendering is needed, form a
composite object from several successive segments and use another bounding object for
the entire composite object.  (This strategy can be extended to multiple levels by forming
a larger composite object -- with its own bounding object -- from two or more composite
objects from the previous Òlevel.Ó)

*/

#define M_180_OVER_PI57.29577951

void ConstructTube(FILE *dataFile)
{

int i;

if(HasLinks)
{

/* first define a unit segment along the x-axis */
fprintf(dataFile, "#declare Seg_X = intersection\n");
fprintf(dataFile, "{\n");
fprintf(dataFile, "   quadric{<0.0 1.0 1.0> <0.0 0.0 0.0> <0.0 0.0 0.0> %f}\n", -r*r);
fprintf(dataFile, "   plane{<1.0 0.0 0.0> -1 inverse}\n");
fprintf(dataFile, "   plane{<1.0 0.0 0.0> 1}\n");
fprintf(dataFile, "}\n\n");

/* position a lone sphere for one of the endpoints */
WriteSphere(dataFile, 0);

/* now loop through the rest of the points and position a segment */
for(i=1; i<npts; i++)

WriteSegment(dataFile, i);
}
else
{

/* position a sphere at each point without any links */
for(i=0; i<npts; i++)

WriteSphere(dataFile, i);
}

}

void WriteSphere(FILE *dataFile, int index)
{

/* position a sphere at the proper XYZ location */
fprintf(dataFile, "   object\n   {\n");
fprintf(dataFile, "      sphere{<%f %f %f> %f}\n",  x[index], y[index], z[index], r);
if(HasColors) /* write red, green, and blue color components stored in R, G, & B arrays */

(LISTING 2)
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fprintf(dataFile, "      texture{color red %.5f green %.5f blue %.5f}\n   }\n",
R[index], G[index], B[index]);

else
fprintf(dataFile, "   }\n");

}

void WriteSegment(FILE *dataFile, int index)
{

/* first calculate the necessary transformations for the unit segment and        */
/* store the results in the global variables length, theta, phi, mx, my, and mz */
CalculateTransformations(index);

/* now form a composite object from a sphere and a properly positioned segment */
fprintf(dataFile, "   composite\n   {\n");
fprintf(dataFile, "      object\n      {\n");
fprintf(dataFile, "         sphere{<%f %f %f> %f}\n", x[index], y[index], z[index], r);

if(HasColors) /* write the red, green, and blue color components */
fprintf(dataFile, "         texture{color red %.5f green %.5f blue %.5f}\n",

R[index], G[index], B[index]);
fprintf(dataFile, "      }\n");

/* the next several lines put the unit segment into the proper position */
fprintf(dataFile, "      object\n      {\n");
fprintf(dataFile, "         intersection\n         {\n            Seg_X\n");
fprintf(dataFile, "            scale <%f 1.0 1.0>\n", length/2);
fprintf(dataFile, "            rotate <0.0 %f %f>\n", theta, phi);
fprintf(dataFile, "            translate <%f %f %f>\n         }\n", mx, my, mz);

if(HasColors) /* average two  data points to get the segment color */
fprintf(dataFile, "         texture{color red %.5f green %.5f blue %.5f}\n",

(R[index]+R[index-1])/2, (G[index]+G[index-1])/2, (B[index]+B[index-1])/2);
fprintf(dataFile, "      }\n");

/* define a bounding box for the completed segment */
fprintf(dataFile, "      bounded_by\n      {\n");
fprintf(dataFile, "         box\n         {\n");
fprintf(dataFile, "            <%f %f %f> <%f %f %f>\n",  -(length/2+r), -r, -r, length/2+r, r, r);
fprintf(dataFile, "            rotate <0.0 %f %f>\n", theta, phi);
fprintf(dataFile, "            translate <%f %f %f>\n", mx, my, mz);
fprintf(dataFile, "         }\n      }\n   }\n");

}

void CalculateTransformations(int index)
{

float x1, x2, y1, y2, z1, z2;
float dx, dy, dz, signFlag;

/* first store the necessary data in local variables */
x1 = x[index]; x2 = x[index-1];
y1 = y[index]; y2 = y[index-1];
z1 = z[index]; z2 = z[index-1];

/* calculate scale factor */
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dx = x2-x1;
dy = y2-y1;
dz = z2-z1;
length = sqrt(dx*dx + dy*dy + dz*dz);

/* calculate rotations about the y-, and z-axes */
if(length < 1e-15)
{

theta = 0;
phi = 0;

}
else
{

if(dx<0)
signFlag = -1.0;

else
signFlag = 1.0;

theta = -signFlag*asin(dz/length);
phi = signFlag*M_180_OVER_PI*asin(dy/length/cos(theta));
theta *= M_180_OVER_PI;

};

/* calculate x-, y-, and z-coordinate translations */
mx = (x1+x2)/2;
my = (y1+y2)/2;
mz = (z1+z2)/2;

}
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// lorenz.pov ... POV-Ray scene for
rendering the data set described by lorenz.inc

// first load the basic POV-Ray include files
#include "shapes.inc"
#include "colors.inc"
#include "textures.inc"

// now load the include file from Listing 1 and the .inc file describing the data
#include "axes.inc"
#include "lorenz.inc"

// position the camera
camera
{

location <-100.0 -10.0 130.0>
direction <0.0 0.0  1.25>
up  <0.0  1.0  0.0>
right <-1.5 0.0 0.0>
look_at <0.28 -12.0 44.0>

}

// position the axes
composite
{

Axes_XYZ
scale <40.0 40.0 40.0>
translate <12.82 -28.0 -100.0>

}

// position a checkered ÒfloorÓ
object
{

plane{<0.0 1.0 0.0> -39.0}
texture
{

checker color Gray50 color Gray55
scale <50.0 50.0 50.0>
ambient 0.9
diffuse 0.2
reflection 0.20

}
}

// position a light source
object{ light_source {<-80.0 60.0 54.0> color White} }

(LISTING 3)
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(FIGURE 1)
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(FIGURE 2)



16

(FIGURE 3)
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(FIGURE 4)
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(FIGURE 5)
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(FIGURE 6)


