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ABSTRA CT

A GEOMETRIC FRAMEW ORK FOR TRANSFER
LEARNING USING MANIF OLD ALIGNMENT

SEPTEMBER 2010

CHANG WANG

B.Sc., NANKAI UNIVERSITY

M.E., NANKAI UNIVERSITY

Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: ProfessorSridhar Mahadevan

Many machine learning problems involve dealing with a large amount of high-

dimensionaldata acrossdiversedomains. In addition, annotating or labeling the data

is expensive as it involvessigni¯cant human e®ort. This dissertation exploresa joint

solution to both theseproblemsby exploiting the property that high-dimensionaldata

in real-world application domainsoften lies on a lower-dimensionalstructure, whose

geometrycan be modeledas a graph or manifold. In particular, we proposea set of

novel manifold-alignment basedapproaches for transfer learning. The proposedap-

proachestransfer knowledgeacrossdi®erent domainsby ¯nding low-dimensionalem-

beddingsof the datasetsto a commonlatent space,which simultaneouslymatch cor-

responding instanceswhile preservinglocal or global geometryof each input dataset.

We develop a novel two-step transfer learning method called Procrustes align-

ment. Procrustesalignment ¯rst mapsthe datasetsto low-dimensionallatent spaces

vi



re°ecting their intrinsic geometriesand then removesthe translational, rotational and

scalingcomponents from oneset so that the optimal alignment betweenthe two sets

canbeachieved. This approach canpreserveeither global geometryor local geometry

depending on the dimensionality reduction approach usedin the ¯rst step.

We propose a general one-stepmanifold alignment framework called manifold

projections that can ¯nd alignments, both acrossinstancesaswell asacrossfeatures,

while preserving local domain geometry. We develop and mathematically analyze

several extensionsof this framework to more challenging situations, including (1)

when no correspondencesacrossdomains are given; (2) when the global geometry

of each input domain needsto be respected; (3) when label information rather than

correspondenceinformation is available.

A ¯nal contribution of this thesis is the study of multiscale methods for mani-

fold alignment. Multiscale alignment automatically generatesalignment results at

di®erent levels by discovering the sharedintrinsic multilevel structures of the given

datasets,providing a commonrepresentation acrossall input datasets.
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CHAPTER 1

MOTIV ATION

1.1 Background

Many machine learning approaches rely on the availabilit y of a large amount of

labeled data to train a model. However, labeled data is often expensive to obtain.

To save labeling and training e®ort, in many situations we want to transfer labeled

information or existing models from one domain to another. This problem arisesin

a variety of applications in information retrieval, e-commerce,computer vision, and

many other ¯elds. To addressthis problem, the area of transfer learning in general,

and domain adaptation in particular, has recently seena surge of activit y [10, 25,

28, 48, 52, 64]. This area draws inspiration from the observation that people can

often apply knowledge learned previously to new problems. If done successfully,

knowledgetransfer cansigni¯cantly speedup computation by reducingthe number of

training instancesthat needto be speci¯ed or reusingexisting models. A geometric

view of transfer learning is illustrated in Figure 1.1. The general idea is to ¯nd a

commonlatent spacesharedacrossall input domainssuch that usefulknowledgecan

be transferred acrossdomainsvia this space.

1.2 Challenges

Most existing approachesin this areaassumethat the sourceand target domains

sharesomefeatures,and the di®erencebetweendomainsprimarily arisesdue to the

1
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Figure 1.1. This ¯gure illustrates a geometricframework for transfer learning investigated
in this thesis. We have three input datasets (lying on low-dimensional manifolds) together
with sometraining corresponding pairs. The goal is to construct three mapping functions
(represented as black arrows) to project instances from their original feature spacesto a
new latent space,where the instancesfrom di®erent feature spacesare comparable.

di®erencebetweendata distributions. This assumptionis not valid in many scenarios

such as cross-lingual information retrieval [27] and multimodal datasets involving

wordsand images[3], wheretransfer of knowledgeacrossdomainsde¯ned by di®erent

featuresis required. In a generalsetting of the problem, we are given c related input

datasets: X 1; ¢¢¢; X c, where c can be larger than 2 and the c input datasets do

not have to shareany commonfeaturesor instances.The transfer learning problem

in this scenariois extremely di±cult, especially when we considerthe fact that the

datasetsoften have very limited labeled information. This setting is quite popular

in many real-world applications, and one example is as follows: assumewe have

three collectionsof documents in English, Italian, and Arabic respectively. In these

collections,there aresu±cient labeledEnglish and Italian documents, but few labeled

Arabic documents. The task is to label the unlabeled Arabic documents, leveraging

the labels from English and Italian collections. Most existing domain adaptation

and transfer learning techniques [10, 25, 28, 48] cannot be directly applied to this

2



setting, sincethe input domainsare de¯ned in di®erent feature spaces.Approaches

that heavily dependon labeledinformation (like [23]) may not work either, sincethey

may result in over¯tting when the labeled information is inadequate.

A key step in addressingsuch transfer learningproblemsis to construct a common

underlying latent spacesharedby all input high-dimensionaldatasets.However, quite

a few challengeshave to be addressedin this construction process.Firstly, we often

have multiple input domainsto processbut most existing transfer learning techniques

can only handle two input domains. Secondly, the given training correspondencein-

formation is often insu±cient. Soif we construct our model basedsolelyon the given

correspondences,the performancemay be poor due to over¯tting. Thirdly , the given

correspondenceinformation is not guaranteed to be perfect. Someinstance in one

domain might have more than one matches in another domain; someinstance has

exactly onematch, but the true match is only known to be amonga small set of can-

didates and no further information is available. In somesituations, correspondence

information acrossdomains is not available at all, instead we have somelabel infor-

mation that might be useful to compute the latent space. In someextreme cases,

even the label information is not available either. To handle the challengesmen-

tioned above, we needthe proposedapproach to be able to handlemultiple domains,

make useof unlabeled data, and processmany to many correspondences.My thesis

proposesa set of such approaches that can addressthesechallengesunder di®erent

situations. These approaches convert transfer learning problems to single domain

learning problems, and can also be combined with other existing transfer learning

techniquesas a pre-processingstep to project instancesfrom di®erent feature spaces

to the samespace.

To addressreal-world challenges,using transfer learning techniquesalone is not

su±cient. Even when we assumethat the given correspondenceinformation is accu-

rate and su±cient, it is still possiblethat the featuresto represent the input data are

3



redundant and someof them provide nothing but misleadinginformation to the learn-

ing tasks. The transfer learning part is designedto learn feature-featurecorrelations

acrossdomains using the given features, so its performancewill not be satisfying

when the input features are of low quality. To solve real-world problems, we also

needrepresentation learning techniquesto re-represent the input datasetsin a more

e±cient way.

1.3 Con tributions and Outline of The Thesis

Two lines of work presented in this thesisare illustrated in Figure 1.2. An outline

of the thesis is given in Figure 1.3.

� �

� �

� �

� � � � � � �
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Figure 1.2. Transfer Learning and Representation Learning. X 1, X 2 and X 3 are three
input domains.

1.3.1 Transfer Learning (TL)

Figure 1.2 illustrates the two main components of my thesis: transfer learning

and representation learning. Inside the triangle, a set of manifold alignment methods

are used to learn a common underlying latent spaceshared by all input datasets.

In machine learning, most datasetsof interest can be assumedto lie on embedded
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Figure 1.3. Outline of the Thesis.
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non-linear manifolds within the higher-dimensionalspace[55, 63, 4]. A manifold is a

mathematical spacethat on a small enoughscaleresemblesthe Euclideanspace,but

the global structure of a manifold may be more complicated. Manifold alignment is

usedto mapdi®erent datasets(manifolds) to the samespace,simultaneouslymatching

the corresponding instancesand preserving topology of each input dataset. The

assumptionof manifold alignment is the data lies on a manifold, which is embedded

in Euclidean space,and the given data is sampledfrom the underlying manifold in

terms of the featuresof the embeddingspace.Manifold alignment makesuseof both

unlabeledand labeleddata. The abilit y to exploit unlabeleddata is particularly useful

for transfer learning and domain adaptation, where the number of labeled instances

in the target domain is usually limited.

Existing manifold alignment approachescan be categorizedinto two types: two-

step alignment and one-step alignment . In two-step alignment (illustrated in

Figure 1.4(A)), the data instancesin each dataset are ¯rst mapped to lower dimen-

sionalspacesre°ecting their intrinsic geometriesusinga standard(linear likeLPP [33]

or nonlinear like Laplacian eigenmaps[4]) dimensionality reduction approach. If the

input manifoldsaresimilar, then their underlying structuresshouldberelated. Align-
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Figure 1.4. Two types of manifold alignment. The red regions represent the subsets
that are in correspondence. Z is the new space. (A) Two-step manifold alignment: Xa

and Xb are two manifolds. f and g are mapping functions to compute lower dimensional
embeddings. (B) One-stepmanifold alignment: c is the number of manifolds to be aligned.

ment of two manifoldscanbe achieved by removing somecomponents (like rotational

and scaling components) from one manifold leaving another untouched. Existing

two-stepalignment approachescan only handlepair-wisealignment problems. Given

somearbitrary manifolds, there is no guarantee that their intrinsic structures will

be similar. So in two-step alignment, there should be conditions under which two

manifolds cannot be aligned well. One-stepalignment, which can handle multiple

alignment problems(c ¸ 3), is achieved by simultaneouslymatching the correspond-

ing instancesand preservingthe topologyof each givenmanifold. One-stepalignment

is illustrated in Figure 1.4(B).

Manifold alignment can be done at two levels: instanc e-level and featur e-

level . In text mining, examplesof instancescan be documents in English, Arabic,

etc; examplesof features can be English words/topics, Arabic words/topics, etc.

Instance-level alignment computesnonlinear embeddingsfor alignment, but such an

alignment result is de¯ned only on known instances,and di±cult to generalizeto new

instances. Feature-level alignment builds mappings between features, and is more

suited for knowledge transfer applications than instance-level alignment. Feature-

level alignment only computes\linear" mappings for alignment, but the mappings
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can be easily generalizedto new instancesand provide a \dictionary" representing

direct mappingsbetweenfeaturesin di®erent spaces.

The ¯rst contribution of the thesis is Pr ocrustes alignment (Chapter 3),

a two-stepapproach that can handle both instance-level and feature-level alignment

problems. Procrustes alignment ¯rst maps the datasets to low-dimensionalspaces

re°ecting their intrinsic geometriesand then removes the translational, rotational

and scalingcomponents from oneset so that the optimal alignment betweenthe two

sets can be achieved. This approach can preserve either global geometry or local

geometry depending on the dimensionality reduction approaches used in the ¯rst

step.

The second contribution is Manifold Pr ojections (Chapter 4), a general

framework for one-step instance-level or feature-level manifold alignment preserv-

ing local geometry. This framework computes lower dimensional embedding and

alignment simultaneously. Someexisting algorithms like Laplacian eigenmaps[4],

LPP [33], CanonicalCorrelation Analysis (CCA), semi-supervisedalignment [31] can

be obtained from this framework as special cases.Manifold projections can handle

many to many correspondences,solve multiple alignment problemsand be usedas a

basisfor many di®erent variants. As a natural extensionof this framework, we also

present a knowledgetransfer algorithm to directly build mappingsbetweenspacesde-

¯ned by di®erent features. This knowledgetransfer algorithm canautomatically solve

two key issuesin transfer learning area: \what to transfer" and \how to transfer".

The thir d contribution includes a set of extensions of manifold pr o-

jections to solve alignment pr oblems under di®er ent situations . The ¯rst

extension(Chapter 4) is designedto handle the situations when no correspondences

acrossdomains are given. This problem is common in real-world applications, but

extremely di±cult to solve. The secondextension(Chapter 5) is an alignment algo-

rithm to match corresponding instancesacrossdomainsand preserve global geometry
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of each input domain. The abilit y to preserve global geometry is desired in some

tasks, like text mining and robot navigation. The last extension(Chapter 6) makes

useof labelsrather than correspondencesto align the input manifolds. This extension

signi¯cantly broadensthe application scope of manifold alignment techniques.

The relationship between di®erent manifold alignment approaches presented in

this thesis is illustrated in Table 1.1.

Table 1.1. Relationship BetweenDi®erent Alignment Approaches.

Alignment using Alignment using Unsupervised
correspondences labels alignment

Preserve local geometry Chapter 3, 4 Chapter 6 Chapter 4
Preserve global geometry Chapter 3, 5 N/A N/A

One-stepalignment Chapter 4, 5 Chapter 6 Chapter 4
Two-step alignment Chapter 3 N/A N/A

Feature-level Chapter 3, 4, 5 Chapter 6 Chapter 4
Instance-level Chapter 3, 4, 5 Chapter 6 Chapter 4

1.3.2 Represen tation Learning (RL)

The thesisalso proposesa set of representation learning techniques(as shown in

Figure 1.2) to construct a basis(a set of features)for each individual domain so that

the new representation of the data is well adapted to the given task and geometryof

the data space.

The fourth contribution of the thesis is a novel approach to learn multi-

scalerepresentations from a given dataset (Chapter 7). This approach learns basis

functions to spanthe original problem spaceat multiple scales[20] and can automat-

ically map the data instancesto lower dimensionalspacespreservingthe relationship

inherent in the data. It also o®ersthe following advantages over the state of the

art methods: it provides multiscale analysis, it computesbasis functions that have

local support, it is able to handle non-symmetric relationships. As a casestudy, the

new approach has beenapplied to text domain to extract hierarchical topics from a
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given collection of text documents (Chapter 8). Comparedto the other approaches

in the ¯eld, our method is parameter free and can automatically compute the topic

hierarchy and topics at each level. Applications to a number of other areas,including

computer vision, graph data mining, and bioinformatics have alsobeeninvestigated.

The approach to learning multiscale representations is task independent. Chapter 9

presents a task dependent approach to learningnewrepresentations for the givendata

preservingtask oriented discriminative information.

1.3.3 A Com bination of TL and RL

The ¯fth contribution is multisc ale manifold alignment (Chapter 10),

a new approach to combine Transfer learning and Representation learning. Com-

pared to regular single-level alignment approaches, multiscale alignment automati-

cally generatesalignment resultsat di®erent levelsby discovering the sharedintrinsic

multilevel structures of the given datasets. In contrast to previous \°at" alignment

methods, whereusersneedto specify the dimensionality of the new space,the multi-

level approach automatically ¯nds alignments of varying dimensionality. Compared

to regular representation learning techniques, which learn a new representation for

each individual dataset, the newalgorithm learnsa commonrepresentation acrossall

input datasets.
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CHAPTER 2

RELA TED W ORK

2.1 Transfer Learning

2.1.1 Overview

Transferlearninginvolvesthreemain research issues[52]: (1) What to transfer; (2)

How to transfer; (3) When to transfer. \What to transfer" involvesdeterminingwhich

part of knowledgecan be transferred acrossdomains. Someknowledgeis speci¯c for

individual domains, and someknowledgemay be common acrossdi®erent domains

such that they may help improveperformancefor the target domain. After discovering

what knowledgecanbe transferred,\How to transfer" studieshow to developlearning

algorithms to transfer the knowledge. \When to transfer" asksunder what situations,

knowledgeshouldnot be transferred. In somesituations, whenthe sourcedomainand

target domain arenot related to each other, brute-forcetransfer may be unsuccessful.

In the worst case,it may even hurt the performanceof learning in the target domain.

Most current work on transfer learning focuseson \What to transfer" and \How to

transfer", by implicitly assumingthat the sourceand target domainsare related to

each other.

2.1.2 Related Work

Sincemy thesisstudieshow to construct a commonunderlying latent spaceshared

by all input high-dimensionaldatasets,we only focuson the work in transfer learning

that is related to this particular area.

Semi-supervised manifold alignment [31] is a one-step instance-level alignment

algorithm. In this approach, the points of two datasetsaremapped to a newspaceby
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solvinga constrainedembeddingproblem,wherethe embeddingsof the corresponding

points from di®erent setsare constrainedto be similar. Semi-supervisedalignment

directly computesthe embedding results rather than the mapping functions, so the

(latent) mappingfunction canbeany non-linearfunction, but the alignment is de¯ned

only on the known data points, and it is hard to handle the new test points. Semi-

supervised alignment can be obtained as a special caseof our general framework

for one-stepalignment (seeEquation (4.20) for more details). Semi-de¯nite manifold

alignment [75] is alsoa one-stepinstance-level alignment algorithm. It solvesa similar

problem as semi-supervised alignment in a semi-de¯nite programming framework.

Semi-de¯nite alignment can handle multiple manifold alignment problems and also

handle relative comparisoninformation.

Di®usion maps-basedmanifold alignment [40] is a two-step approach and can

handle both instance-level and feature-level alignment problems. In the ¯rst step,

this approach constructs a graph to represent each given dataset and usesdi®usion

maps[19] to map the vertices(instances)to lower dimensionalspaces.In the second

step, it appliesa±ne matching to align the resulting points that arein correspondence.

A similar framework is presented in [2], where ISOMAP [63] is used to embed the

nodes of the graphs corresponding to the aligned datasets and a graph-matching

approach is then applied to align the point sets.

Canonical Correlation Analysis (CCA) ¯nds linear mappings that transform in-

stancesfrom multiple datasetsto one space,where the correlation betweenthe cor-

responding points is maximized. CCA is a feature-level alignment approach, but it

doesnot preserve the local geometriesof the given manifolds. CCA can be obtained

asa special caseof Manifold Projections (Chapter 4). A nonlinear extensionof CCA

usingcross-entropy wasdevelopedin [68]. A similar method to coordinate local charts

basedon the LLE [55] framework wasproposedin [62]. This approach requiresaccess

to the underlying manifold structure, so it is not directly related to our problem.
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Knowledgetransfer is becomingincreasinglypopular in machine learningand data

mining [52, 64]. Much previous work in transfer assumesthe training data and test

data to be de¯ned in the samespace. For example, self-taught learning [54] uses

unlabeleddata to help improve classi¯cation performanceon labeleddata, wherethe

unlabeleddata comesfrom a di®erent set of categories(e.g. if the task is to classify

motor cyclesvs. bicycles,the unlabeled data could be random imagesof mountains

and hills). However, many real-world applications like cross-lingualinformation re-

trieval require transfer of knowledgeacrossdomainsde¯ned by di®erent features. To

addressthis problem, multi-view learning (designedfor classi¯cation) proposesa nat-

ural way to divide featuresinto views and an instanceis described by a di®erent set

of featuresin each view [11]. The classi¯ersin multiple viewslearn from each other to

enhancethe learning process.Translated learning [23] shows how labeled data from

onefeature spaceis usedto enhancethe classi¯cation performancefor another space.

In this approach, the translator (Á(yt ; ys) _ p(yt jys)) connectingtwo feature spaces

is computed by a simple algorithm leveraging the given feature-level co-occurrence

p(yt ; ys), where ys and yt represent the features in the source and target spaces,

p(ajb) represents conditional probability, and p(a;b) represents co-occurrenceproba-

bilit y. Comparedto the translator Á(yt ; ys), usingmanifold alignment for feature-level

knowledgetransfer is much morepowerful. The latter builds mappingsbetweenmul-

tiple feature spaces(rather than just two) consideringboth partial correspondence

information and the manifold topology. It is also unlikely to run into an over¯tting

problem, since the manifold topology needsto be preserved in the alignment pro-

cess.A growing body of recent research usesgraphical modelsto addressthe transfer

learning problem, e.g. Bayesian Task-Level Transfer [56] usesHierarchical Dirich-

let Processes(HDP) [61] to extend the simple NaÄ³ve Bayesianclassi¯er to multiple

classi¯cation domains. The approachesbasedon graphical models generally require

specifying a fairly large number of parameters. The processof ¯tting a model to

12



the data requiressampling, and can incur signi¯cant computational time. However,

the advantagesof graphical models are their generality and power. In contrast, the

manifold alignment approachesstudied below generallyrequire far fewer parameters,

and their training time is usually considerablyless. However, the tradeo®sare some

of the models are simpler and lessgeneral,e.g. feature-level alignment methods use

linear mappings.

2.2 Represen tation Learning

Representations play a major role in intelligent systems.Representation learning

studies how to construct a basisso that the new representation of the data is well

adapted to the given task and geometryof the data space.

2.2.1 Overview

In machine learning, a function could represent almost any instancethat we are

interestedin, like an image(de¯ned in pixel space)and a document (de¯ned in word

space). The spacethat such functions are de¯ned on is called a function spaceand

spannedby a set of basisfunctions (bases).

For functions on Euclidean spaces,two types of \¯xed" basesare widely used:

wavelet basesused in wavelet analysis [24], and Fourier basesused in Fourier anal-

ysis [13]. For functions on non-Euclideanspaces,which include discretespacessuch

as graphs and continuous spacessuch as manifolds, these ¯xed basesmay not be

optimal. In particular, as the geometryof the spacemay be unknown and needsto

be reconstructed from the data, the basesthemselves need to be learned from the

data. One exampleof non-Euclideanspaceis a 2D Swissroll manifold embeddedin

a 3D space(Figure 2.1). From this ¯gure, we can seethat the instancesthat are far

away from each other on the manifold could be neighbors in Euclideanspace.SoEu-
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Figure 2.1. A 2D SwissRoll Embeddedin a 3D Space.

clideandistanceis not appropriate to computethe distancebetweennon-neighboring

instancesfor this manifold.

Table2.2explainsa framework of representation discovery. It is a processthat lies

in betweenthe given data and tasks. It exploresthe intrinsic structure of the data,

learnsbasisfunctions that provide moree±cient representations of the instancesand

may signi¯cantly simplify the standard learning or analysisalgorithms.

Example:

In this section, we use a real-world text mining exampleto show why constructing

new basisfunctions can be useful.

A document can be de¯ned in a word vector space,where each basis function

represents a word, and the coe±cient corresponding to word i represents the number

of times that word i occursin that document. Another way to represent documents is

to describe them in a \topic" space,whereeach basisfunction is a concept(topic). A

topic can be thought as a multinomial word distribution learnedfrom a collection of

text documents and the words that contribute more to each topic provide keywords

that brie°y summarize the themes in the collection. An example of a document

represented in a topic spaceis as follows (details on how such a basisis generatedis
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Figure 2.2. A Framework of Representation Discovery.
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in Chapter 8):

Documentj = `Kernel' £ 0:5 + `SVM' £ 0:3 + `Protein' £ 0:1 + ¢¢¢ (2.1)

= `ComputerScience' £ 0:9 + `Biology' £ 0:1: (2.2)

Compared to unit vectors, the new basesprovide a set of topics de¯ned by the

documents, providing quantitativ e measuresthat can be usedto identify the content

of documents. For example,we can estimate that Document j is a paper discussing

how to use kernel methods to study protein structure data. Such new basesalso

compressthe representation of documents, sincethe number of topics is usually much

smaller than the number of the words in the dictionary.

2.2.2 Traditional Approac hes for Basis Construction

There are two widely used approaches of decomposing a function into a sum

of basis functions on real-valued function spaces:Fourier analysis [13] and wavelet

analysis [24]. Recently, these two approaches have been extended to graphs and

manifolds: graph Laplacian [17] and Di®usionWavelets [20].

The basic idea of Fourier analysis is that any function f (x) can be written as a

summationof a seriesof sineandcosinetermsof increasingfrequency. The summation

can consistof an in¯nite number of sineand cosineterms. Using this idea, any space

or time varying data can be transformed into a frequencyspace.Here, the meaning

of term \frequency" is broad. It could also be a function of spatial position (like

variation in color on an image), rather than time.

Fourier analysis has somelimitations: ¯rst, Fourier basesare globally smooth,

so it is hard to represent piecewise-smooth functions with local discontinuities; sec-

ond, Fourier analysisdoesnot reveal multiscale regularities of the data. To address

thesechallenges,theory of waveletsemergedroughly two decadesago [24]. Wavelets

are mathematical tools that decompose data into di®erent frequency components,
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Figure 2.3. Relationship betweenFourier Basesand Wavelet Bases.

and then represent each component with basesat a resolution matched to its scale.

Wavelet algorithms processdata at di®erent scalesor resolutions,wherethe scalethat

one usesin looking at data plays a special role. If we look at a signal with a large

\window", we would notice grossfeatures. Similarly, if we look at a signal with a

small \window", we would notice small discontinuities. The result in wavelet analysis

is to \see the forest and the trees".

A comparisonof Fourier basesand wavelet basesis shown in Figure 2.3. From this

¯gure, we can seethat wavelet basesat each scaleare related to the Fourier basesat

a certain band of frequenciesand wavelet basesare localizedboth in frequencyand

time.

Wavelets are de¯ned by the wavelet functions (the mother wavelet) and scaling

functions (the father wavelet). The wavelet function is in e®ecta band-pass̄ lter and

scalingit for each level halvesits bandwidth. This createsthe problem that in order

to cover the entire spectrum, an in¯nite number of levels would be required. The
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scalingfunction ¯lters the lowest level of the transform and ensuresall the spectrum

is covered.

2.2.3 Graph-based Approac hes for Basis Construction

Many problemsin intelligent systemssuch aslearning, optimization, search, plan-

ning are formulated in the context of graphs. In fact, any generaldiscretedomain can

be modeledby graphs. The functions on graphsrepresent most of the data instances

that we are interested in. For example,an image can be thought as a function on

a pixel graph; a document can be thought as a function on a word graph, the value

function in reinforcement learning can be thought as a function on the state space

graph. In Fourier or wavelet analysison real-valued spaces,the basis functions are

\¯xed". On many discretespaces,like graphs,the baseshave to be learned,sincethe

graphsare constructedfrom the given samples.A key goal of my thesis is to provide

a di®usionwaveletsbasedframework to construct basesfor the analysisof functions

de¯ned on graphs.

A graph represents a set of objects and the pairwise relations betweenthose ob-

jects. The objects are called vertices and the link betweentwo vertices is called an

edge.A graph G is represented by G = (V; E), whereV is a ¯nite set of verticesand

E is a set of edges.Given any two verticesu and v, the weight function w mapsthe

relation betweenthem to a real value: w(u; v) ! R. Consideringthe Hilbert space

of functions on a graph, whereeach function f : V ! R assignsa real value f (v) to

each vertex v. The function spacecan be endowed with the inner product of f and

g: hf ; gi =
P

v2 V f (v)g(v). Any function in this spacecan be thought as a column

vector in RjV j . The inner product of f and g can alsobe replacedby a more complex

positive semi-de¯nite kernel [57], which arisesasa similarit y measurein a \mo di¯ed"

feature space. The kernelsdesignedfor generalpurposeinclude Polynomial kernel

(k(x; x0) = (x ¢x0)d), GaussianRBF kernel (k(x; x0) = exp
³

¡ kx ¡ x 0k2

2¾2

´
), and Sigmoid
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kernel (k(x; x0) = tanh(· x ¢x0+ c)). Numerouskernelsare application oriented. Such

kernelshelp solve a large number of interesting real-world problemslike text classi¯-

cation [42] and protein tertiary structure comparison[73]. The enrichment of kernels

makesthe construction of graph representation of the given instancespossible.

2.2.3.1 Eigen vector Based Approac hes:

Once the graph to represent a set of objects is constructed, eigenvectors corre-

sponding to this graph can be usedasbasisfunctions in many di®erent applications.

In dimensionality reduction, Principle Component Analysis(PCA), MultiDimensional

Scaling(MDS) [21], and ISOMAP [63] useeigenvectorsto compute the lower dimen-

sional embedding of the data. Eigenfaces[67] are a set of eigenvectors used in the

computer vision problem of human facerecognition. In information retrieval, Latent

Semantic Indexing (LSI) [26] is a well-known eigenvector basedapproach and widely

usedto ¯nd topics in a text corpus.

Limitations:

One key limitation of eigenvector basedapproaches is that it is di±cult to use

thesemethods to uncover regularitiesat multiple scales.This is a signi¯cant problem

in many applications. For example,the corpora of text documents could include the

conceptsat multiple levels. Using NIPS paper dataset1 as an example,at the most

abstract level, there are two main conceptsin the publishedpapers: machine learning

and neuroscience.At the next level, there may be topics pertaining to a number of

areas,such as reinforcement learning, dimensionality reduction, etc. LSI discovers

°at topics (topics at one level), but it would be better to go onestep further to look

at the whole topic hierarchy. This is beyond what eigenvalue decomposition can do.

1www.cs.toronto.edu/ » roweis/data.html
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The secondproblemis that eigenvector basedmethodscannothandlethe relation-

ships characterizedby directed graphs without somead-hoc symmetrization. Some

typical exampleswhere non-symmetric matrices arise are when k-nearestneighbor

relationships are used, in information retrieval/data mining applications basedon

network topology [58], and state spacetransitions in a Markov decisionprocess.

The third limitation is that eigenvectorsonly detect global smoothness,and may

poorly model the relationshipwhich is not globally smooth but only piecewisesmooth,

or with di®erent smoothnessin di®erent regions. This limits eigenvector basedap-

proachesin applications like topic discovery and value function approximation, since

the generatedtopics (eigenvectors) are not interpretable, and the globally smooth

eigenvectorsare not able to approximate somediscontinuousvalue functions.

2.2.3.2 Extension of Fourier Analysis to Graphs: Graph Laplacian

As a special caseof eigenvector basedapproach, graph Laplacian [17] extends

Fourier analysisto graphs,whereLaplacian eigenvectorsare usedasbasesto approx-

imate functions de¯ned on graphs. In particular, spectral graph theory [17] combined

with classicaldi®erential geometryand global analysison manifolds forms the theo-

retical basis for \Laplacian" techniquesfor function approximation and learning on

graphsand manifolds,usingthe eigenfunctionsof a Laplaceoperator to revealhidden

structure.

The combinatorial Laplacian is de¯ned as:

L = D ¡ W; (2.3)

whereW is a weight matrix, and D is a diagonal matrix (D ii =
P

j Wij ). We often

considerthe normalizedLaplacian

L = D ¡ 1=2(D ¡ W)D ¡ 1=2; (2.4)
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which hasa spectrum in [0,2]. It is easyto seethat

hf ; Lf i =
X

x

f (x)Lf (x) =
X

x;y

w(x; y)(f (x) ¡ f (y))2 = kr f k2
2; (2.5)

so Laplacian is related to the notion of smoothnessof functions. Laplacian eigen-

vectors f »i g and corresponding eigenvalues: 0 · ¸ 0 · ¸ 1 : : : · ¸ i : : : are computed

by solving the eigenvalue equation L»i = ¸ i »i or L»i = ¸ i »i . The graph Laplacian

has many nice properties. For example,L (or L ) is always positive-semide¯niteand

the multiplicit y of 0 as an eigenvalue of L (or L ) gives the number of connected

components of a graph.

Consider the problem of building basis functions for smooth functions (func-

tions with low Sobolev norm [17]) on graphs. Given any graph G, an obvious

but poor choice of basis functions is to encode the i th node in the graph using

Á(i ) = [0¢¢¢1¢¢¢0], where the i th entry is the only non-zeroentry. This represen-

tation does not re°ect the topology of the speci¯c graph under consideration. The

Laplacian eigenfunctionapproach usesthe eigenvectorsof graph Laplacian, in e®ect

performing a global Fourier analysison the graph. Given the observation that »i sat-

is¯es kr »i k2
2 = ¸ i , the characterizationof eigenvectorsshows that »i is the normalized

function orthogonal to »0; : : : ; »i ¡ 1 with minimal kr »i k2. Hencethe projection of a

function f (on the problem space)onto the top k eigenvectors of the Laplacian is

the smoothest approximation to f [46]. The eigenfunctionsof the Laplacian can be

viewed as an orthonormal basisof global Fourier smooth functions that can be used

for approximating any smooth function on a graph.[17].

The graph Laplacian has beenapplied in many ¯elds: one exampleis in dimen-

sionality reduction, which will be discussedbelow in detail. Another example is

spectral clustering [51], wheresmoothest Laplacianeigenvectorsareusedto represent

the original data points for clustering. Proto-value function approximation [46] in re-

inforcement learning alsofalls into this framework. It usesa summation of Laplacian
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eigenvectorsto approximate value functions de¯ned on the state spacegraph.

Case Study: Graph Laplacian-Based Dimensionalit y Reduction

In many application domainsof interest, from information retrieval and natural lan-

guage processingto perception and robotics, data appears high dimensional, but

often lies near or on low-dimensionalstructures, such as a manifold or a graph. By

explicitly modeling and recovering the underlying structure, graph Laplacian based

methods such as Laplacian eigenmaps[4] have beenshown to be signi¯cantly more

e®ective than classicalEuclideanmethods, such asmultidimensional scaling[21] and

principal component analysis. Laplacian eigenmaps[4] constructs an embeddingsof

the data using the low-order eigenvectorsof graph Laplacian asa new coordinate ba-

sis [17], which extendsFourier analysisto graphsand manifolds. Locality Preserving

Projections (LPP) is a linear approximation of Laplacian eigenmaps[33], where the

mapping functions to compute lower dimensionalembeddingsare constrainedto be

linear.

AssumeX = [x1; ¢¢¢; xn ] is a p£ n matrix representing n instancesde¯ned in a p

dimensionalspace.W is an n £ n weight matrix, whereWi;j represents the similarit y

of x i and x j . D is a diagonal matrix, where D i;i =
P

j Wi;j . W = D ¡ 0:5WD ¡ 0:5.

L = I ¡ W, whereL is the normalizedLaplacian matrix and I is an identit y matrix.

(1) Laplacian eigenmaps constructs Y = (y1; ¢¢¢; yn ) to minimize the cost

function
X

i;j

kyi ¡ yj k2Wi;j ; (2.6)

which encouragesthe neighbors in the original spaceto be neighbors in the new

space. Under the constraint to prevent the embedding results from collapsing into

one point, the c dimensionalembedding is provided by the eigenvectorsof Lx = ¸x

corresponding to the c smallestnon-zeroeigenvalues.
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(2) LPP is a linear approximation of Laplacian eigenmaps. LPP constructs

mapping function f to minimize the cost function

X

i;j

kf T x i ¡ f T x j k2Wi;j ; (2.7)

where the f to achieve c dimensionalembedding is provided by the eigenvectors of

X LX T x = ¸X X T x corresponding to the c smallest non-zero eigenvalues under a

similar constraint.

2.2.3.3 Extension of Wavelets to Graphs: Di®usion Wavelets

While Fourier analysis is a powerful tool for global analysis of functions, it is

known to be poor at recovering multiscale regularities acrossdata and for modeling

local or transient properties [47]. Consequently, one limitation of graph Laplacian

basedapproaches is that they only yield a \°at" embedding but not a multiscale

embedding. Another problem is that such eigenvector methods cannot handle the

relationshipscharacterizedby directed graphswithout somead-hoc symmetrization.

For a generalweight matrix W representing the edgeweights on a directed graph, its

eigenvaluesand eigenvectorsare not guaranteed to be real. Many current approaches

to this problem convert directed graphs to undirected graphs. A simple solution is

setting W to be W + W T or WW T . A more sophisticatedsymmetrization method

usesthe directedLaplacian [18], wherethe symmetrization usesthe Perron-Frobenius

theorem. It is moredesirableto ¯nd an approach that handlesdirectedgraphswithout

the needfor symmetrization.

Di®usionWavelets[20] approach is a recent extensionof waveletanalysisto graphs,

wheredi®usionscalingfunctions and di®usionwavelet functions are usedasbasesto

approximate functions de¯ned on graphs. Di®usionwaveletscan be usedto solve the

problemsmentioned above. Details about this approach are discussedin Chapter 7.
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CHAPTER 3

PR OCR USTES MANIF OLD ALIGNMENT

3.1 Overview

Given two datasets: S1 = Sl
1

S
Su

1 , S2 = Sl
2

S
Su

2 , where Sl
1 = f s1

1; ¢¢¢; sl
1g,

Su
1 = f sl+1

1 ; ¢¢¢; sm
1 g, Sl

2 = f s1
2; ¢¢¢; sl

2g, Su
2 = f sl+1

2 ; ¢¢¢; sn
2g along with additional

pairwisecorrespondencesbetweena subsetof the training instances(Sl
1 and Sl

2 are in

pairwisecorrespondence(si
1 Ã ! si

2 for i · l )), Procrustesmanifold alignment learns

an alignment of the remaining instancesin the two datasets.An illustrativ e example

of Procrustesmanifold alignment is in Figure 3.1, where two manifolds X1 and X2

are seeminglydi®erent in their original space(Figure 3.1(A)), and the goal is to align

them in a new space(Figure 3.1(B)). The data comesfrom a real protein tertiary

structure dataset. The approach and experiment setting used in this example are

discussedin Section3.5.
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Figure 3.1. Illustration of ProcrustesManifold Alignment.
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Procrustesmanifold alignment is a two-stepalignment method. In the ¯rst step,

we map the datasetsto lower dimensionalspacesre°ecting their intrinsic geometries

using a standard (nonlinear or linear) dimensionality reduction approach. For ex-

ample, using a graph-basednonlinear dimensionality reduction method provides a

discretizedapproximation to the manifolds, so the new representations characterize

the relationshipsbetweenpoints but not the original features. By doing this, we can

comparethe embeddingsof the two setsinstead of their original representations. In

the secondstep, we apply Procrustesanalysisto align the two lower dimensionalem-

beddingsof the datasetsbasedon a number of landmark points. Procrustesanalysis,

which has beenusedfor statistical shape analysisand image registration of 2D/3D

data [44], removesthe translational, rotational and scalingcomponents from oneset

so that the optimal alignment between the two sets can be achieved. Procrustes

alignment approach results in a mapping that is de¯ned everywhererather than just

on the known data points (provided a suitable dimensionality reduction method like

LPP [33] or PCA is used). Compared to well-known a±ne matching [37], which

changesthe shape of onegiven manifold to achieve alignment, Procrustesalignment

preservesthe manifold shape. This property preservesthe relationship betweenany

two data points within each individual manifold in the processof alignment.

The rest of this chapter is as follows. In Section3.2 we describe the main algo-

rithm. In Section3.3 we explain the rationale underlying our approach. Given the

fact that dimensionality reduction approachesplay a key role in this approach, Sec-

tion 3.4 provides a theoretical bound for the di®erencebetweensubspacesspanned

by low dimensionalembeddingsof the two datasets. This bound analytically char-

acterizeswhen the two datasetscan be aligned well. We use a protein example to

illustrate how this approach works in Section3.5.
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3.2 The Algorithm

Similar to other work in the ¯eld [31], we assumea kernel for computing the

similarit y between data points in each of the two datasets is already given. The

algorithmic procedureis stated in Figure 3.2. For the sake of concreteness,Laplacian

eigenmaps[4] is usedfor dimensionality reduction in the procedure.Dependingon the

dimensionality reduction approach that we want to use, there are several variations

of Step 1. For example,if we are using LPP [33], then we uselinear approximation

of Laplacian eigenmapsfor embedding computation. Note that when LPP is used,

the lower dimensionalembedding will be de¯ned everywhererather than just on the

training instances.

3.3 Justi¯cation

Procrustesanalysisseeksthe isotropic dilation and the rigid translation, re°ection

and rotation neededto best match onedata con¯guration to another [21]. Given low

dimensionalembeddingsEmbed1 = [X T
l ; X T

u ]T and Embed2 = [Y T
l ; Y T

u ]T (de¯ned in

Figure 3.2), the most convenient way to do translation is to translate the con¯gu-

rations in X l and Yl so that their centroids are at the origin. Then, the problem

is simpli¯ed as: ¯nding Q and k so that kX l ¡ kYlQkF is minimized, where k ¢kF

is Frobenius norm. The matrix Q is orthonormal, giving a rotation and possibly a

re°ection, k is a re-scalefactor to either stretch or shrink Yl . Below, we show that

the optimal solution is given by the SVD of Y T
l X l . Theorem1 is credited to regular

Procrustesanalysis[21].

Theorem 1. Let rows of X l and Yl be low dimensional embeddings of the points

with known pairwise correspondences in datasetS1, S2, and x i matchesyi for each

i 2 [1; l ]. If Singular Value Decomposition (SVD) of Y T
l X l is U§ V T , then Q = UV T

and k = tr ace(§) =trace(Y T
l Yl ) minimize kX l ¡ kYlQkF .
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1. Construct the relationship matrices:

² Construct the weight matrices Wx for S1 and Wy for S2 using kernels
K 1 and K 2, where Wx (i; j ) = K 1(si

1; sj
1) and Wy(i; j ) = K 2(si

2; sj
2).

² Compute Laplacian matrices L x = I ¡ D ¡ 0:5
x WxD ¡ 0:5

x and L y =
I ¡ D ¡ 0:5

y WyD ¡ 0:5
y , where D x is a diagonal matrix (D x (i; i ) =P

j Wx (i; j )), D y is a diagonal matrix (D y(i; i ) =
P

j Wy(i; j )) and
I is the identit y matrix.

2. Learn low dimensional embeddings of the datasets:

² Compute c selectedeigenvectorsof L x and L y for the low dimensional
embeddings of the datasets S1 and S2. Let Embed1 = [X T

l ; X T
u ]T ,

where row i of X l (or X u) is the c dimensional embedding of the i th

element of Sl
1 (or Su

1 ). Let Embed2 = [Y T
l ; Y T

u ]T , where row i of Yl

(or Yu) is the c dimensional embedding of the i th element of Sl
2 (or

Su
2 ). Embed1 is an m £ c matrix, Embed2 is an n £ c matrix.

3. Find the optimal alignmen t of X l and Yl :

² Let x i represent row i of X l , yi represent row i of Yl . Translate the
con¯gurations in X l , X u , Yl and Yu , sothat X l , Yl have their centroids
(
P l

i =1 x i =l;
P l

i =1 yi =l) at the origin.

² Compute the singular value decomposition (SVD) of Y T
l X l , that is

U§ V T = SVD(Y T
l X l ).

² Y ¤
l = kYl Q is the optimal mapping result that minimizes kX l ¡

Y ¤
l kF , where k:kF is the Frobenius norm, Q = UV T and k =

tr ace(§) =tr ace(Y T
l Yl ).

4. Apply Q and k to ¯nd corresp ondences between Su
1 and Su

2 .

² Y ¤
u = kYuQ.

² For each element x in X u , its correspondence in Y ¤
u =

argminy¤ 2 Y ¤
u

ky¤ ¡ xk.

Figure 3.2. ProcrustesManifold Alignment Algorithm.
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Proof: The problem is formalized as:

f kopt; Qoptg = argmin
k;Q

kX l ¡ kYl QkF : (3.1)

It is easyto verify that

kX l ¡ kYl Qk2
F = tr ace(X T

l X l ) + k2 ¢tr ace(Y T
l Yl ) ¡ 2k ¢tr ace(QT Y T

l X l ): (3.2)

Sincetr ace(X T
l X l ) is a constant, the minimization problem is equivalent to

f kopt; Qoptg = argmin
k;Q

(k2 ¢tr ace(Y T
l Yl ) ¡ 2k ¢tr ace(QT Y T

l X l )) : (3.3)

Di®erentiating with respect to k, we have

2k ¢tr ace(Y T
l Yl ) = 2 ¢tr ace(QT Y T

l X l ); (3.4)

i.e.
k = tr ace(QT Y T

l X l )=tr ace(Y T
l Yl ): (3.5)

(3.3) and (3.5) show that the minimization problem reducesto

Qopt = argmax
Q

(tr ace(QT Y T
l X l ))2: (3.6)

Case 1:

If tr ace(QT Y T
l X l ) ¸ 0, then the problem becomes

Qopt = argmax
Q

tr ace(QT Y T
l X l ): (3.7)

Using Singular Value Decomposition, we have Y T
l X l = U§ V T , where U and V are

orthonormal, and § is a diagonalmatrix having as its main diagonalall the positive

singular valuesof Y T
l X l . So

max
Q

tr ace(QT Y T
l X l ) = max

Q
tr ace(QT U§ V T ): (3.8)

It is well-known that for two matrices A and B, tr ace(AB ) = tr ace(BA), so

max
Q

tr ace(QT U§ V T ) = max
Q

tr ace(V T QT U§) : (3.9)

For simplicity, we use Z to represent V T QT U. We know Q, U and V are all or-

thonormal matrices, so Z is also orthonormal. It is well-known that any element in
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an orthonormal matrix, say B, is in [-1,1] (otherwiseB T B is not an identit y matrix).

Sowe know

tr ace(Z §) = Z1;1§ 1;1 + ¢¢¢+ Zc;c§ c;c · § 1;1 + ¢¢¢+ § c;c; (3.10)

which implies Z = I maximizestr ace(Z§), whereI is an identit y matrix.

The solution to Z = I is
Q = UV T : (3.11)

Case 2:

If tr ace(QT Y T
l X l ) < 0, then the problem becomes

Qopt = argmin
Q

tr ace(QT Y T
l X l ): (3.12)

Following the similar procedureshown above, we have

tr ace(Z §) = Z1;1§ 1;1 + ¢¢¢+ Zc;c§ c;c ¸ ¡ § 1;1 ¡ ¢¢¢¡ § c;c; (3.13)

which implies that Z = ¡ I minimizes tr ace(Z§).

The solution to Z = ¡ I is
Q = ¡ UV T : (3.14)

Considering (3.6), it is easy to verify that Q = UV T and Q = ¡ UV T return the

sameresults, soQ = UV T is always the optimal solution to (3.6), no matter whether

tr ace(QT Y T
l X l ) is positive or not. Further, we can simplify (3.5), and obtain:

k = tr ace(§) =tr ace(Y T
l Yl ): (3.15)

3.4 Theoretical Analysis

Given the fact that dimensionality reduction approaches play a key role in our

approach, Theorem 2 provides a theoretical bound for the di®erencebetween em-

bedding subspaces.Theorem 3 shows why the bound in Theorem 2 characterizes

the conditions under which two datasetscan be aligned well. Notation usedin this

sectionis shown in Figure 3.3.
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Many dimensionality reduction approaches ¯rst compute a relationship matrix,

and then project the data onto a subspacespannedby the \top" eigenvectorsof the

matrix. The \top" eigenvectors mean somesubsetof eigenvectors that are of inter-

est. They might be eigenvectorscorresponding to largest, smallest,or even arbitrary

eigenvalues. One example is Laplacian eigenmaps,where we project the data onto

the subspacespannedby the \smoothest" eigenvectorsof the graph Laplacian. An-

other exampleis PCA, wherewe project the data onto the subspacespannedby the

\largest" eigenvectorsof the covariancematrix. In this section,we study the general

approach, which provides a generalframework for each individual algorithm such as

Laplacian eigenmaps.We assumethe two given datasetsS1 and S2 do not di®ersig-

ni¯cantly, so the related relationship matricesA and B are \v ery similar". We study

the di®erencebetween the embedding subspacescorresponding to the two relation-

ship matrices. The di®erencebetweenorthogonal projections kQ ¡ Pk characterizes

the distance between the two subspaces.The proof of the theorem below is based

on the perturbation theory of spectral subspaces,whereE = B ¡ A can be thought

as the perturbation to A. The only assumptionwe needto make is for any i and j ,

jE i;j j · ¿.

Theorem 2. If the absolutevalue of each element in E is bounded by ¿, and ¿ ·

2"d1=(n(¼+ 2")), then the di®erence between the two embedding subspaces kQ ¡ Pk

is at most " .

Proof: From the de¯nition of operator norm, we know

kEk = max
k1 ;k2 ;¢¢¢;kn

s X

i

(
X

j

kj E i;j )2; given
X

i

k2
i = 1: (3.16)

We can verify the following inequality always holds:
X

i

(
X

j

kj E i;j )2 · n
X

j

k2
j

X

i

E 2
i;j : (3.17)
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A is an n £ n relationship matrix computed from S1, which is de¯ned in Section 3.1.
B is an n £ n relationship matrix computed from S2, which is de¯ned in Section 3.1.
E = B ¡ A.

X denotesa subspaceof the column spaceof A spannedby top c eigenvectors of A.
Y denotesa subspaceof the column spaceof B spannedby top c eigenvectors of B .
X is a matrix whosecolumns are an orthonormal basisof X .
Y is a matrix whosecolumns are an orthonormal basisof Y.

±1
A is the set of top c eigenvaluesof A, ±2

A includes all eigenvaluesof A except those in ±1
A .

±1
B is the set of top c eigenvaluesof B , ±2

B includesall eigenvaluesof B except those in ±1
B .

d1 is the eigengapbetween±1
A and ±2

A , i.e. d1 = min¸ i 2 ±1
A ;¸ j 2 ±2

A
j¸ i ¡ ¸ j j.

d = ±1
A ¡ ±2

B .

P denotesthe orthogonal projection onto subspaceX .
Q denotesthe orthogonal projection onto subspaceY.

k ¢k denotesOperator Norm, i.e. kLk¹;º = maxº (x)=1 ¹ (Lx ), where ¹; º are simply k ¢k2.

Figure 3.3. Notation usedin Section 3.4.

From (3.16) and (3.17), we have
X

i

(
X

j

kj E i;j )2 · n2¿2
X

j

k2
j = n2¿2: (3.18)

Combining (3.16) and (3.18), we have:

kEk · n¿: (3.19)

It can be shown that if A and E are boundedself-adjoint operators on a separable

Hilbert space,then the spectrum of A+ E is in the closedkEk-neighborhood of the

spectrum of A [39]. We alsohave the following inequality:

kQ? Pk · ¼kEk=2d: (3.20)

We know A hasan isolatedpart ±1
A of the spectrum separatedfrom its remainder±2

A

by gap d1. To guarantee A + E also has separatedcomponents, we needto assume

kEk < d1=2. Thus (3.20) becomes

kQ? Pk · ¼kEk=2(d1 ¡ kEk): (3.21)
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Interchanging the rolesof ±1
A and ±2

A , we have the analogousinequality:

kQP ? k · ¼kEk=2(d1 ¡ kEk): (3.22)

Since
kQ ¡ Pk = maxfk Q? Pk; kQP ? kg; (3.23)

we have
kQ ¡ Pk · ¼kEk=2(d1 ¡ kEk): (3.24)

We de¯ne R = Q ¡ P, and from (3.24), we get

kRk · ¼kEk=2(d1 ¡ kEk): (3.25)

(3.25) implies that
if kEk · 2d1"=(2" + ¼); then kRk · ": (3.26)

So we have the following conclusion: if the absolute value of each element in E is

boundedby ¿, and ¿ · 2"d1=(n(¼+ 2")), then the di®erenceof the subspacesspanned

by top c eigenvectorsof A and B is at most " .

Theorem 2 tells us that if the eigengap(between ±1
A and ±2

A ) is large, then the

subspacecorresponding to the top c eigenvectorsof A is insensitive to perturbations.

In other words, the algorithm can tolerate larger di®erencesbetweenA and B. So

when we are selectingeigenvectors to form a subspace,the eigengapis an important

factor to be considered. The reasoningbehind this is that if the magnitudes of

the relevant eigenvaluesdo not changetoo much, the top c eigenvectors will not be

overtaken by other eigenvectors, thus the related spaceis more stable. Our result in

essenceconnectsthe di®erencebetween two relationship matrices to the di®erence

betweentwo subspaces(of the column spacesof the relationship matrices).

Now we want to connect the relationship betweensubspacesto the relationship

between lower dimensionalembeddings. Our conclusionis that if X and Y are the

same,then the related lower dimensionalembeddingsare also the sameup to a ro-

tation. In the ¯rst scenario(used in PCA or LPP), we compute lower dimensional

embeddingsof S1 and S2 by projecting the data onto X and Y. The conclusionis

32



trivial, sincethe projection results of the samedata instanceon X and Y are always

the same. In the secondscenario,we directly userows of X and Y as embeddings,

similar to Laplacian eigenmaps.The following theorem shows why the sameconclu-

sion is alsovalid. Following the notation presented in Figure 3.3, we know the i th row

of X (or Y) is the c dimensionalembedding of the i th element of S1 (or S2).

Theorem 3. If columnsof X and Y span the samesubspace, then the corresponding

rowsof X and Y are the sameup to a rotation: X = YT , where T is a rotation.

Proof: If columnsof X and Y spanthe samespace,then

X X T = YY T : (3.27)

Sincethe columnsof both X and Y are orthonormal,

X T X = Y T Y = I ; where I is an identit y matrix : (3.28)

From (3.27) and (3.28), we know

X = X I = X X T X = YY T X = Y(Y T X ): (3.29)

Next, we show T = Y T X is a rotation matrix: (3.28) implies

T T T = X T YY T X = X T X X T X = I : (3.30)

Also from (3.28), we have

T T T = Y T X X T Y = Y T YY T Y = I : (3.31)

Since
det(T T T ) = (det(T ))2 = 1; (3.32)

we have
det(T ) = 1: (3.33)

From (3.30)-(3.33),we know T is a rotation matrix.
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3.5 Exp erimen tal Results

In this section, we use a protein example to illustrate how Procrustesmanifold

alignment works. Resultson more experiments are reported in Chapter 4.

Protein 3D structure reconstruction is an important step in Nuclear Magnetic

Resonance(NMR) protein structure determination. Basically, it ¯nds a map from

pairwise distancesbetweenamino acids to coordinates. A protein 3D structure is a

chain of amino acids. Let n be the number of amino acids in a given protein and

C1; ¢¢¢; Cn be the coordinate vectorsfor the aminoacids,whereCi = (Ci; 1; Ci; 2; Ci; 3)T

and Ci; 1; Ci; 2, and Ci; 3 are the x, y, z coordinates of amino acid i (in biology, one

usually usesatoms,and not amino acids,as the basicelement in determining protein

structure. Sincethe number of atoms is large, for simplicity, we useamino acids as

the basicelement). Then the distancedi;j betweenamino acidsi and j canbe de¯ned

as di;j = kCi ¡ Cj k. De¯ne A = f di;j ; i; j = 1; ¢¢¢; ng, and C = f Ci ; i = 1; ¢¢¢; ng.

It is easyto seethat if C is given, then we can immediately computeA. However, if

A is given, it is non-trivial to compute C. The latter problem is essentially Protein

3D structure reconstruction. In fact, the problem is even more tricky, sinceonly the

distancesbetween neighbors are reliable, and this makes A an incomplete distance

matrix. The problem hasbeenproved to be NP-completefor generalsparsedistance

matrices [35]. In practice, other techniques such as angle constraints and human

experienceare used together with the partial distance matrix to determine protein

structures. With the information available to us,NMR techniquesmight ¯nd multiple

estimations (models), sincemore than one con¯guration can be consistent with the

distance matrix and the constraints. Thus, the result is an ensemble of models,

rather than a single structure. Usually, the ensemble of structures, with perhaps

10 - 50 members, all of which ¯t the NMR data and retain good stereochemistry is

depositedwith the Protein Data Bank (PDB) [7]. Modelsrelated to the sameprotein

shouldbesimilar and comparisonsbetweenthe modelsin this ensemble providessome
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information on how well the protein conformation was determinedby NMR. In this

thesis,we study a Glutaredoxin protein PDB-1G7O (this protein has215amino acids

in total), whose3D structure has 21 models. In this chapter, we assumethat only

the distancematricesrelated to thesemodelsare available. In the other chapters,we

directly make useof the 3D data in PDB.

In this test, we selectModel 1 and Model 21 for testing. Thesemodelsare related

to the sameprotein, so it makes senseto treat them as manifolds to test our tech-

niques. We denotethe i th model by Manifold X i , which is represented by a 215£ 215

distance matrix D i . Since the distance matrices are already given, we skip Step 1

in Procrustes alignment algorithm (Figure 3.2). In Step 2, we apply MDS [21] to

construct 3D embeddings from the distance matrices resulting in two 3 £ 215 ma-

trices X 1 and X 2. To evaluate how manifold alignment can re-scalemanifolds, we

manually stretch manifold X2 by letting X 2 = 4X 2. The comparisonof Manifold X1

and X2 (column vectors of X 1 and X 2 represent points in the 3D space)are shown

in Figure 3.4(A). It is clear that manifold X2 is larger than X1. The orientations of

thesemanifolds are also quite di®erent. To simulate pairwise correspondenceinfor-

mation, we uniformly selected10% amino acids as correspondenceresulting in two

3£ 22 matrices. In Step 3, we align X1 and X2. Procrustesalignment ¯rst translates

the con¯gurations of X1 and X2 so that they have their centroids at the origin (See

Figure 3.4(B) for the result). Then it re-scalesX2 to make its size match the size

of X1 (Figure 3.4(C)). Finally, a rotation is applied to X2 such that X1 and X2 are

perfectly aligned (Figure 3.4(D)).

3.6 Remarks

In this chapter we introduceda novel approach to manifold alignment: Procrustes

alignment (a two-step alignment approach). Procrustes alignment ¯rst maps the

datasetsto low-dimensionalspacesre°ecting their intrinsic geometriesand then re-
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Figure 3.4. (A): Comparison of Manifold X1 (red) and X2 (blue); (B): After translations
are done; (C): After re-scaling is done; (D): After rotation is done.

movesthe translational, rotational and scalingcomponents from one set so that the

optimal alignment betweenthe two setscan be achieved.
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CHAPTER 4

MANIF OLD ALIGNMENT PRESER VING LOCAL
GEOMETR Y

4.1 Overview

We now present Manifold Pr ojections , a general framework that consistsof

a family of approaches to align manifolds by simultaneously matching the corre-

sponding instancesand preservingthe local geometryof each given manifold. Some

existing approaches like canonical correlation analysis [34], semi-supervised align-

ment [31], Laplacian eigenmaps[4], and LPP [33] can be obtained as special cases.

Our framework can solve multiple manifold alignment problems, processmany to

many correspondences,and be adapted to handle the situation when no correspon-

denceinformation is available. The goal of this framework is illustrated in Figure 4.1

using an examplewith three input datasets.

The key idea underlying manifold projections is to map di®erent feature spaces

to a new latent space,simultaneouslymatching the corresponding instancesand pre-

servinglocal geometryof each input dataset. Manifold projectionsmakesuseof both

unlabeledand labeleddata. The abilit y to exploit unlabeleddata is particularly useful

for knowledgetransfer tasks,wherethe number of labeledinstancesis limited. Given

the input manifolds X1; ¢¢¢; Xc, manifold projections ¯rst createsa graph Laplacian

matrix L to represent the joint manifold, which jointly modelsall input manifoldsby

concatenatingthe corresponding instancesacrossmanifolds and preservingtopology

of each manifold. The given correspondencesplay a key role in creating L. They

force the instancesin correspondence(from di®erent manifolds) to be neighbors in
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Figure 4.1. This ¯gure illustrates the goal for manifold projections, a manifold alignment
framework preserving local geometry. We have three input datasets (treated as manifolds)
together with sometraining corresponding pairs. The goal is to construct three mapping
functions (represented as black arrows) to project instances from their original spacesto
a new latent space,where instances in correspondenceare projected near each other and
neighborhood relationship within each input set is also respected. In this ¯gure, we show
three possible latent spaces(3D, 2D, 1D). The approach and experiment setting used in
this exampleare discussedin Section 4.6.1.
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Figure 4.2. Illustration of the general framework for Manifold Projections.

the joint manifold. In the secondstep, manifold projections projects the joint man-

ifold to a lower dimensionalspacepreservingits (joint) local geometry resulting in

a new feature space.The new feature spaceis commonto all input manifolds. The

overall idea is illustrated in Figure 4.2.

The rest of this chapter is as follows. In Section 4.2 we analyze the problem

theoretically. In Section4.3, we present the framework of manifold projections and

its relationship to somepreviously studied approaches including Canonical Correla-

tion Analysis (CCA), Laplacian eigenmaps,LPP, etc. We also show how manifold

projections is adapted to handle the problem of unsupervisedalignment. Section4.4

comparesdi®erent manifold alignment algorithms. In Section4.5,weprovide a knowl-

edgetransfer framework basedon manifold projections. Somenovel applicationsand

our experimental results are summarizedin Section4.6.

4.2 Theoretical Results

Manifold projections can be done at two levels: instanc e-level and featur e-

level . In text mining, examplesof instancescan be documents in English, Arabic,

etc; examplesof features can be English words/topics, Arabic words/topics, etc.

Instance-level alignment builds connectionsbetweeninstances. It can compute non-
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linear embeddings for alignment, but such an alignment result is de¯ned only on

known instances,and di±cult to generalizeto new instances.Feature-level alignment

builds connectionsbetweenfeatures,and is more appropriate for knowledgetransfer

applicationsthan instance-level alignment. Feature-level alignment canonly compute

linear mappingsfor alignment, but it can be easily generalizedto new instancesand

provides a \dictionary" representing direct connectionsbetweenfeaturesin di®erent

spaces. In this section, we ¯rst introduce the cost functions for both instance-level

and feature-level alignment tasks,and then justify the corresponding algorithms. No-

tation usedto present this framework is summarizedin Figure 4.3.

Cost functions for instance-lev el alignmen t: First, we considerthe problem of

computing instance-level alignment. The cost function being minimized is as follows:

C(Y1; ¢¢¢; Yc) = 0:5¹ 1

cX

a=1

cX

b=1

maX

i =1

mbX

j =1

kY i
a ¡ Y j

bk2W i;j
a;b

+0 :5¹ 2

cX

k=1

mkX

i =1

mkX

j =1

kY i
k ¡ Y j

kk2W i;j
k ; (4.1)

where Y i
k represents the embedding result of x i

k (for alignment). The ¯rst term of

C(Y1; ¢¢¢; Yc) penalizesthe di®erencesbetweenthe given manifolds on the mapping

resultsof the correspondinginstances.The secondterm encouragesthe local geometry

of each given manifold to be preserved. When C(Y1; ¢¢¢; Yc) is used, alignment

algorithms build mappingsbetweeninstances.¹ 1=¹ 2 is the weight of the ¯rst term in

the lossfunction. We usethe following simple strategy to decidethe value of ¹ 1=¹ 2.

Assumingall input weight matricesarenormalized,then ¹ 1 = ¹ 2 meansthe ¯rst term

and the secondterm are equally important. If we want to focus more on manifold

geometry preservation, we let ¹ 1 < ¹ 2; if we want to focus more on the alignment,

we let ¹ 1 > ¹ 2.

Cost functions for feature-lev el alignmen t: Next, we considerthe problem of

computing feature-level alignment. Here, we compute mapping functions for the
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c: number of manifolds that we want to align.
x i

k is de¯ned in a pk dimensional space(manifold Xk );
X k = f x1

k ; ¢¢¢; xmk
k g, X k is a pk £ mk matrix.

Wk is an mk £ mk matrix, where W i;j
k is the similarit y of x i

k and x j
k (could be de¯ned by

heat kernel).
Dk is an mk £ mk diagonal matrix: D i;i

k =
P

j W i;j
k .

L k = Dk ¡ Wk .
I k is an mk £ mk identit y matrix; I is a (

P c
k=1 mk ) £ (

P c
k=1 mk ) identit y matrix.

I k is a pk £ pk identit y matrix; I is a (
P c

k=1 pk ) £ (
P c

k=1 pk ) identit y matrix.

When a = b: Wa;a is an ma £ ma zero matrix.
When a 6= b: Wa;b is an ma £ mb matrix, where W i;j

a;b = 1, when x i
a and x j

b are in

correspondence;0, otherwise. W i;j
a;b can also be set in a more °exible way basedon how

important the given corresponding pair is. Note: the correspondencecan be many to
many correspondence.
­ a is an ma £ ma diagonal matrix, where ­ a(i; i ) =

P c
b=1

P
j W i;j

a;b.

D =

0

@
D1 ¢¢¢ 0

¢¢¢
0 ¢¢¢ D c

1

A or

0

@
I 1 ¢¢¢ 0

¢¢¢
0 ¢¢¢ I c

1

A depending on what constraint we are using.

Z =

0

@
X 1 ¢¢¢ 0

¢¢¢
0 ¢¢¢ X c

1

A , L =

0

@
¹ 2L 1 + ¹ 1­ 1 ¡ ¹ 1W1;2 ¢¢¢ ¡ ¹ 1W1;c

¢¢¢
¡ ¹ 1Wc;1 ¡ ¹ 1Wc;2 ¢¢¢ ¹ 2L c + ¹ 1­ c

1

A .

Y i
k is the mapping result of x i

k in the common space(d dimensional) (Yk is an mk £
d matrix). (YT

1 ; YT
2 ; ¢¢¢; YT

c )T = °1:d, where ° 1:d represent eigenvectors of L° = ¸D °
corresponding to the d smallest non-zeroeigenvalues.
Fk is a mapping to map x i

k to the common space(d dimensional): F T
k x i (Fk is a pk £

d matrix). (F T
1 ; F T

2 ; ¢¢¢; F T
c )T = °1:d, where ° 1:d represent eigenvectors of Z LZ T ° =

¸Z DZ T ° corresponding to the d smallest non-zeroeigenvalues.

Figure 4.3. Notation usedin Manifold Projections.

computation of embeddings (rather than directly computing an embedding). The

cost function for this caseis as follows:

C(F1; ¢¢¢; F c) = 0:5¹ 1

cX

a=1

cX

b=1

maX

i =1

mbX

j =1

kF T
a x i

a ¡ F T
b x j

bk
2W i;j

a;b

+0 :5¹ 2

cX

k=1

mkX

i =1

mkX

j =1

kF T
k x i

k ¡ F T
k x j

kk2W i;j
k ; (4.2)

whereF k is the mapping function to map instancesfrom X k to the new space.Com-

pared to instance-level alignment, feature-level alignment usesF T
k x i

k to approximate
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Y i
k . In someapplications, we also want to consider a possible translation follow-

ing the linear transform, i.e. using F T
k x i

k + tk to approximate Y i
k . In fact, such a

translation can be naturally combined with C(F 1; ¢¢¢; F c). Note that F T
k x i

k + tk =

[F T
k ; tk ][x i

k
T ; 1]T . To considerthe translations, what we needto do is to add a new

feature (with value 1) to each x i
k 2 X k . The form of C(F 1; ¢¢¢; F c) still holds.

Theorem 4. Eigenvectors corresponding to the minimum eigenvaluesof ZLZ T ° =

¸Z DZ T ° provide optimal linear mappingsto align X 1; ¢¢¢; X c for the cost function

C(F1; ¢¢¢; F c).

Proof: When c = 1: It is trivial to seethat

C(F1) = 0:5¹ 2

m1X

i =1

m1X

j =1

kF T
1 x i

1 ¡ F T
1 x j

1k2W i;j
1 = ¹ 2F T

1 X 1L 1X T
1 F1: (4.3)

When c = 2:

The ¯rst term of the cost function becomes

0:5¹ 1

2X

a=1

2X

b=1

maX

i =1

mbX

j =1

kF T
a x i

a ¡ F T
b x j

bk2W i;j
a;b = ¹ 1

m1X

i =1

m2X

j =1

kF T
1 x i

1 ¡ F T
2 x j

2k2W i;j
1;2 (4.4)

= Tr ace(¹ 1(F T
1 X 1; F T

2 X 2)
µ

­ 1 ¡ W1;2

¡ W2;1 ­ 2

¶ µ
X T

1 F1

X T
2 F2

¶
): (4.5)

The secondterm can be written as:

0:5¹ 2

2X

k=1

mkX

i =1

mkX

j =1

kF T
k x i

k ¡ F T
k x j

kk2W i;j
k

= 0:5¹ 2

m1X

i =1

m1X

j =1

kF T
1 x i

1 ¡ F T
1 x j

1k2W i;j
1 + 0:5¹ 2

m2X

i =1

m2X

j =1

kF T
2 x i

2 ¡ F T
2 x j

2k2W i;j
2 ; (4.6)

where

0:5
m1X

i =1

m1X

j =1

kF T
1 x i

1 ¡ F T
1 x j

1k2W i;j
1 = Tr ace(F T

1 X 1L 1X T
1 F1); (4.7)

0:5
m2X

i =1

m2X

j =1

kF T
2 x i

2 ¡ F T
2 x j

2k2W i;j
2 = Tr ace(F T

2 X 2L 2X T
2 F2): (4.8)

So

C(F1; F2) = Tr ace((F T
1 X 1; F T

2 X 2)
µ

¹ 2L 1 + ¹ 1­ 1 ¡ ¹ 1W1;2

¡ ¹ 1W2;1 ¹ 2L 2 + ¹ 1­ 2

¶ µ
X T

1 F1

X T
2 F2

¶
) (4.9)
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= Tr ace((F T
1 ; F T

2 )
µ

X 1 0
0 X 2

¶ µ
¹ 2L 1 + ¹ 1­ 1 ¡ ¹ 1W1;2

¡ ¹ 1W2;1 ¹ 2L 2 + ¹ 1­ 2

¶ µ
X T

1 0
0 X T

2

¶ µ
F1

F2

¶
)

(4.10)

Similarly, when c > 2:

C(F1; ¢¢¢; F c) = Tr ace(° T Z LZ T ° ); (4.11)

where ° = [F T
1 ; ¢¢¢; F T

c ]T . We can verify the result by expanding the right hand

sideof the equation. The matrix L is usedto join the given manifolds such that the

underlying structure in commoncan be explored.

To remove an arbitrary scaling factor in the embedding, we imposean extra con-

straint:
F T

k X kX T
k Fk = I k ; for k = 1; ¢¢¢c: (4.12)

or
F T

k X kDkX T
k Fk = I k ; for k = 1; ¢¢¢c: (4.13)

whereI k is a pk £ pk identit y matrix. When the constraint in Equation 4.13 is used,

the matricesDk (k = 1; ¢¢¢; c) provide a natural measureon the vertices(instances)

of the graph. If the value D i;i
k is large, it meansx i

k is more important. Without such

constraints, all instancescould be mapped to the samelocation in the new space.A

similar constraint is alsousedin Laplacian eigenmaps[4].

The constraint in Equation 4.12can be re-written as

° T Z Z T ° = I : (4.14)

Similarly, the constraint in Equation 4.13can be re-written as

° T Z DZ T ° = I : (4.15)

When d = 1, the optimization problem can be written as:

arg min
° :° T Z D Z T ° =1

C(F1; ¢¢¢; F c) = arg min
° :° T Z D Z T ° =1

° T Z LZ T ° (4.16)

By using Lagrangemultipliers, it can be shown that the solution to this equation is

the sameas the minimum eigenvector solution to

Z LZ T ° = ¸Z DZ T ° : (4.17)
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When d > 1, the problem becomesargmin° :° T Z D Z T ° = I Trace(° T ZLZ T ° ). Standard

methods [30] show that the solution to ¯nd a d dimensionalalignment is provided

by the eigenvectorscorresponding to the d lowest eigenvaluesof the samegeneralized

eigenvalue decomposition equation.

Theorem 5. Eigenvectors corresponding to the minimum eigenvaluesof L° = ¸D °

provide optimal embeddingsto align X 1; ¢¢¢; X c for the cost function C(Y1; ¢¢¢; Yc).

This instance-level alignment problem is simpler than the feature-level alignment.

The proof (skipped) is similar to the proof of Theorem4.

4.3 The Main Framew ork and Some Special Cases

In this section,we ¯rst present manifold projections framework, and then discuss

how somepreviously studied approachesare obtained as special casesof the frame-

work. We alsodiscusshow the main algorithmic framework canbe adaptedto handle

the situation when no correspondenceis available.

4.3.1 The Main Algorithmic Framew ork

The main algorithmic framework is summarizedin Figure 4.4.

4.3.2 Laplacian Eigenmaps and LPP

When c = 1; ¹ 1 = 0, and ¹ 2 = 1, equations(4.1) and (4.2) reduceto

C(Y1) = 0:5
m1X

i =1

m1X

j =1

kY i
1 ¡ Y j

1k2W i;j
1 (4.18)

and

C(F1) = 0:5
m1X

i =1

m1X

j =1

kF T
1 x i

1 ¡ F T
1 x j

1k2W i;j
1 ; (4.19)

which are exactly the lossfunctions of Laplacian eigenmaps[4] and LPP [33]. When

c = 1, there is only one given manifold, so the target is simpli¯ed to mapping the

givendatasetto a lower dimensionalspacepreservingits local geometry. This is what
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1. Construct the relationship matrices Wk (k = 1¢¢¢c) to mo del the
lo cal geometry of each manifold, and Wa;b (a; b 2 f 1; ¢¢¢; cg) to
mo del the corresp ondence relationship across manifolds.

2. Create the join t manifold:

² Compute the matrices L; Z and D. They are used to model the
joint structure.

3. Compute the optimal embedding results (or mapping func-
tions) to reduce the dimensionalit y of the join t structure:

² instanc e-level alignment: The d dimensional embedding result
is computed by d minimum eigenvectors° 1 ¢¢¢° d of the generalized
eigenvalue decomposition L° = ¸D ° .

² featur e-level alignment: The d dimensional mapping function
is computed by d minimum eigenvectors° 1 ¢¢¢° d of the generalized
eigenvalue decomposition Z LZ T ° = ¸Z DZ T ° .

4. Find the corresp ondence between X a and X b:

² instanc e-level alignment: Let Yk be part of [° 1 ¢¢¢° d] (from
row 1 +

P k¡ 1
a=1 ma to row

P k
a=1 ma). Now Y i

a and Y j
b are in the

samespaceand can be directly compared.

² featur e-level alignment: Let F k be part of [° 1 ¢¢¢° d] (from row
1 +

P k¡ 1
a=1 pa to row

P k
a=1 pa). Now F T

a x i
a and F T

b x j
b are in the

samespaceand can be directly compared.

Figure 4.4. The algorithmic framework for manifold projections.

regular dimensionality approachesare solving. SoLaplacian eigenmapsand LPP are

obtained as special casesof our framework.

4.3.3 General Forms of Semi-Sup ervised Manifold Alignmen t

When c = 2 and ¹ 2 = 1, equations(4.1) and (4.2) reduceto

C(Y1; Y2) = ¹ 1

m1X

i =1

m2X

j =1

kY i
1 ¡ Y j

2k2W i;j
1;2 + 0:5

m1X

i =1

m1X

j =1

kY i
1 ¡ Y j

1k2W i;j
1

+0 :5
m2X

i =1

m2X

j =1

kY i
2 ¡ Y j

2k2W i;j
2 ; (4.20)
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and

C(F1; F2) = ¹ 1

m1X

i =1

m2X

j =1

kF T
1 x i

1 ¡ F T
2 x j

2k2W i;j
1;2

+0 :5
m1X

i =1

m1X

j =1

kF T
1 x i

1 ¡ F T
1 x j

1k2W i;j
1 + 0:5

m2X

i =1

m2X

j =1

kF T
2 x i

2 ¡ F T
2 x j

2k2W i;j
2 : (4.21)

The lossfunctions of semi-supervisedmanifold alignment [31] and its linear approxi-

mation [71] are special casesof C(Y1; Y2) and C(F 1; F2), when the given correspon-

denceis constrainedto beone to one correspondence.An advantageof the proposed

algorithms is that they canalsohandlemany to many correspondences.The abilit y

to handle many to many correspondencesis extremely important for real-world ap-

plications, and o®ersus the abilit y to solve label-basedalignment problems(Chapter

6) and unsupervisedalignment problems(Section4.3.6).

4.3.4 Canonical Correlation Analysis

There is an interesting connectionbetweenour feature-level alignment algorithm

and canonicalcorrelation analysis(CCA) [34]. Following the notation we are using,

CCA can be written with a least-squareformulation as follows (Chapter 1.1 of [16]

hasa detailed description):

min F 1 ;F 2 kF T
1 X 1 ¡ F T

2 X 2k2;

s.t. F T
1 X 1X T

1 F1 = I 1 and F T
2 X 2X T

2 F2 = I 2: (4.22)

The lossfunction shown above is the sameas C(F 1; F2) shown in Equation 4.21,

whenthe givencorrespondenceis oneto onecorrespondence,¹ 1 = 1 and ¹ 2 = 0. ¹ 2 =

0 meansthe manifold topology doesnot needto be respected. The above constraint

is also the sameas the constraint we use in our algorithm (SeeEquation 4.12). So

CCA can be obtained as a special casefrom manifold projections framework, which

goesbeyond CCA in that it canalsohandlemany to many correspondences,and take

the given manifold topology into consideration.
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4.3.5 Multiple Manifold Alignmen t

When c ¸ 3, the framework canautomatically handlemultiple manifold alignment

problems, which are not well studied yet. Multiple manifold alignment problems

arisein many applications,such as¯nding commontopics sharedby many document

collections,and in data mining over multiple languagedatasets.

4.3.6 Unsup ervised Manifold Alignmen t

When correspondencesare not given, and the datasetsX a and X b are represented

by di®erent features,it is di±cult to directly comparex i
a and x j

b. To build mappings

betweenthem, weproposean approach usingthe relation betweenx i
a and its neighbors

to characterizex i
a's local geometry. Using relations rather than featuresto represent

local geometry makes the direct comparisonof x i
a and x j

b possible. This approach

can be combined with the main algorithm in Figure 4.4. In this section, we ¯rst

show how local patterns representing local geometryare computedand matched, and

then explain why this is valid (seeTheorem 6). Somenotation usedin unsupervised

alignment is as follows: Rx i
a

is a (k + 1) £ (k + 1) matrix representing the local

geometryof x i
a. Rx i

a
(u; v) = distance(zu; zv), wherez1 = x i

a; f z2; ¢¢¢zk+1 g are x i
a's k

nearestneighbors. Similarly, Rx j
b

is a (k + 1) £ (k + 1) matrix representing the local

geometryof x i
b. The order of x j

b's k nearestneighbors have k! permutations, so Rx j
b

hask! variants. Let f Rx j
b
gh denoteits hth variant.

Given X a, we ¯rst construct an ma £ ma distancematrix D istancea(i; j ) = Eu-

clidean distancebetweenx i
a and x j

a. We then decomposeit into elementary contact

patterns of ¯xed size k + 1. Each local contact pattern Rx i
a

is represented by a

submatrix, which contains all pairwise distancesbetweenlocal neighbors around x i
a.

Such a submatrix is a 2D representation of a high dimensionalsubstructure, and is

independent of the coordinate frame. All such submatricestogether contain enough

information to reconstruct the whole manifold. X b is processedsimilarly and the
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distancebetweenRx i
a

and Rx j
b

is de¯ned as follows:

dist (Rx i
a
; Rx j

b
) = min

1· h· k!
min(dist 1(h); dist 2(h)) ; (4.23)

where
dist 1(h) = kf Rx j

b
gh ¡ k1Rx i

a
k; (4.24)

dist 2(h) = kRx i
a

¡ k2f Rx j
b
ghk; (4.25)

k1 = tr ace(RT
x i

a
f Rx j

b
gh)=tr ace(RT

x i
a
Rx i

a
); (4.26)

k2 = tr ace(f Rx j
b
gT

h Rx i
a
)=tr ace(f Rx j

b
gT

h f Rx j
b
gh): (4.27)

Finally, Wa;b is computedas follows:

W i;j
a;b = e

¡ dist (Rx i
a

;R
x j

b
)=±2

: (4.28)

Theorem 6. Given two (k + 1) £ (k + 1) distance matrices R1 and R2,

k2 = tr ace(RT
2 R1)=trace(RT

2 R2) minimizes kR1 ¡ k2R2k

and

k1 = tr ace(RT
1 R2)=trace(RT

1 R1) minimizes kR2 ¡ k1R1k:

Proof: Finding k2 is formalized as

k2 = argmin
k2

kR1 ¡ k2R2k; (4.29)

wherek ¢k represents Frobeniusnorm.

It is easyto verify that

kR1 ¡ k2R2k = tr ace(RT
1 R1) ¡ 2k2tr ace(RT

2 R1) + k2
2tr ace(RT

2 R2): (4.30)

Sincetr ace(RT
1 R1) is a constant, the minimization problem is equal to

k2 = argmin
k2

k2
2tr ace(RT

2 R2) ¡ 2k2tr ace(RT
2 R1): (4.31)

Di®erentiating with respect to k2, (4.31) implies

2k2tr ace(RT
2 R2) = 2tr ace(RT

2 R1): (4.32)

(4.32) implies
k2 = tr ace(RT

2 R1)=tr ace(RT
2 R2): (4.33)

Similarly,
k1 = tr ace(RT

1 R2)=tr ace(RT
1 R1): (4.34)
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To compute matrix Wa;b, we needto compareall pairs of local patterns. When

comparinglocal patterns Rx i
a

and Rx j
b
, we assumex i

a matchesx j
b. However, how x i

a's

k neighbors match x j
b's k neighbors is not known to us. To ¯nd the best possible

match, we have to considerall k! possiblepermutations. This is tractable, sincewe

are comparing local patterns and k is always small. Rx i
a

and Rx j
b

are from di®erent

manifolds, so their sizescould be quite di®erent. In Theorem 6, we show how to

¯nd the best re-scalerto enlargeor shrink one of them to match the other. It is

straightforward to show that dist(Rx i
a
; Rx j

b
) considersall the possiblematchesbetween

two local patterns and returns the distancecomputed from the best possiblematch.

Other Ways to Compute Wa;b: dist(¢) de¯ned in this sectionprovidesa general

way to comparelocal patterns. In fact, the local pattern generationand comparison

should be application oriented. For example, many existing kernels basedon the

idea of convolution kernels[32] can be applied here. Similarity W i;j
a;b is then directly

computed from dist(i; j ) of neighboring points with either heat kernel e¡ dist (i;j )=±2
or

somethinglike vl ¡ dist(i; j ), wherevl is larger than dist(i; j ) for any i and j .

4.4 A Comparison of Manifold Alignmen t Approac hes

All manifold alignment approachesneedto balancetwo goals: matching instances

in correspondenceand preservinglocal geometry. The ¯rst goal is obviously the key.

The secondgoal lowers the chance of running into over¯tting problems by taking

considerationof unlabeleddata. Local geometrypreservation is extremely important

when we only have a limited number of training correspondences.

In Procrustesalignment, local geometry is perfectly preserved. Recall that the

only goal in its ¯rst step is to map the data to a lower dimensionalspacepreserving

the local geometry. In its secondstep, alignment is achieved by removing rotational,

scaling, re°ectional and translational components. None of these operations will

changethe local geometry. The chief drawback of Procrustesalignment is there is no
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guarantee that a reasonablygood alignment result can be achieved (for the training

data) when the underlying structures of the given manifolds are di®erent. Di®usion

maps-basedalignment slightly relaxesthe local geometry constraint by using a±ne

matching in the secondstep. The \shearing" operation in a±ne matching might

changethe local geometry.

Manifold projections framework combinestwo separatestepsmentioned above in

onestep and uses¹ 1 and ¹ 2 to balancethe two goals. When ¹ 1 = 0 and ¹ 2 = 1, the

approach is reducedto regular dimensionality reduction; When ¹ 1 = 1 and ¹ 2 = 0, it

is reducedto a linear transform (for feature-level alignment). A signi¯cant challenge

in one-stepalignment is how to ¯nd the best ¹ 1=¹ 2 for each individual application.

In manifold projections framework, the local geometry cannot be preserved as well

as two-step alignment and thus the alignment result might not be generalizedto

new instancesvery well. When the given manifolds are excessively complex,such as

having too many degreesof freedomin relation to the amount of data available or

the training data is not well sampled,over¯tting can occur. The problem becomes

worsefor instance-level alignment, wherethe mapping function for alignment can be

any function and canbe over-tuned for the training data. The feature-level alignment

can reducethe chanceof over¯tting, sincethere is a strong constraint to guarantee

robustness:the mapping function has to be a linear transform.

4.5 Kno wledge Transfer via Manifold Alignmen t

In this section, we use two input datasets to explain the framework for knowl-

edgetransfer basedon feature-level manifold alignment. The sameframework can

naturally generalizeto multiple datasets. Following the main algorithm discussed

in Section 4.3, once mapping functions like F a and Fb are available, we can map

instancesfrom each individual manifold to the latent spaceas follows:

50



For any x i
a 2 Xa; its representation in latent spaceis F T

a x i
a: (4.35)

For any x j
b 2 Xb; its representation in latent spaceis F T

b x j
b: (4.36)

Comparedto F a and Fb, FaF +
b and FbF +

a goonestepfurther. They directly build

mappingsbetweeninput manifolds, and can be usedas \k eys" to translate instances

betweenspacesde¯ned by very di®erent features. Recall that F a is a pa £ d matrix,

Fb is a pb £ d matrix. The formulas to translate instancesacrosstranslated spaces

are as follows:

For any x i
a 2 Xa; its representation in Xb is (FaF +

b )T x i
a: (4.37)

For any x j
b 2 Xb; its representation in Xa is (FbF +

a )T x j
b: (4.38)

When the alignment is perfect, F T
a x = F T

b y holds for any pair (x, y) in correspon-

dence,where x 2 Xa, y 2 Xb. To show (4.37) is valid (the validit y of (4.38) can be

shown similarly), weneedto prove(F aF +
b )T x is a solution to y satisfyingthe equation

F T
a x = F T

b y. This is trivial when F b is a full rank squarematrix. Now we discuss

two more generalcases:

Case 1: When F +
b Fb = I . The solution to y might not be unique. It is easyto

verify that (F aF +
b )T x is oneof them:

F T
b y = F T

a x =) F T
b y = F T

b (F T
b )+ F T

a x =) F T
a x = F T

b (FaF +
b )T x: (4.39)

Case 2: When F bF +
b = I . The solution to y might not exist, and the goal is

then to ¯nd the y that best ¯ts the equation. A well-known solution to this problem

is given by y = (F aF +
b )T x. A similar idea has also beenusedto solve least squares

problems.

F T
a x = F T

b y =) (F T
b )+ F T

a x = (F T
b )+ F T

b y = y =) y = (F aF +
b )T x: (4.40)

Manifold alignment basedknowledgetransfer is illustrated in Figure 4.5,wherethe

blue solid lines represent the \k eys". The two keys(F aF +
b and FbF +

a ) are extremely
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Figure 4.5. Knowledgetransfer acrossmanifolds.

usefulin knowledgetransfer. Onething to note is that the knowledgetransfer is done

via the latent space,which only hasinformation that is commonto all input datasets.

So only the knowledgesharedacrossall input datasetswill be transferred, and the

knowledgethat is only useful for one particular input dataset will be automatically

¯ltered out.

The knowledgetransfer framework is basedon feature-level alignment algorithms.

In such algorithms, the computational complexity (of training) dependson the num-

ber of featuresrather than the number of instances.In the algorithmic framework, the

most time consumingstepis eigenvaluedecomposition, which requiresO(d(
P c

i=1 pi )2)

time to align c manifolds(manifold i is de¯ned by pi features)in a d dimensionalspace.

We know no matter how large the dataset is, the number of featuresis determined,

and wecanalways seta thresholdto ¯lter out the featuresthat arenot quite useful,so

our feature-level algorithm can handle problemsat a very large scale.The testing is

computationally tractable, sincewhat weneedto do is just apply a linear mapping. In

real applications, the testing can be done in real time without much computational

cost. So our mapping functions for alignment can even be combined with search

enginesto provide real time knowledgetransfer like automatic query translation.
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4.6 Exp erimen tal Results

In this section,we¯rst usea bioinformatics exampleto illustrate how our manifold

alignment algorithms work, then we apply our approachesto two real-world problems

in information retrieval: corpora alignment and cross-lingualinformation retrieval. In

all experiments, ¹ 1 = ¹ 2 = 1, and weight matricesWi are adjacencymatricescreated

by k-nearest-neighbor approach, wherek = 10.

4.6.1 A Protein Example

In this example,we directly align the given manifolds and usesomepictures to

illustrate how the manifold alignment algorithms work. The given manifolds come

from a real protein tertiary structure dataset, which is described in Section3.5.

In this test, we study a Glutaredoxin protein PDB-1G7O (this protein has 215

amino acids in total), whose3D structure has 21 models. We selectModel 1, Model

21 and Model 10 for testing. These models are related to the sameprotein, so it

makes senseto treat them as manifolds to test our techniques. We denote the i th

model by Manifold X i , which is represented by matrix X i . X 1, X 2 and X 3 are all

3 £ 215 matrices. To evaluate how manifold alignment can re-scalemanifolds, we

manually stretch manifold X2 by letting X 2 = 4X 2, manifold X3 by letting X 3 = 2X 3.

The comparisonof Manifold X1 and X2 (row vectorsof X 1 and X 2 represent points

in the 3D space)are shown in Figure 4.6(A). The comparisonof all three manifolds

areshown in Figure 4.7(A). In biology, such chainsarecalledprotein backbones.It is

clear that manifold X2 is larger than X3, which is larger than X1. The orientations of

thesemanifolds are also quite di®erent. To simulate pairwise correspondenceinfor-

mation, we uniformly selected10%amino acidsas correspondenceresulting in three

3 £ 22 matrices.
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Pro crustes Manifold Alignmen t:

Sincesuch modelsare already low dimensional(3D) embeddingsof the distancema-

trices, we skip Step 1 and 2 in Procrustes alignment algorithm [70]. We run the

algorithm from Step3 (Figure 3.2) to align X1 and X2. Procrustesalignment removes

the translational, rotational and scaling components so that the optimal alignment

between the instancesin correspondenceis achieved. The algorithm identi¯es the

re-scalefactor k as 0.2471,and the rotation matrix Q as

Q =

0

@
0:6045 ¡ 0:5412 0:5845
0:6212 0:7796 0:0794

¡ 0:4987 0:3151 0:8075

1

A :

X ¤
2 , the new representation of X 2, is computed as X ¤

2 = kX 2Q. We plot X ¤
2 and

X 1 in the samegraph (Figure 4.6(B)). The result shows that Manifold X2 is rotated

and shrunk to the similar sizeasX1, and now the two manifoldsarealignedvery well.

Manifold Pro jections (Feature-Lev el):

We plot 3D (Figure 4.6(C)), 2D (Figure 4.6(D)) and 1D (Figure 4.6(E)) feature-level

alignment results in Figure 4.6. The nD alignment results are basedon the top n

eigenvectors corresponding to the smallest eigenvalues. These ¯gures clearly show

that the alignment of two di®erent manifolds is achieved by projecting the data (rep-

resented by the original features) onto a new spaceusing our mapping functions.

Compared to the 3D alignment result of Procrustesalignment, 3D alignment from

manifold projection changesthe topologiesof both manifolds to make them match.

Recall that Procrustesalignment doesnot changethe shapesof the given manifolds.

The mapping functions F 1 and F2 to computealignment are as follows:

F1 =

0

@
0:1016 ¡ 0:1592 0:9392

¡ 0:2473 0:9109 0:2449
0:9331 0:2935 0:0055

1

A ;

F2 =

0

@
0:1828 ¡ 0:1041 0:1081

¡ 0:0157 0:1603 0:1926
0:1555 0:1492 ¡ 0:0951

1

A :
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Manifold Pro jections (Instance-Lev el):

We tried instance-level manifold projectionsusingthe samedata and correspondence.

We only have two input datasetsfor this test and the given correspondenceis one

to onecorrespondence,so running instance-level manifold projections is the sameas

running semi-supervisedmanifold alignment. We plot 3D (Figure 4.6(F)), 2D (Fig-

ure 4.6(G)) and 1D (Figure 4.6(H)) results in Figure 4.6. These¯gures show that the

alignment of di®erent manifolds is achieved in the latent space.Instance-level align-

ment is sensitive to the constraint we use and the way that the adjacencygraphes

are constructed. The reasonfor this is that the mapping function in instance-level

alignment can be any function, which might \over¯t" the training data and doesnot

generalizewell to the test data. Under another experiment setting with a di®erent

number of training corresponding pairs, instance-level alignment failed while feature-

level alignment succeeded.We checked the results and found that the test data was

not aligned well but the training instanceswere perfectly aligned. The feature-level

alignment can reducethe chanceof over¯tting, sincethere is a strong constraint to

guarantee robustness:the mapping function has to be a linear transform.

Unsup ervised Manifold Alignmen t:

We tested our manifold alignment approach assumingno pairwise correspondence

information is given. We plot 3D (Figure 4.6(I)), 2D (Figure 4.6(J)) and 1D (Fig-

ure 4.6(K)) alignment results in Figure 4.6. nD alignments are basedon the top n

eigenvectors associated with the smallest eigenvalues. A more detailed description

of the setting of this experiment is in [71]. These¯gures show that alignment can

still be achieved using the local geometrymatching algorithm when no pairwise cor-

respondenceinformation is given.
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Figure 4.6. (A): Comparison of Manifold X1(red) and X2(blue) before alignment; (B):
Procrustesmanifold alignment; (C): 3D alignment using feature-level manifold projections;
(D): 2D alignment using feature-level manifold projections; (E): 1D alignment using feature-
level manifold projections; (F): 3D alignment using instance-level manifold projections; (G):
2D alignment using instance-level manifold projections; (H): 1D alignment using instance-
level manifold projections; (I): 3D alignment usingunsupervisedmanifold alignment; (J): 2D
alignment using unsupervised manifold alignment; (K): 1D alignment using unsupervised
manifold alignment.
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Figure 4.7. (A): Comparison of Manifold X1(red), X2(blue) and X3(green) before align-
ment; (B): 3D alignment using feature-level multiple manifold projections; (C): 2D align-
ment using feature-level multiple manifold projections; (D): 1D alignment using feature-level
multiple manifold projections.

Multiple Manifold Alignmen t:

Our algorithmic framework for multiple manifold alignment using feature-level algo-

rithm (c = 3) is alsotestedwith all three manifolds. The alignment resultsareshown

in Figure 4.7. From these¯gures, we can seethat our approach can project all three

manifolds to the samespace,where alignment is achieved. The mapping functions

F1, F2 and F3 to computealignment are as follows:

F1 =

0

@
0:0852 0:1467 0:8418

¡ 0:1691 ¡ 0:8351 0:2294
0:8531 ¡ 0:2100 ¡ 0:0258

1

A ;

F2 =

0

@
0:1593 0:1053 0:0904

¡ 0:0049 ¡ 0:1464 0:1736
0:1473 ¡ 0:1245 ¡ 0:0890

1

A ;

F3 =

0

@
¡ 0:0566 0:3056 0:2712
¡ 0:2015 ¡ 0:2820 0:2566
0:3813 ¡ 0:1267 0:2291

1

A :
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4.6.2 Alignmen t of Do cumen t Corp ora

Another application of manifold alignment in information retrieval is corpora

alignment, wherecorpora canbe alignedsothat knowledgetransfer betweendi®erent

collections is possible. In this section, we apply our manifold alignment framework

(feature-level alignment, c = 2) to this problem.

The datasetweusein this experiment is the NIPS (1-12) full paper dataset,down-

loadablefrom http://www.cs.toron to.edu/» roweis/data.html. This dataset includes

1,740papersand 2,301,375tokens. We ¯rst represent this datasetusing two di®erent

topic spaces:Latent Semantic Indexing (LSI) topic space[26] and Latent Dirichlet

Allocation (LDA) topic space[9]. Then the di®erent representations of the original

dataset are aligned using our manifold alignment algorithm. The reasonswhy we

align such \simulated" datasetsrather than two real data setsare asfollows: (1) The

two sets are de¯ned by di®erent features, LSI topics and LDA topics, so they are

su±cient to test our methods for transferring knowledgeacrossdomains. (2) Even

though the representations of the two sets are di®erent, they are constructed from

the samedata. So the resulting datasetsare related and should be aligned well. (3)

Both LSI and LDA topics can be mapped back to English words, so the mapping

functions are semantically interpretable. This helpsus understandhow alignment of

two collections is achieved (by aligning their underlying topics). (4) The problem

of aligning two topic spacesitself is inherently useful, since it computesthe topics

sharedby two collections.

Topic modeling is designedto extract succinct descriptions of the members of

a collection that enablee±cient generalizationand further processing. It has been

successfullyused to analyze large amounts of textual information for many tasks.

A topic could be thought as a multinomial word distribution learned from a collec-

tion of textual documents using either linear algebraicor statistical techniques. The
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words that contribute more to each topic provide keywords that brie°y summarize

the themesin the collection.

If a topic spaceS is spannedby a set of r topic vectors, we write the set as

S = (t(1); ¢¢¢; t(r )), wheretopic t(i ) is a column vector (t(i )1; t(i )2 ¢¢¢; t(i )n )T . Here

n is the sizeof the vocabulary set, kt(i )k = 1 and the value of t(i ) j represents the

contribution of term j to t(i ). Obviously, S is an n £ r matrix. We know the term-

document matrix A (an n £ m matrix) models the corpus,wherem is the number of

the documents and columnsof A represent documents in the \term" space.The low

dimensionalembedding of A in the \topic" spaceS is then AT opic = ST A. AT opic is

a r £ m matrix, whosecolumnsare the new representations of documents in S.

We extract 400 topics from the dataset with both LDA and LSI models (in LSI,

we simply select the top 400 topics; in LDA, we set the number of topics to 400).

The top 10 words of topic 1-5 from each model are shown in Table 4.1 and Table 4.2.

It is clear that none of the corresponding topics are similar acrossthe two sets. We

represent the original dataset in both topic spaces. This step eliminates a lot of

information from the original set and can only provide us with an approximation.

We denote the dataset represented in LDA topic spaceas manifold X1 (represented

by a 400£ 1; 740matrix X 1), and in LSI topic spaceas manifold X2 (represented by

a 400£ 1; 740matrix X 2).

Following our main framework (feature-level alignment, c = 2), given 25% uni-

formly selecteddocuments as the initial correspondences,we align these two col-

lections in a 300 dimensional space. The mapping functions F 1 and F2 are both

400£ 300 matrices. They changethe original LDA, LSI topic vectors (de¯ning the

original spaces)to vectorsspanningthe new joint space(latent space).Such vectors

can be treated as latent topics (spanning the latent space),which are represented

over LDA/LSI topics. We know LDA/LSI topics are represented over English words,

solatent topics can alsobe directly represented with English words. In Table4.3 and
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Table 4.1. Topic 1-5 (LDA).

Top 10 Terms
generalization function generalizeshown performancetheory sizeshepardgeneralgeneralizes

hebbian hebb plasticit y activit y neuronal synaptic anti hippocampal modi¯cation
grid moore methods atkesonstepsweighted start interpolation spacelocally

measurestandard data dataset datasetsresults experiments measuresranking signi¯cantly
energyminimum yuille minima shown local university physics valid make

Table 4.2. Topic 1-5 (LSI).

Top 10 Terms
¯sh terminals gapsarbor magnetic die insect conecrossingwiesel

learning algorithm data model state function models distribution policy algorithms
model cells neuronscell visual ¯gure time neuron responsesystem

data training set model recognition image models gaussiantest classi¯cation
state neural network model time networks control system models states

4.4, we show the top 5 latent topics constructedfrom manifold X1 (LDA space)and

X2 (LSI space). From thesetables, we can seethat the corresponding latent topics

are very similar to each other. This implies that the spacesspannedby two di®erent

latent topic setsare almost the same(they approximate the latent space).An inter-

esting thing is that the latent topics constructedfrom LSI (or LDA) spaceare linear

combinations of the existing LSI (or LDA) topics. So the new spaceis a subspace

of the original LSI (or LDA) space.The alignment of two document collectionsis in

fact doneby ¯nding a commontopic subspacesharedby both LSI and LDA spaces.

We also ran a test to directly translate test documents from LDA spaceto LSI

spaceusing F1F +
2 (de¯ned in Figure 4.3). For each test document x, we compareits

mapping result to all documents in LSI spaceand seeif x's true match is amongits j

nearestneighbors. The resultsaresummarizedin Table4.5. The resultsshow that for

any given document in LDA space,we can translate it to LSI space. Its translation

has a roughly 89%probability of being the nearestneighbor of its true match. This

test explainshow knowledgeis transferred betweendi®erent topic spaces.The same

techniquecanalsobe applied to build mappingsbetweendatasetsde¯ned by di®erent
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Table 4.3. Top 5 latent topics constructed from LDA space.

Top 10 Terms
network learning networks training error input neural recurrent output hmm
network neural input networks ¯gure output hierarchical xor neuronsunits

data set training model test models error hmm missing parameters
function ¯gure tangent basisvector measureuniversity theorem averageconvergence

learning input training ¯gure units visual pattern output unit error

Table 4.4. Top 5 latent topics constructed from LSI space.

Top 10 Terms
network learning networks training input error hidden units neural output

network neural input output ¯gure networks neuronsprocessingunits neuron
data training set model mixture error test models recognition performance

function theorem approximation ¯gure theory functions processdynamics basisvector
learning input training ¯gure visual units pattern unit output error

Table 4.5. The probabilit y that x's true match is among(F 1F +
2 )T x's j nearestneighbors.

j 1 2 3 4 5
% 89.6552% 91.2644% 91.8774% 92.1073% 92.4904%
j 6 7 8 9 10
% 92.56700% 92.8736% 93.2567% 93.2567% 93.4110%

languages.The latter is useful in machine translation and cross-lingualinformation

retrieval.

4.6.3 Europ ean Parliamen t Pro ceedings Parallel Corpus

In this section,we compareour approacheswith state of the art methods using a

real-world cross-lingualinformation retrieval dataset. The task here is to ¯nd exact

correspondencesbetweendocuments in di®erent languages.This is quite useful,since

it allows usersto query a document in their native languageand retrieve documents

in a foreign language. Seven approachesare comparedin this experiment. Three of

them are instance-level approaches: Procrustesalignment with Laplacian eigenmaps,

A±ne matching with Laplacian eigenmaps,and instance-level manifold projections.

The other four are feature-level approaches: Procrustesalignment with LPP, A±ne

matching with LPP, CCA, and feature-level manifold projections. Procrustesalign-
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ment and a±ne matching can only handle pairwise alignment, so when we align two

collectionsthe third collection is not taken into consideration. Manifold projections

and CCA align all input collectionssimultaneously. In contrast to most approaches

in cross-lingualknowledgetransfer, we are not using any specializedpre-processing

technique from information retrieval to tune our algorithms to this task.

4.6.3.1 Data

In this experiment, we make useof the proceedingsof EuropeanParliament [38],

dating from 04/1996 to 10/2009. The corpus includes versions in 11 European

languages:French, Italian, Spanish,Portuguese,English, Dutch, German, Danish,

Swedish, Greek and Finnish. Altogether, the corpus comprisesof about 55 million

words for each language. The data for our experiment comesfrom English, Italian

and German collections. The dataset has many ¯les, each ¯le contains the utter-

ancesof one speaker in turn. We treat an utterance as a document. We ¯ltered out

stop words, and extracted English-Italian-German document triples where all three

documents have at least 75 words. This resulted in 70,458document triples. We

then represented each English document with the most commonlyused2,500English

words, each Italian document with the most commonlyused2,500Italian words, and

each German document with the most commonly used 2,500 German words. The

documents were represented as bagsof words, and no tag information was included.

The topical structure of each collectioncanbe thought asa manifold over documents.

Each document is a samplefrom the manifold. To our knowledge,no one has ever

useda dataset at this scaleto test manifold alignment approaches.

4.6.3.2 A Comparison of All Approac hes

Instance-level manifold projections cannot processa very large collection sinceit

needsto do an eigenvaluedecomposition of an (m1+ m2+ m3)£ (m1+ m2+ m3) matrix,

where mi represents the number of examplesin the i th input dataset. Approaches
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basedon Laplacian eigenmapssu®erfrom a similar problem. In this experiment, we

usea small subsetof the wholedataset to test all seven approaches. 1; 000document

triples wereusedascorrespondingtriples in training and 1; 500other document triples

were usedas unlabeleddocuments for both training and testing, i.e. p1 = p2 = p3 =

2; 500, m1 = m2 = m3 = 2; 500. x i
1 Ã ! x i

2 Ã ! x i
3 for i 2 [1; 1000]. Similarity

matrices W1, W2 and W3 were all 2; 500£ 2; 500 adjacency matrices constructed

by nearest neighbor approach, where k = 10. To use Procrustes alignment and

A±ne matching, we ran a pre-processingstep with Laplacian eigenmapsand LPP to

project the data to a d = 200dimensionalspace.In CCA and feature-level manifold

projections,d is also200,i.e. wemap all three collectionsto the same200dimensional

space.

Our testing scheme is as follows: for each given document in one language,we

retrieve its top K most similar documents in another language.The probability that

the true match is among the top K documents is usedto show the goodnessof the

method. Here, we considerthree scenarios:English $ Italian, English $ German

and Italian $ German. Figure 4.8 summarizesthe averageperformanceof all these

three scenarios.

The ¯rst result we can seefrom Figure 4.8 is that all three instance-level ap-

proachesoutperform the corresponding feature-level approaches. Therearetwo possi-

ble reasonsfor this. Oneis that feature-level approachesuselinear mapping functions

to computelower dimensionalembeddingor alignment. Instance-level approachesare

basedon non-linear mapping functions, which are more powerful than linear map-

pings. Another reasonis that the number of training samplesin this experiment is

smaller than the number of features. So the training data is not su±cient to deter-

mine the mapping functions for feature-level approaches. Feature-level approaches

have two advantagesover instance-level approaches. Firstly, feature-level approaches

learn feature feature correlations,so they can be applied to a very large dataset and
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directly generalizeto new test data. Secondly, their chanceof getting into over¯tting

problemsis much lower than instance-level approachesdue to the \linear" constraint

on mapping functions.

The secondresult from Figure 4.8 is that Procrustesalignment performs better

than A±ne matching on both feature-level and instance-level alignments. The reason

is that A±ne matching hasan extra action comparedto Procrustesalignment: shear-

ing. To achieve a high accuracyin training, this action can break the topology of the

given manifold. If the labeleddata is su±cient, A±ne matching can work well; if the

labeleddata is limited, A±ne matching hasa larger chanceof running into over¯tting

problems comparedto Procrustesalignment. In this experiment, the given labeled

corresponding triples are not su±cient, soProcrustesalignment performsbetter than

A±ne matching.

The third result is that CCA doesa very poor job in aligning the test documents.

We also took a closer look at the the training corresponding document triples, and

found that they were perfectly aligned in the result. So it is clear that the poor

performanceis due to insu±ciency of the training data. When the training data is

limited, CCA has a large chanceof over¯tting the given correspondences.Feature-

level manifold projectionsdoesnot su®erfrom this problemand performsmuch better

than CCA in this experiment, sincethe manifold topology alsoneedsto be respected

in the alignment.

4.6.3.3 A Comparison of Feature-lev el Approac hes

Time complexity of feature-level approachesdependson the number of features

rather than the number of instances. We know no matter how large the dataset is,

the number of featuresis determined. So feature-level approachescan processa very

large dataset. In this experiment, 7; 500 corresponding document triples and 7; 500

documents from each collection were used in training, i.e. p1 = p2 = p3 = 2; 500,
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Figure 4.8. EU Test: A Comparison of All ApproachesUsing the AveragePerformance
over All Three Scenarios.

m1 = m2 = m3 = 15; 000. x i
1 Ã ! x i

2 Ã ! x i
3 for i 2 [1; 7500]. Similarity matrices

W1, W2 and W3 wereall 15; 000£ 15; 000adjacencymatricesconstructedby a nearest

neighbor approach, wherek = 10. To useProcrustesalignment and A±ne matching,

we pre-processedthe dataset by applying LPP to project the data to a d = 200

dimensional space. In CCA and feature-level manifold projections, d = 200. The

test procedurein this test is similar to that usedin Section4.6.3.2. We test all four

feature-level approachesusing the remaining 62,958unlabeledcorresponding triples.

All three scenarios:English $ Italian, English $ Germanand Italian $ German

are considered.The results are summarizedin Figure 4.9, 4.10and 4.11. From these

¯gures, we can seethat the performanceon English-Italian alignment is signi¯cantly

better than the other two. We alsosummarizethe averageperformanceover all three

scenariosin Figure 4.12. Comparedto the experiment in Section4.6.3.2,CCA does

a much better job in this test. This is due to the large number of corresponding

triples usedin the training set. Feature-level manifold projections performs the best
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Figure 4.9. English-Italian.
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Figure 4.10. English-German.
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Figure 4.11. Italian-German.
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in this experiment, achieving roughly 10%improvement over CCA. The improvement

comesfrom the preservation of manifold topology. In this experiment, Procrustes

alignment and A±ne matching do not perform quite well. In the pre-processingstep,

LPP is usedto project the data from 2,500dimensionalspaceto a 200 dimensional

space.In this step, dimensionality reduction is donewithout consideringthe purpose

of alignment. So someuseful information for alignment might be lost. In CCA and

feature-level manifold projections, dimensionality reduction and alignment are done

simultaneously, preservingthe information that is useful for alignment in the lower

dimensionalembedding. Sincethe training corresponding triples are su±cient, CCA

performsbetter than Procrustesalignment in this experiment.
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Figure 4.12. EU Test: A Comparison of Feature-level Approaches.

4.6.3.4 Mapping Function In terpretation and Cross-domain Translation

Feature-level manifold projections results in three mapping functions: F 1 (for En-

glish), F 2 (for Italian) and F 3 (for German) to construct the new latent space.These
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Top Terms
¯sheries ¯shing agency ¯shermen negotiated applause proto col nos sustainabilit y ports
consumers internet consumer strategies b5 bulgaria behaviour b4 discharge november

strategies swedish courage denmark telecommunications nato credibilit y wine regional brings
interinstitutional parliamen ts repeated guarantees century rail ¯nland british choose conciliation

unemployment th ursday heads portuguese economies declarations balkans widespread islands india

Figure 4.13. 5 selectedmapping functions (English)

Top Terms
pescaagenzia a5 applausi proto collo ripartizione pescatori bilaterali sostenibilita tonnellate

consumatori reca internet consumatore strategie discarico bulgaria novembre allargamento chiusa
strategie svedeseinterrogazioni occidentali danimarca regionale kyoto coraggio credibilita segretario

parlamenti sentenza interistituzionale aprile ferroviario britannica tecnici essenzialmente unanimita indip endenza
disoccupazione giovedi scienti¯ca portoghese balcani aeree ¯rmato turco maggio piccoli

Figure 4.14. 5 selectedmapping functions (Italian)

Top Terms
¯scherei ¯schereipolitik agentur protok olls ¯scher protok oll ablehnen a5 tatsÄachlichen arten

verbrauchern verbraucher strategien internet bulgarien entlastung anfragen todesstrafe b4 zukÄunftigen
schwedischen strategien regionalp olitik frist anfragen westlichen mut nato regionalen minuten

parlamente interinstitutionelle b4 parlamenten urteil spezielle folgt anmerkungen nÄachster beschlu¼
portugiesischen personal arbeitslosigkeit o®enenwissenschaftlic hen polizei verordnungen donnerstag inseln

Figure 4.15. 5 selectedmapping functions (German)

threemappingfunctionsproject documents from the original English/Italian/German

spacesto the same200dimensionalspace.Each column of F i is a 2; 500£ 1 vector.

Each entry on this vector corresponds to a word. To illustrate how the alignment is

achieved using our approach, we show the words that make the largest contributions

to 5 corresponding triples of columns selectedfrom F 1, F2 and F3 in Figure 4.13,

4.14 and 4.15. Our resulting tables resemble inter-languagedictionaries, sincethey

have roughly the samecontents but in di®erent languages.Note that we did not use

any dictionary or ad-hoc information retrieval technique in this alignment process.

From these¯gures, we can seethat the corresponding mapping functions can auto-

matically project the documents with similar contents but in di®erent languagesto

similar locations in the new space.

As shown in our knowledgetransfer framework (Figure 4.5), F 1F +
2 can automati-

cally translate any unseeninstancefrom domainX 1 (English) to domainX 2 (Italian),
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Italian Words turismo regno reddito sussidiarieta tornata sessuale unito
Translations tourism kingdom income subsidiarity return sexual united

Contributions 0.1433 0.0249 0.0134 0.0060 0.0058 0.0043 0.0034

Figure 4.16. The words that make the largest contributions to the resulting Italian query
generatedby F2F +

1 from English query \UK tourism income".

German Words fremdenverkehr kÄonigreich gro¼britannien einkommen
Translations tourism kingdom Great Britain income

Contributions 0.0968 0.0279 0.0058 0.0043

Figure 4.17. The words that make the largest contributions to the resulting German
query generatedby F3F +

1 from English query \UK tourism income".

whereF +
2 is the inverseof F 2. Similarly, F 1F +

3 can automatically translate any un-

seeninstancefrom domain X 1 (English) to domain X 3 (Italian). Such a translation

is via the latent space,so the information that is only useful for the sourcedomain

will not be transferred. To illustrate how F 1F +
2 and F1F +

3 work, we generatean

English query \UK tourism income", and use thesemapping functions to translate

this query into Italian and German. The English query is represented by a vector

of length 2,500,corresponding to 2,500English words. Only 3 entries on that vector

are 1s,all the other entries are 0s. The resulting Italian and Germanqueriesare also

vectorsof length 2,500,corresponding to 2,500Italian/German words. The numbers

on the resulting vectors show the contribution from each Italian/German word to

the queries. We print out top words for the resulting Italian query in Figure 4.16,

top words for the resulting German query in Figure 4.17. The results show that the

resulting Italian query and German query can be usedas translations of the input

English query, and applied for cross-lingualinformation retrieval.

4.7 Remarks

In this chapter we introduced a generalframework for manifold alignment. Our

framework computes lower dimensional embedding and alignment simultaneously.
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Someexisting algorithms like CCA, or semi-supervised alignment can be obtained

from this framework as special cases.Our framework can handle many to many cor-

respondences,solve multiple manifold alignment problemsand be applied to handle

the situation whenno correspondenceinformation is available. As a natural extension

of our manifold alignment algorithms, we presented a knowledgetransfer framework

to directly build mappingsbetweenspacesde¯ned by di®erent featuresand discussed

somesampleapplications. The approachesare described and evaluated both theoret-

ically and experimentally, providing results showing useful knowledgetransfer from

onedomain to another.
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CHAPTER 5

MANIF OLD ALIGNMENT PRESER VING GLOBAL
GEOMETR Y

5.1 Overview

Previous approaches to manifold alignment are designedto only preserve local

geometriesof the input manifolds. This objective is not desirablein many applications

wherethe global geometriesof the input datasetsalsoneedto be respected. Onesuch

exampleis from text mining. Documents in di®erent languagescan be aligned in a

new space,wheredirect comparisonand knowledgetransfer betweendocuments (in

di®erent languages)is desired.Local geometrypreservingmanifold alignment [31, 71]

doesnot prevent dissimilar documents in the original spacefrom being neighbors in

the new space(it only encouragessimilar documents in the original spaceto be

neighbors in the new space).This could lead to poor performancein sometasks,and

needsto beaddressed.In someother applications,the distancebetweeninstancesalso

provides us with valuable information. For example,in a robot navigation problem,

we may be given distancesbetween locations recordedby di®erent sensors,which

are represented in distinct high-dimensionalfeature spaces.We want to align these

locations based on a partial correspondence,where we also want to preserve the

pairwise distance score. Clearly, manifold alignment basedon local geometry may

not be su±cient for such tasks.

To addressthe problems mentioned above, we describe a novel framework that

constructsfunctions mappingdata instancesfrom di®erent high dimensionaldatasets

to a new lower dimensionalspace,simultaneously matching the instancesin corre-

spondenceand preservingpairwise distancesbetween instanceswithin the original

71



dataset. The goal of this framework is illustrated in Figure 5.1. Our algorithm

has several other added bene¯ts. For example, its solution involves computing the

eigenvectorsassociated with the largesteigenvalues,which are easierand morestable

numerically than computing the smallesteigenvectorsusedby many other manifold

alignment methods. It alsohasfewer parametersthat needto be speci¯ed. The e®ec-

tiv enessof our algorithm is demonstratedand validated in two real-world cross-lingual

information retrieval tasks.
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Figure 5.1. This ¯gure illustrates the goal for manifold alignment preserving global
geometry. X and Y are two input datasets. Three corresponding pairs are given: red i
correspondsto blue i for i 2 [1; 3]. ® and ¯ aremapping functions that wewant to construct.
They project instancesfrom X and Y to a new spaceZ , where instancesin correspondence
are projected near each other and pairwise distance within each input set is also respected.

The rest of this chapter is organizedasfollows. In Section5.2wegivea theoretical

analysis of the problem. In Section 5.3 we describe our algorithms. Section 5.4

summarizesour experimental results.

5.2 Theoretical Analysis

5.2.1 High Level Explanation

As discussedin Chapter 4, the optimal instance-level solution with regard to the

cost function de¯ned in Equation 4.1 is given by Laplacian eigenmaps[4] on a graph

Laplacian matrix modeling the joint manifold that involves the input datasetsand
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the correspondenceinformation, whereasthe optimal feature-level solution is given

by locality preservingprojections (LPP) [33] on the samegraph Laplacian matrix.

To preserve global geometriesinsteadof local geometries,the proposedapproach uses

a distancematrix D rather than a Laplacian matrix to represent the joint manifold.

Our contributions are two-fold: (a) we provide a way to construct a distancematrix

to model the joint manifold; (b) the proposedapproach learns a mapping function

for each input dataset (treated as a manifold), such that the mapping functions can

work together to project the input manifolds to the same latent spacepreserving

global geometryof each manifold. The proposedapproach builds on the well-known

MDS/ISOMAP [63] as well as isometric projections [14]. Similar to local geometry

preservingapproaches, there are two solutions to this problem: instance-level and

feature-level. In this chapter, we focus on the latter, which is technically more chal-

lenging than the former and a better match to transfer learning tasks. For the sake

of simplicity, we usetwo input datasetsto explain the algorithm. The algorithm can

easily generalizeto more than two datasets.

5.2.2 Notation

Notation usedin this chapter is as follows:

Datasets and corr espondenc es:

X = [x1 ¢¢¢xm ] is a p £ m matrix, where x i is de¯ned by p features. X represents

one high-dimensionaldataset. Y = [y1 ¢¢¢yn ] is a q £ n matrix, where yi is de¯ned

by q features. Y represents another high-dimensionaldataset. The correspondence

betweenX and Y is given as follows: xai Ã ! ybi , where i 2 [1; l ], ai 2 [1; m] and

bi 2 [1; n]. Here, x i 2 X can match more than one instancein Y.

Matric es used to compute re-scaling factor:

Da is an l £ l matrix, where Da(i; j ) is the distancebetweenxai and xaj . Db is an

l £ l matrix, whereDb(i; j ) is the distancebetweenybi and ybj .
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Distanc e matric es modeling the joint graph:

Dx;x is an m £ m matrix, whereD x;x (i; j ) is the distancebetweenx i and x j . Dx;y =

D T
y;x is an m £ n matrix, where D x;y (i; j ) represents the distance between x i and

yj . Dy;y is an n £ n matrix, where D y;y(i; j ) is the distance between yi and yj .

D =
µ

Dx;x Dx;y

Dy;x Dy;y

¶
is a (m + n) £ (m + n) matrix, modeling a joint graph usedin

our algorithm.

Mapping functions:

We construct mapping functions ® and ¯ to map X and Y to the samed-dimensional

space.® is a p £ d matrix, ¯ is a q£ d matrix.

Others:

k:k represents Frobenius norm, tr (:) represents trace, I d represents a d dimensional

identit y matrix. T he ¿ operator [63] converts distancesto inner products, which

uniquely characterizethe geometryof the data. Given an m £ m distancematrix D,

whereD i;j represents the distancebetweeninstancei and j , ¿(D) = ¡ H SH=2. Here,

Si;j = D 2
i;j , H i;j = ¼i;j ¡ 1=m and ¼i;j = 1 when i = j ; 0, otherwise.

5.2.3 The Problem

Assume the (m + n) £ (m + n) distance matrix D, representing the pairwise

distance between any two instancesfrom f x1; ¢¢¢; xm ; y1; ¢¢¢; yng, is already given

(we will discusshow to construct D later). Sincethe ¿ operator converts distancesto

inner products, which uniquely characterizethe geometryof the data, we de¯ne the

cost function to minimize as follows:

C(®; ¯ ; k) = k¿(D) ¡ ¿(DX ;Y;®;¯ ;k )k2

= k¿(D) ¡ k
£

®T X ; ¯ T Y
¤T £

®T X ; ¯ T Y
¤

k2; (5.1)

where®, ¯ and k are to be determined: ® is a d £ p matrix, ¯ is a d £ q matrix, k is

a positive number to rescalemapping functions.
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5.2.4 Construct Matrix D to Represen t the Join t Manifold

When datasets X and Y are given, D x;x and Dy;y are easily computed using

the geodesicdistancemeasure.However, the scalesof D x;x and Dy;y could be quite

di®erent. To createa joint manifold of both X and Y, we needto learn an optimal

rescalefactor ´ such that D x;x and ´ Dy;y are rescaledto the samespace.To compute

´ , we ¯rst createdistancematricesDa and Db using the instancesin correspondence.

Da and Db are both l £ l matrices. The formula to compute´ is given in Theorem7.

Theorem 7. Given two l £ l matrices Da and Db, the solution to ´ that minimizes

kDa ¡ ´ Dbk2 is given by ´ = tr (D T
b Da)=tr (D T

b Db).

Proof:
kDa ¡ ´ Dbk2 = tr (D T

a Da) ¡ 2´ tr (D T
b Da) + ´ 2tr (D T

b Db): (5.2)

tr (D T
a Da) is constant, so

arg´ min kDa ¡ ´ Dbk2 = arg´ min ´ 2tr (D T
b Db) ¡ 2´ tr (D T

b Da): (5.3)

Di®erentiating ´ 2tr (D T
b Db) ¡ 2´ tr (D T

b Da) with respect to ´ , we have

´ = tr (D T
b Da)=tr (D T

b Db): (5.4)

To construct a distance matrix D representing the joint manifold, we need to

compute distancesbetween instancesacrossdatasets. We use D x;x , Dy;y and the

correspondenceinformation to compute these distances. We know D x;x and Dy;y

model the distancebetweeninstanceswithin each given dataset. The corresponding

pairs can then be treated as \bridges" to connectthe two datasets. For any pair (x i

and yj ), we compute the distancesbetweenthem through all possible\bridges", and

set Dx;y (i; j ) to be the minimum of them. i.e.

Dx;y (i; j ) = min
u2 [1;l ]

(Dx;x (x i ; xau ) + Dy;y (yj ; ybu )) : (5.5)

In the approach shown above, we provide oneway to computethe distancematrix

D using geodesicdistance. Depending on the application, we can also useother ap-

proachesto createD. For example,D could be constructedusingEuclideandistance.
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5.2.5 Find Corresp ondence Across Datasets

Given X , Y, and the correspondenceinformation, we want to learn mapping

functions ® for X , ¯ for Y and rescaleparameterk, such that C(®; ¯ ; k) is minimized.

The optimal solution will encouragethe corresponding instancesto be mapped to

similar locationsin the newspace,and the pairwisedistancebetweeninstanceswithin

each set to be respected. To guarantee the generated lower dimensional data is

sphered,we add onemore constraint:

£
®T X ¯ T Y

¤
·

X T ®
Y T ¯

¸
=

£
®T ¯ T

¤
·

X 0
0 Y

¸ ·
X T 0
0 Y T

¸ ·
®
¯

¸
= I d: (5.6)

Theorem 8. Let Z =

2

6
4

X 0

0 Y

3

7
5. Then, the eigenvectors corresponding to the d

maximumeigenvaluesof Z¿(D)Z T ° = ¸Z Z T ° provideoptimal mappingsto minimize

C(®; ¯ ; k).

Proof:

C(®; ¯ ; k) = k¿(D) ¡ k ¢
·

X T 0
0 Y T

¸ ·
®
¯

¸
£

®T ¯ T
¤

·
X 0
0 Y

¸
k2: (5.7)

Let f =

2

6
4

®

¯

3

7
5, then we have

C(®; ¯ ; k) = k¿(D) ¡ k ¢Z T f f T Zk2 = tr ((¿(D) ¡ k ¢Z T f f T Z)(¿(D) ¡ k ¢Z T f f T Z)T )

= tr (¿(D)¿(D)T ) ¡ k ¢tr (Z T f f T Z ¿(D)T ) ¡ k ¢tr (¿(D)Z T f f T Z ) + k2 ¢tr (Z T f f T Z Z T f f T Z ):
(5.8)

Given the property that tr (AB ) = tr (BA), we have

C(®; ¯ ; k) = tr (¿(D)¿(D)T ) ¡ 2k ¢tr (f T Z ¿(D)Z T f ) + k2 ¢tr (I d): (5.9)

Di®erentiating C(®; ¯ ; k) with respect to k, we have

2 ¢tr (f T Z ¿(D)Z T f ) = 2k ¢d: (5.10)
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This implies
k = tr (f T Z ¿(D)Z T f )=d: (5.11)

So

C(®; ¯ ; k) = tr (¿(D)¿(D)T ) ¡ 2=d¢(tr (f T Z ¿(D)Z T f ))2 + 1=d¢(tr (f T Z ¿(D)Z T f ))2: (5.12)

Sinceboth tr (¿(D)¿(D)T ) and d are constant, we have

arg min
®;¯ ;k

C(®; ¯ ; k) = argmax
f

(tr (f T Z ¿(D)Z T f ))2: (5.13)

It is easyto verify that f T Z¿(D)Z T f is positive semi-de¯nite, so

tr (f T Z ¿(D)Z T f ) ¸ 0: (5.14)

So
arg min

®;¯ ;k
C(®; ¯ ; k) = argmax

f
(tr (f T Z ¿(D)Z T f )) : (5.15)

It can be shown that the solution to

argmax tr (f T Z ¿(D)Z T f ); s:t: f T Z Z T f = I d: (5.16)

is given by the eigenvectorscorresponding to the d largest eigenvaluesof

Z ¿(D)Z T ° = ¸Z Z T ° : (5.17)

5.3 The Algorithms

5.3.1 The Algorithmic Pro cedure

Notation usedin this section is de¯ned in Section5.2.2. Given two high dimen-

sionaldatasetsX , Y alongwith additional pairwisecorrespondencesbetweena subset

of the instances,the algorithmic procedureis as follows:

1. Rescale dataset Y:
Y = ´ Y;

where
´ = tr (D T

b Da)=tr (D T
b Db):
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2. Construct distance matrix D, mo deling the join t graph:

D =
µ

Dx;x Dx;y

Dy;x Dy;y

¶
;

where

Dy;x (j ; i ) = Dx;y (i; j ) = min
u2 [1;l ]

(Dx;x (x i ; xau ) + Dy;y(yj ; ybu )) :

3. Find the corresp ondence between X and Y:

Compute the eigenvectors[° 1; ¢¢¢; ° d] corresponding to d maximum eigenvalues

of ·
X 0
0 Y

¸
¿(D)

·
X T 0
0 Y T

¸
° = ¸

·
X 0
0 Y

¸ ·
X T 0
0 Y T

¸
° :

4. Construct ® and ¯ to map X and Y to the same d-dimensional space:

The d-dimensionalrepresentations of X and Y are columnsof ®T X and ¯ T Y,

where ·
®
¯

¸
= [°1; ¢¢¢; ° d]:

5.3.2 Comparison of Global Geometry Preserving and Lo cal Geometry

Preserving Approac hes

Pros: The cost function for local geometrypreservingmanifold alignment shown

in Chapter 4 usesa scalar real-valued parameter ¹ 1=¹ 2 to balance the con°icting

objectives of matching corresponding instancesand preservingmanifold topologies.

¹ 1=¹ 2 is usually manually speci¯ed by trial and error. In the new approach, ¹ 1 and

¹ 2 are not needed. The usageof them is replacedby setting the distance between

corresponding instancesacrossdomainsto 0. In contrast to local geometrypreserving

manifold alignment approaches that use eigenvectors corresponding to the smallest

eigenvalues,the new approach is basedon eigenvectorscorresponding to the largest

eigenvalues. Numerically, eigensolversare lessstable in computing the smallesteigen-

vectorsthan when they compute the largest eigenvectors.
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Cons: Global geometrypreservingalignment approach needsto maintain a dis-

tancematrix modeling pairwisedistancebetweenany two instancesin the givendata.

This matrix is expensive to construct, and consumesa lot memory when the input

datasetsare large. Overall speaking,the time complexity of global geometrypreserv-

ing approach is O(N 3) + O(kP2), where k is the number eigenvectors we want to

compute, N is the total number of instancesand P is the total number of features

acrossall input datasets.

5.4 Exp erimen tal Results

We compareglobal geometry preserving approaches to local geometry preserv-

ing manifold alignment approaches at ¯nding both instance-level [31] and feature-

level [71] alignments. The experiments include two real-world exampleson cross-

lingual information retrieval. In the ¯rst experiment, we useparallel data in two lan-

guages:English and Arabic. In the secondexperiment, we usethree input datasets

from the proceedingsof EuropeanParliament [38].

5.4.1 English Arabic Cross-Lingual Retriev al

In this test, wecomparedi®erent methodsusinga real-world cross-lingualinforma-

tion retrieval dataset. The task is to ¯nd exact correspondencesbetweendocuments

in di®erent languages.This application is useful,sinceit allows usersto input queries

in their native languageand retrieve results in a foreign language.The dataset used

below was originally studied in [27]. It includes two collections: one in English

and one in Arabic (manually translated). The topical structure of each collection is

treated as a manifold over documents. Each document is an instancesampledfrom

the manifold. To learn correspondencesbetweenthe two collections,we arealsogiven

sometraining correspondencesbetweendocuments that areexact translations of each
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other. The task is to ¯nd the most similar document in the other corpus for each

English or Arabic document in the untranslated set.

In this experiment, each of the two document collections has 2,119documents.

We tried two di®erent settings: (1) Correspondencesbetween 25% of them were

given and usedto learn the alignment. The remaining 75%wereheld for testing; (2)

Correspondencesbetween10% of them were given and usedto learn the alignment.

The remaining 90%were held for testing. Our testing schemeis as follows: for each

given English document, we retrieve its top k most similar Arabic documents. The

probability that the true match is among the top k documents is usedto show the

goodnessof the method. We usethis data to comparethe global geometrypreserving

correspondencelearning framework with the local geometry preserving framework.

Both frameworks map the data to a 100 dimensional latent space(d = 100), where

documents in di®erent languagescan be directly compared.A baselineapproach was

alsotested. The baselinemethod is asfollows: assumethat wehave l correspondences

in the training set, then document x is represented by a vector V with length l, where

V(i ) is the similarit y of x and the i th document in the training correspondences.The

baselinemethod mapsthe documents from di®erent collectionsto the sameembedding

spaceRl .

When 25%instancesare usedas training correspondences,the results are in Fig-

ure 5.2. In our global geometry preservingapproach, for each given English docu-

ment, if we retrieve the most relevant Arabic document, then the true match has a

35%probability of being retrieved. If we retrieve the 10 most similar documents, the

probability increasesto 80%. For feature-level local geometry preservingmanifold

alignment [71], the corresponding numbers are 26% and 68%. Instance-level local

geometry preservingmanifold alignment [31] results in a very poor alignment. One

reasonfor this is that instance-level alignment learns non-linear mapping functions

for alignment. Sincethe mapping function can be any function, it might over¯t the
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training data and does not generalizewell to the test data. To verify this, we also

examined a casewhere the training instanceslie on the new spaceand found out

that the training instanceswere perfectly aligned. When 10% instancesare usedas

training correspondences,the results are as shown in Figure 5.3. Global geometry

preservingapproach hasthe bestperformanceamongall four approaches,followedby

feature-level local geometrypreservingmanifold alignment. Interestingly, the baseline

approach alsoperformsreasonablywell in both tests.

5.4.2 Europ ean Parliamen t Pro ceedings Parallel Corpus Test

In this test, we make useof the EU dataset discussedin Section4.6.3. To speed

up the computation, we represented each English document with the most commonly

used1,000English words,each Italian document with the most commonlyused1,000

Italian words, and each Germandocument with the most commonlyused1,000Ger-

manwords. The documents wererepresented asbagsof words,and no tag information

was included. 1; 000resulting document triples wereusedascorresponding triples in

training and the remaining 69; 458 document triples were held for testing. In this

test, the only parameterwe needto set is d = 100, i.e. we map all three manifolds to

the same100dimensionalspace.

Instance-level local geometryalignment approach [31] cannot processa very large

collection,sinceit needsto do an eigenvaluedecomposition of an (n1 + n2 + n3)£ (n1 +

n2 + n3) matrix whereni represents the number of examplesin the i th input dataset.

In the ¯rst setting, we use 2,500corresponding triples from the data including the

given 1,000corresponding triples to comparedi®erent approaches (i.e. n1 = n2 =

n3 = 2; 500). The procedurefor the test is quite similar to the previous test. The

only di®erenceis that weconsiderthree di®erent scenariosin the newsetting: English

$ Italian, English $ German and Italian $ German. Figure 5.4 summarizesthe

averageperformanceof thesethree scenarios.Given a document in onelanguage,our
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new approach hasa 40%probability of ¯nding the true match if we retrieve the most

similar document in another language.If we retrieve 10 most similar documents, the

probability of ¯nding the true match increasesto more than 60%. Feature-level local

geometrypreservingapproach is roughly 20%worse,but still better than the baseline

approach and instance-level local geometrypreservingapproach. Our globalgeometry

preservingapproach results in three mapping functions to construct the new latent

space:F1 (for English), F 2 (for Italian) and F 3 (for German). Thesethree mapping

functions project documents from the original English/Italian/German spacesto the

same100 dimensionalspace. Each column of F i is a 1; 000£ 1 vector. Each entry

on this vector corresponds to a word. To illustrate how the alignment is achieved

using our approach, we show the words that make the largest contributions to 3

selectedcorresponding columnsfrom F 1, F2 and F3 in Figure 5.6, 5.7 and 5.8. From

these¯gures, we can seethat the mapping functions can automatically project the

documents with similar contents but in di®erent languagesto similar locations in the

new space.

In our global geometrypreservingalignment approach and feature-level local ge-

ometry preservingapproach, the most time consumingstep is an eigenvalue decom-

position of a (p1 + p2 + p3) £ (p1 + p2 + p3) matrix, wherepi is the number of featuresof

the i th dataset. We know no matter how large the dataset is, the number of features

is determined,and we canalways seta threshold to ¯lter out the featuresthat arenot

quite useful,soour newapproach and feature-level local geometrypreservingmanifold

alignment algorithm can handle datasetsat a large scale. In our secondsetting, we

apply thesetwo approaches(they achieved the best performancesin English-Arabic

retrieval and Figure 5.4) to processall 69,458test document pairs in English-Italian

parallel collection. The results are summarizedin Figure 5.5. For any English docu-

ment, if we retrieve the most similar Italian document, the new approach hasa 17%

chanceof getting the true match. If we retrieve 10 most similar Italian documents,
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the new approach has a 30%probability of getting the true match. Feature-level lo-

cal geometrypreservingapproach performsmuch worsethan the newapproach. This

shows that global geometrypreservation is quite important for applications like text

mining. This test under the secondsetting is in fact very di±cult, sincewe have 1,000

features,roughly 70,000documents in each input datasetbut only 1,000given corre-

sponding triples. In contrast to most approachesin cross-lingualknowledgetransfer,

we are not using any specializedpre-processingtechnique from information retrieval

to tune our framework to this task.

5.5 Remarks

In this chapter, weproposea novel framework for manifold alignment, which maps

data instancesfrom di®erent high dimensionaldatasetsto a new lower dimensional

space,simultaneouslymatching the instancesin correspondenceand preservingglobal

distancesbetweeninstanceswithin the original dataset. Unlike previousapproaches

basedon local geometrypreservation, the proposedapproach is better suited to appli-

cations where the global geometryof manifold needsto be respected. The e®ective-

nessof our algorithm wasdemonstratedand validated in two real-world cross-lingual

information retrieval tasks.
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Figure 5.2. Test on cross-lingualdata (25% instancesare
in the given correspondence).
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Figure 5.3. Test on cross-lingualdata (10% instancesare
in the given correspondence).
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Figure 5.4. EU parallel corpora data with 1,500English-
Italian-German test triples.
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Italian test pairs.

Top Terms
amendments directiv e prop osal amendment ladies committee challenges application accept asked

policy gentlemen foreign committee behalf security eu defence righ ts development
programme administrativ e turk ey processanswer ministers adoption conclusions created price

Figure 5.6. 3 selectedmapping functions (English).

Top Terms
direttiv a emendamenti prop osta reca emendamento chiusa modi¯ca nome giuridica relatore

politica chiusa estera nome sicurezza sapere modi¯ca chiarezza dobbiamo diritti
programma turc hia processopaesechiusa disoccupazione cambiamenti obiettivi milioni potra

Figure 5.7. 3 selectedmapping functions (Italian).

Top Terms
richtlinie ausschuss nr vorschlag abanderungsantrag antrag abanderungsantrage vorgeschlagen abanderungsantragen

politik ausschussesgemeinsame bereich man namen eu menschenrechte herren insgesamt
programm turk ei prozess meines programms britisc hen linie aufmerksam menschenrechte zweitens

Figure 5.8. 3 selectedmapping functions (German).
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CHAPTER 6

MANIF OLD ALIGNMENT USING LABELS

6.1 Overview

It is often the casethat plentiful labeleddata existsin onedomain, but onedesires

a model that performs well on another related, but not identical domain. Labeling

data in the new domain is always costly, so one often wishesto be able to leverage

the original data when building a model for the new data. This problem is known as

domain adaptation [25]. In this chapter, we study how to apply manifold alignment

techniquesto domain adaptation.

A key di±cult y in applying manifold alignment to domain adaptation is that the

alignment method requiresspecifyinga small amount of cross-domaincorrespondence

relationship to learn mapping functions, but such information may be di±cult to

obtain for most domain adaptation applications. To solve this problem, we extend

the manifold alignment framework to domainadaptation by exploringhow to uselabel

information rather than correspondenceto align input domains. This idea is based

on the observation that many sourceand target domainsde¯ned by di®erent features

often sharethe samelabels. Our approach is designedto learn mapping functions to

project the sourceand target domainsto a newlatent space,simultaneouslymatching

the instanceswith the samelabels,separatingthe instanceswith di®erent labelsand

preservingthe topologyof each input domain. An illustration of the approach is given

in Figure 6.1.

The contributions of this chapter are two-fold. From the perspective of domain

adaptation, our contribution is a new approach to addressthe problem of transfer
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Figure 6.1. Manifold alignment using labels. Di®erent colors represent di®erent classes.

even in the casewhen the sourceand target domainsdo not shareany commonfea-

tures or instances.It canalsoprocessmultiple (> 2) input domainsby exploring their

commonunderlying structure. As a pre-processingstep, our approach can be com-

bined with existing domain adaptation approachesto learn a commonfeature space

for all input domains. From the perspective of manifold alignment, our contribution

is a new approach that useslabels rather than correspondencesto learn alignment.

This signi¯cantly broadensthe application scope of manifold alignment. In experi-

ments, we present casestudieson how the new approach is applied to cross-domain

text categorization,and cross-domainranking.

The rest of this chapter is organizedas follows. In Section 6.2, we de¯ne the

problem, and provide a theoretical analysisof the problem. Subsequently, Section6.3

describesthe main algorithmic framework, and an algorithm for domain adaptation

making useof the manifold alignment results. Section6.4 presents the main experi-

mental results.
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6.2 Manifold Alignmen t using Lab els

6.2.1 The Problem

Assumewe are given K input datasets, where the data instancescome from c

di®erent classes.Let X k = (x1
k ; ¢¢¢; xmk

k ) represent the kth input dataset, where the

i th instancex i
k is de¯ned by pk features. X k canbe viewedasa matrix of sizepk £ mk .

The labels for the ¯rst lk instancesof X k are given as Vk = (v1
k ; ¢¢¢; vlk

k ). When X k

correspondsto a sourcedomain, lk is usually large; when X k correspondsto a target

domain, lk is usually small. In this problem formulation, X 1; ¢¢¢; X K are assumedto

be disjoint.

The problem is to construct K mapping functions, f 1; ¢¢¢; f K to map the K

input setsto a new d dimensional(latent) space,where(1) the topology of each set

is preserved, (2) the instancesfrom the sameclass(acrossthe input sets)are mapped

to similar locations, and (3) the instancesfrom di®erent classesare well-separated

from each other.

6.2.2 High Level Explanation

We treat each input domain as a manifold. The goal is to construct K mapping

functions to project the input domainsto a new latent spacepreservingthe topology

of each domain, matching instanceswith the samelabels and separating instances

with di®erent labels. To achieve this goal, we ¯rst createa matrix representation of

the joint manifold modeling the union of all input domains. Each manifold is rep-

resented by a Laplacian matrix constructed from a graph de¯ned by an \a±nit y"

measureconnectingnearby instances.The label information plays a key role in join-

ing theseadjacencygraphs,forcing the instanceswith the samelabelsto be neighbors

and separatinginstanceswith di®erent labels. The joint manifold has featuresfrom

all input domains, so its feature spaceis redundant. To remove the redundant fea-

tures, we project the joint manifold to a lower dimensionalspacepreservingmanifold
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topology. This is a dimensionality reduction step, and is solved by a generalized

eigenvalue decomposition. The resulting feature spaceis a commonunderlying space

shared by all the input domains, and can be directly used for knowledge transfer

acrossdomains.

6.2.3 Notation

Beforede¯ning the cost function beingoptimized, weneedto de¯ne somematrices

usedin the problem formulation. We ¯rst de¯ne the similarit y matrix Ws, dissimilar-

it y matrix Wd, their row sum matricesD s, Dd and combinatorial Laplacian matrices

L s, Ld. Then we de¯ne matrices L and Z to model all the input domains.

¨ Similarity matrix Ws =

0

B
B
B
B
@

W 1;1
s ¢¢¢ W 1;K

s

¢¢¢ ¢¢¢ ¢¢¢

W K ;1
s ¢¢¢ W K ;K

s

1

C
C
C
C
A

is an (m1 + ¢¢¢+ mK ) £ (m1 +

¢¢¢+ mK ) matrix, where W a;b
s is an ma £ mb matrix. W a;b

s (i; j ) = 1, if x i
a and

x j
b are from the sameclass;W a;b

s (i; j ) = 0, otherwise (including the casewhen the

label information is not available). The corresponding diagonal row sum matrix is

de¯ned as Ds(i; i ) =
P

j Ws(i; j ), and the combinatorial graph Laplacian matrix

L s = Ds ¡ Ws.

¨ Dissimilarity matrix Wd =

0

B
B
B
B
@

W 1;1
d ¢¢¢ W 1;K

d

¢¢¢ ¢¢¢ ¢¢¢

W K ;1
d ¢¢¢ W K ;K

d

1

C
C
C
C
A

is an (m1 + ¢¢¢+ mK ) £

(m1 + ¢¢¢+ mK ) matrix, whereW a;b
d is an ma £ mb matrix. W a;b

d (i; j ) = 1, if x i
a and x j

b

are from di®erent classes;W a;b
d (i; j ) = 0, otherwise(including the casewhenthe label

information is not available). The corresponding diagonal row sum matrix is de¯ned

as Dd(i; i ) =
P

j Wd(i; j ), and the combinatorial Laplacian matrix L d = Dd ¡ Wd.

¨ To represent the topology of each given domain, we de¯ne Wk , Dk and L k as

follows. Let Wk(i; j ) represent the similarit y of x i
k and x j

k . This similarit y can be

computed as e¡k x i
k ¡ x j

k k2
. We also de¯ne the corresponding diagonal row sum matrix
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Dk as Dk(i; i ) =
P

j Wk(i; j ) and combinatorial Laplacian matrix as L k = Dk ¡ Wk .

Matrices L and Z are de¯ned as follows:

L =

0

B
B
B
B
@

L1 0 ¢¢¢ 0

¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢

0 ¢¢¢ 0 LK

1

C
C
C
C
A

is an (m1 + ¢¢¢+ mK ) £ (m1 + ¢¢¢+ mK ) matrix :

Z =

0

B
B
B
B
@

X 1 0 ¢¢¢ 0

¢¢¢ ¢¢¢ ¢¢¢ ¢¢¢

0 ¢¢¢ 0 X K

1

C
C
C
C
A

is a (p1 + ¢¢¢+ pK ) £ (m1 + ¢¢¢+ mK ) matrix :

6.2.4 The Cost Function

We then de¯ne A, B and C: three scalarsto be usedin the cost function.

A = 0:5¹ 1

KX

a=1

KX

b=1

maX

i =1

mbX

j =1

kf T
a x i

a ¡ f T
b x j

bk2W a;b
s (i; j ); (6.1)

If x i
a and x j

b are from the sameclass,but their embeddingsare far away from each

other, then A will be large. Minimizing A encouragesthe instancesfrom the same

classto be projected to similar locations in the new space.¹ 1 is a weight parameter.

B = 0:5
KX

a=1

KX

b=1

maX

i =1

mbX

j =1

kf T
a x i

a ¡ f T
b x j

bk2W a;b
d (i; j ); (6.2)

If x i
a and x j

b are from di®erent classesbut their embeddingsare closeto each other

in the new space,then B will be small. So maximizing B encouragesthe instances

from di®erent classesto be separatedin the new space.

C = 0:5¹ 2

KX

k=1

mkX

i =1

mkX

j =1

kf T
k x i

k ¡ f T
k x j

kk2Wk (i; j ): (6.3)

If x i
k and x j

k are similar in their domain, then the corresponding Wk(i; j ) will be

large. When the embeddingsf T
k x i

k and f T
k x j

k are well-separatedfrom each other in

the new space,C becomeslarge. So minimizing C preserves the topology of each

given domain. ¹ 2 is a weight parameter.
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We want our algorithm to simultaneously achieve three goals in the new space:

matching instanceswith the samelabels, separating instanceswith di®erent labels,

andpreservingtopologyof each givendomain. Sothe overall costfunction C(f 1; ¢¢¢; f K )

to be minimized is:
C(f 1; ¢¢¢; f K ) = (A + C)=B: (6.4)

6.2.5 Theoretical Analysis

Let ° = (f T
1 ; ¢¢¢; f T

K )T be a (p1 + ¢¢¢+ pK ) £ d matrix (representing K mapping

functions) that we want to construct. The solution that minimizes the cost function

is given in the following theorem.

Theorem 9. The embedding that minimizes the cost function C(f 1; ¢¢¢; f K ) is given

by the eigenvectors corresponding to the smallest non-zero eigenvaluesof the general-

ized eigenvaluedecomposition Z(¹ 1Ls + ¹ 2L)Z T x = ¸Z L dZ T x.

Proof: Given the input and the cost function, the problem is formalized as:

f f 1; ¢¢¢; f K g = argminf 1 ;¢¢¢;f K
(C(f 1; ¢¢¢; f K )) = argminf 1 ;¢¢¢;f K

(
A + C

B
) (6.5)

When d = 1, we can verify the following results hold:

A = 0:5¹ 1

KX

a=1

KX

b=1

maX

i =1

mbX

j =1

kf T
a x i

a ¡ f T
b x j

bk
2W a;b

s (i; j ) = ° T Z¹ 1L sZ T ° : (6.6)

B = 0:5
KX

a=1

KX

b=1

maX

i =1

mbX

j =1

kf T
a x i

a ¡ f T
b x j

bk
2W a;b

d (i; j ) = ° T ZLdZ T ° : (6.7)

C = 0:5¹ 2

KX

k=1

mkX

i =1

mkX

j =1

kf T
k x i

k ¡ f T
k x j

kk2Wk(i; j ) = ° T Z¹ 2LZ T ° : (6.8)

So argf 1 ;¢¢¢;f K
min C(f 1; ¢¢¢; f K ) = argf 1 ;¢¢¢;f K

min ° T Z (¹ 1L s + ¹ 2L )Z T °
° T Z L d Z T ° : (6.9)
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It follows directly from the Lagrangemultiplier method that the optimal solution to

minimize the lossfunction C(f 1; ¢¢¢; f K ) is given by the eigenvector corresponding to

the minimum non-zeroeigenvalue solution to the generalizedeigenvalue problem:

Z (¹ 1Ls + ¹ 2L)Z T x = ¸Z L dZ T x: (6.10)

When d > 1,

A = Tr (° T Z¹ 1L sZ T ° ); B = Tr (° T ZLdZ T ° ); C = Tr (° T Z¹ 2LZ T ° ): (6.11)

So argf 1 ;¢¢¢;f K
min C(f 1; ¢¢¢; f K ) = argf 1 ;¢¢¢;f K

min T r (° T Z (¹ 1L s + ¹ 2L )Z T ° )
T r (° T Z L d Z T ° ) : (6.12)

Standardapproaches[74] show that the solution to ° 1 ¢¢¢°d that minimizesC(f 1; ¢¢¢; f K )

is provided by the eigenvectorscorresponding to the d lowest eigenvaluesof the gen-

eralizedeigenvalue decomposition equation:

Z (¹ 1Ls + ¹ 2L)Z T x = ¸Z L dZ T x: (6.13)

6.2.6 A Discussion on Non-linear Mapping Functions

In this chapter, the mappingfunctions f 1; ¢¢¢; f K arelinear. In somescenarios,we

might want the mapping functions to be nonlinear. Then, instead of constructing K

linear mapping functions, f 1; ¢¢¢; f K , we can directly compute the embedding result

of each given instance. In this situation, the \laten t" mapping functions can be

nonlinear. This problem is in fact technically lesschallenging,and the corresponding

cost function and algorithm can be given in a similar manner as the linear case

discussedin this chapter.
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1. Construct matrices Z , L , L s and L d as de¯ned in Section 6.2.3 .

2. Compute the mapping functions ( f 1; ¢¢¢; f K ) to align the input
datasets:
0

@
f 1

¢¢¢
f K

1

A = (°1; ¢¢¢; ° d), where ° 1; ¢¢¢; ° d are eigenvectors corresponding

to the d smallest eigenvaluesof Z (¹ 1Ls + ¹ 2L)Z T x = ¸Z L dZ T x.

3. Apply f 1; ¢¢¢; f K to map the input datasets to the new d dimen-
sional laten t space:

For any x i
a and x j

b, f T
a x i

a and f T
b x j

b are in the samed-dimensional space
and can be directly compared.

4. Compute solutions for the learning tasks (e.g. classi¯cation, rank-
ing) in the laten t space with regular learning/transfer learning
techniques, lev eraging the data from the source domains.

Figure 6.2. The Algorithmic Framework.

6.3 Domain Adaptation using Manifold Alignmen t

Assumingall but oneof the input datasetscorrespond to the sourcedomains,and

one input dataset corresponds to the target domain, the algorithmic procedure to

construct f 1; ¢¢¢; f K by minimizing C(f 1; ¢¢¢; f K ) is given in Figure 6.2.

Most existing domain adaptation approachesassumethat the input domainsare

de¯ned by the samefeaturesand the di®erencebetweendomainslargely comesfrom

data distributions. Our approach projects the input domains de¯ned by di®erent

featuresto a new space,so it can be combined with most existing domain adaptation

algorithms to help solve more challengingadaptation problems. This chapter focuses

on the construction of common latent spacerather than studying which existing

domain adaptation approach ¯ts our framework the best. So in the experiments, we

compareour algorithm and the other related algorithms on the abilit y to createsuch

a latent space.A simple domain adaptation approach is applied on top of the latent

spacesto seehow di®erent algorithms help in heterogeneousdomain adaptation. The
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simple domain adaptation approach we use is as follows: After the latent spaceis

constructed, we ¯rst use the labeled instancesfrom the sourcedomains to train a

linear regressionmodel for the given learning task, like ranking/classi¯cation. Then

we use the instancesfrom the target domain to create a secondlinear regression

model, such that the sum of thesetwo regressionscoresis closeto the desiredlabel

for each labeled instance in the target domain. The secondregressionmodel is also

¯tted such that similar instances(including both labeled and unlabeled instances)

in the target domain have similar regressionscores.This simple domain adaptation

approach is implemented following the idea of manifold regularization [5].

6.4 Applications and Results

6.4.1 An Illustrativ e Example

In this example, we directly align the given datasetsand use somepictures to

illustrate how the alignment algorithms work. The given manifolds comefrom a real

protein tertiary structure dataset, which is described in Section 3.5. We manually

label 10% of the amino acids in each set as positive, 10% as negative, and the re-

maining are unlabeled. We denotethe ¯rst set X 1, the secondset X 2, which are both

represented by 3 £ 215 matrices. To evaluate how the new algorithm re-scalesthe

input datasets,we manually stretch X 1 by setting X 1 = 10¢X 1.

Datasets 1 and 2 are shown in Figure 6.3(A) and 6.3(B). For the purpose of

comparison,we alsoplot both of them on the samegraph (Figure 6.3(C)). It is clear

that thesetwo datasetsarequite di®erent. The alignment resultsusing the algorithm

in Figure 6.2 are shown in Figure 6.3(D). In dataset 1, a red ² represents a positive

instance,a blue ² represents a negative instance,and a green¢represents an unlabeled

instance;In dataset 2, a red 4 represents a positive instance,a blue 4 represents a

negative instance,and a yellow ¢represents an unlabeled instance. From the results,

wecanseethat both datasetsarerescaledto the samesize,the positive instancestake
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Figure 6.3. An Illustrativ e Example.

the right side,and the negative instancestake the left side,no matter which domain

they are from. In the middle of the ¯gure, somepositive and negative instancesmix

together. The reasonfor this is that our approach also preserves the topology of

the given dataset. So the ¯nal solution is in fact a tradeo®of three goals: matching

the instanceswith the samelabels,separatingthe instanceswith di®erent labelsand

preservingthe topology for each dataset. In this test, ¹ 1=¹ 2 = 1.

6.4.2 Text Categorization

The TDT2 corpusconsistsof data collectedduring the ¯rst half of 1998and taken

from 6 sources,including 2 newswires(APW, NYT), 2 radio programs(VOA, PRI)

and 2 television programs(CNN, ABC). It consistsof more than 10,000documents

which are classi¯ed into 96 semantic categories.In the datasetwe are using, the doc-

uments that appear in more than onecategorywereremoved, and only the largest30

categorieswerekept, thus leaving us with 9,394documents in total. For the purpose

of this test, weconstruct featuresetsusingtwo well-known topic modelingalgorithms:

Latent semantic indexing (LSI) [26] and Latent Dirichlet Allocation (LDA) [9].
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We divide the dataset into two subsetsof the samesize,and then learn LSI topics

from the ¯rst subsetand LDA topics from the secondsubset. We project the ¯rst

subset onto top 1,000 LSI topics, the secondsubset onto 1,000 LDA topics. This

results in two datasetsX 1 and X 2. We assumethe labels for all documents in the

¯rst subsetare available. For the secondsubset,only 5% documents are labeled. In

this test, ¹ 1=¹ 2 = 1. We¯rst appliedour approach to align sourceand target domains,

resulting in a commonlatent space.Then weapplieddomainadaptation algorithm on

top of this spaceto learnclasscategorizationfor the unlabeleddocuments in the target

domain. For any document x i
2, the predicted \category label" is a 30£ 1 vector. We

usethe probability that the true categoryis amongthe top K categoriesin this label

vector to evaluate the performanceof di®erent approaches. Note that if we usethe

largest entry of the label vector to label the document, then the prediction accuracy

is equal to the reported result for K = 1. For the purposeof comparison,we also

tested CanonicalCorrelational Analysis (CCA) and feature-level manifold alignment

using correspondenceunder the same setting. Strictly speaking, correspondence-

basedmanifold alignment and CCA are not appropriate for this task, since we do

not have correspondenceinformation. However, we can assumetwo instancesare

in correspondenceif their labels are the same. We also report the performanceof

manifold regularization using the data from target domain only. The results are

summarizedin Figure 6.4. The newlabel-basedmanifold alignment outperformedthe

other approaches. Correspondence-basedmanifold alignment performed the worst.

One possiblereasonfor the poor performanceis that correspondence-basedmanifold

alignment approach doesnot separateinstanceswith di®erent labelsin the newspace.

So the information transferred from the sourcedomain might be misleading. The

performanceof CCA was as poor as correspondence-basedmanifold alignment.
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6.4.3 Learning to Rank

In this test, we apply our algorithm to the problem of learning to rank. We

assumethat for the queries in the training set (source domain), we have a large

number of judged documents. For each query in the test set (target domain), we

only have judgements for a few documents even though the total number of retrieved

documents could be larger than several thousand. The problem is to improve ranking

performancesfor the queriesin the test set. We assumethat the sourceand target

domainsdo not sharecommonfeatures.

The data weusein this experiment is the TREC collectionusedby Aslam et al. [1]

to comparethe e®ectof di®erent document selectionmethodologiesfor learning to

rank. The document corpus,the queriesand the relevancejudgments in this collection

are obtained from TREC 6, 7 and 8 ad-hoc retrieval track. This datasetcontains 150

queries. The document set we usein our experiments contains the documents from

the depth-100pools of a number of retrieval systemsrun over thesequeries.Depth-k

poolsareconstructedby judging only the top k documents from di®erent systemsand

ignoring the rest of the documents. Each query on averagecontains approximately

1,500judged documents, whereon average100of them are relevant. In this dataset,

each query-document pair is represented by 22 features. Thesefeaturesare a subset

of the LETOR 3.0 features [41]. The description of thesefeaturesalong with their

exact formulas can be found in the LETOR 3.0 documentation [41]. The documents

in this datasethave two labels: relevant and non-relevant. Relevant documents do not

distribute uniformly. Somequerieshave much lessrelevant documents than others.

For the purposeof test, the dataset is split into 5 folds, where each fold contains

a training set with 60 queriesand a test set with 90 queries. In the training set,

all query-document pairs are labeled. In the test set, for each query we have 10

documents that are labeled and roughly 1,500documents that are not labeled. To

simulate a real-world problem,weassume2 featuresin the sourcedomainaremissing.
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We alsoapply a rotation to the remaining 20 featuresin the sourcedomain such that

the training and test setsdo not sharecommonfeatures.

We treat the training set as the sourcedomain; each test query together with its

retrieved documents forms the target domain. This results in onesourcedomain and

many target domains. We test each target domain independently. Sincethe source

and target domainsarede¯ned by di®erent features,most existing domainadaptation

approaches will not work for this scenario. Similar to the previous test, we tested

our new algorithm, correspondence-basedmanifold alignment, CCA and manifold

regularization (target domain only) using this data. We use the averageprecision

(AP) of each query in the test set to compare the quality of di®erent algorithms.

Figure 6.5 summarizesthe averageof 90 averageprecisionscoresfor each fold. The

y axis in the plots shows the averageprecisionvalue and the x axis shows the fold in

the datasetsusedto test the method. In this test, ¹ 2=¹ 1 = 100and d = 40. Similar

to the result of TDT2 test, the new label-basedmanifold alignment outperformedthe

other approaches. CCA performed the worst for this task. Interestingly, manifold

regularization (target domain only) did a reasonablygood job in this test (and also

in the previous test). Manifold regularization takesunlabeled data instancesin the

target domain into consideration. This helps solve over¯tting problemseven in the

casewhen the labeled information is very limited in the target domain.

6.5 Remarks

This chapter extends correspondence-basedmanifold alignment approaches by

making useof labels rather than correspondencesto align the manifolds. This exten-

sion signi¯cantly broadensthe application scope of manifold alignment. We describe

and evaluate our approach both theoretically and experimentally, providing results

showing usefulknowledgetransfer from onedomain to another. Casestudieson text

categorizationand learning to rank acrossdomainsare alsopresented.
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CHAPTER 7

LEARNING MUL TISCALE REPRESENT ATIONS

7.1 Overview

Westart this sectionwith an illustration examplefrom computervision. Figure 7.1

shows a set of human face images. These images are originally de¯ned in an n

dimensionalunit vector space,wheren is equal to the number of pixels in the image

and each unit vector canbe thought asa basisfunction (n = 64£ 64for this example).

Figure 7.2 explains how one image is decomposed into its bases. Using a similar

manner, all the other imagesin Figure 7.1 can also be represented by a summation

of the sameset of basisfunctions.

Figure 7.3 shows another way to represent the images,whereeach basisfunction

(on the right hand sideof the equation) is \constructed" from the given data. These

newbases(200in total) canrepresent any imagein the datasetwithout any signi¯cant

information loss. Comparedto the unit vectors,the newbasesaremuch moree±cient,

since200newbasescanrepresent the imagesoriginally de¯ned by 4,096bases.Details

on how such a basisis generatedis in Section7.6.1. The approach is basedon di®usion

waveletsmodel presented in this chapter.

Interestingly, the imagescanbe represented usingthe newbasesat multiple scales

(there are5 scalesfor this example),wherethe ¯nest scaleshows all the details about

each image,while the coarserscalesskip someof the details and only keepthe lower

frequencyinformation of each image. Figure 7.4 comparesthe imagesrepresented at

multiple scales.The basis functions at scale3 and 1 are in Figure 7.5 and 7.6. We

alsoplot the well-known eigenfaces[67] basesin Figure 7.7.
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Figure 7.1. A Set of FaceImages.

Figure 7.2. The Representation of a FaceImage using Unit Vectors.

Figure 7.3. The Representation of a FaceImage using New Basis Functions.
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Figure 7.4. Representations of the SameFaceImage at Multiple Scales

Figure 7.5. All 9 Di®usion Wavelets Basis Functions at Scale3.

Figure 7.6. 24 SelectedDi®usion Wavelets Basis Functions at Scale1.

Figure 7.7. Eigenfaces.
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From this example,it is clearthat usingthe newbasisfunctionso®ersthe following

advantages:

² It provides more e±cient representations of the data. In this example, we

achieve95%data compressioncomparedto usingunit vectorsasbasisfunctions.

² Someof the new basesare interpretable. For instance, in Figure 7.6, we can

easilyseethat somenew basescorrespond to eyes,somecorrespond to mouths,

etc. On the contrary, unit vector basesand eigenfacebases(Figure 7.7) based

on eigenvectorsare not interpretable.

² The new basisfunctions are de¯ned at multiple scales,and they provide tools

to represent the contents of the imagesde¯ned at di®erent frequencies.

While Fourier analysisis a powerful tool for global analysisof functions, it is known

to be poor at recovering multiscale regularities acrossdata and for modeling local or

transient properties [47]. Consequently, one limitation of graph Laplacian baseddi-

mensionality reduction approacheslike Laplacian eigenmaps[4] and LPP [33] is that

they only yield a \°at" representation but not a multiscale representation. It is

our belief that multiscale representation learning methods in machine learning are

not well studied, and this chapter is intended to addressthis long-ignoredproblem.

To addressthe need for multiscale analysis and directional neighborhood relation-

ships, we explore multiscale extensionsof Laplacian eigenmapsand LPP basedon

waveletanalysis. In particular, this chapter makes the following speci¯c contribu-

tions: (1) We investigate the relationships between di®usion wavelets (DWT) [20]

and (multiscale) Laplacian eigenmapsand LPP. To extend LPP to a multiscale vari-

ant requiressolving a generalizedeigenvalue decomposition problem using di®usion

wavelets. This extensionrequiresprocessingtwo matrices, and was not addressedin

previous work on di®usionwavelets. (2) We also show how to apply the method to
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directed (non-symmetric) graphs. Previousapplications of di®usionwaveletsdid not

focuson non-symmetricweight matrices.

The restof this chapter is organizedasfollows: Section7.2describesthe framework

of di®usionwaveletsand givesa theoretical analysisof it. Section7.3 shows how the

graph to represent the given dataset is constructed. Section7.4 and 7.5 present two

multiscale embedding construction algorithms: one is for non-linear caseto extend

Laplacian eigenmapsto multiple scales;another is for linear caseto extend LPP to

multiple scales.Section7.6 summarizesour experimental results.

7.2 Di®usion Wavelets Mo del

Classicalwavelets in Euclideanspacesallow a very e±cient multiscale analysisof

a function at di®erent locations and scales. Di®usionwavelets (DWT) [20] extends

the strengths of classicalwavelets to data that lie on graphs and manifolds. The

term di®usionwaveletsis usedbecauseit is associated with a di®usionprocessthat

de¯nes the di®erent scales,and allows a multiscale analysisof functions on manifolds

and graphs. Di®usionwavelets have beenapplied in an number of areas,including

developing fast methods for policy evaluation in Markov decisionprocesses[45].

The procedurefor generatingmultiscale di®usionwaveletsmodel and the relevant

notation are shown in Figure 7.8 and 7.9. The main procedure can be explained

as follows: an input squarematrix T is orthogonalizedusing an approximate QR

decomposition in the ¯rst step. T's QR decomposition is written T = QR, where

Q is an orthogonal matrix and R is an upper triangular matrix. The orthogonal

columnsof Q are the scaling functions. They provide a basis(up to precision") for

matrix T. The upper triangular matrix R is used to construct the representation

of T on the basis Q. In the secondstep, we compute wavelet functions using the

new basis. This step is justi¯ed in Theorem 10. In the third step, we compute T 2.

Note this is not donesimply by multiplying T by itself. Rather, T 2 is represented on
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f Áj , Ãj , Tj g = DWT(T; Á0; QR; J; " )
==INPUT :
==T: Di®usion operator.
==Á0: Initial (unit vector) basismatrix.
==QR: A modi¯ed QR decomposition.
==J: Max step number. This is optional, sincethe algorithm automatically terminates.
==": Desired precision, which can be set to a small number or simply machine precision.
==OUTPUT :
==Áj : Scaling functions at scalej . They are also usedas basis functions.
==Ãj : Wavelet functions at scalej .
==Tj = [T2j

]Áj
Áj

.
F or j = 0 to J ¡ 1
f

([Áj +1 ]Áj , [T2j
]Áj +1
Áj

) Ã QR([T2j
]Áj
Áj

; " );
[Ãj ]Áj Ã QR(I ¡ [Áj +1 ]Áj [Áj +1 ]TÁj

; " );

[T2j +1
]Áj +1
Áj +1

= ([T2j
]Áj +1
Áj

[Áj +1 ]Áj )2;
g

Figure 7.8. Construction of Di®usion Wavelets. The notation [T]Áb
Áa

denotesmatrix T
whosecolumn spaceis represented using basis Áb at scaleb, and row spaceis represented
using basisÁa at scalea. The notation [Áb]Áa denotesbasisÁb represented on the basisÁa.
[Ãa]Áa denoteswavelet functions Ãa represented on the basis Áa. At an arbitrary scale j ,
we have pj basisfunctions, and length of each function is l j . [T ]Áb

Áa
is a pb£ la matrix, [Áb]Áa

is an la £ pb matrix. Typically the initial basis for the algorithm Á0 is assumedto be the
delta functions (represented by an identit y matrix), but this is not strictly necessary.
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f Q; Rg Ã ¡ QR (A; " )
f

// A j : the j th column of A.
k = 0; stop = 0; Q = fg ; B = A;
while (stop 6= 1)
f

i Ã ¡ argj max(kA j k2);
if (kA i k < ") f stop = 1;g
else
f

k = k + 1;
ek = A i =kA i k;
Q = Q

S
ek ;

A = A n A i ;
Orthogonalize all the remaining elements of A to ek , obtaining a new set eA;
A Ã ¡ eA;

g
g
R = QT B ;

g

Figure 7.9. The Modi¯ed QR Decomposition.
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Figure 7.10. An Illustration of Di®usion Wavelets Construction.
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the new basisQ: T2 = (RQ)2. This result is justi¯ed in Theorem 11 using matrix

invariant subspacetheory [59]. SinceQ may have fewer columnsthan T, T 2 may be

a smaller squarematrix. The above processis repeatedat the next level, generating

compresseddyadic powersT2j
, until the maximum level is reachedor its e®ective size

is a 1 £ 1 matrix. The whole procedureis illustrated in Figure 7.10.

The matrix of T can be viewed as a transition matrix, and the probability of

transition from x to y in t time stepsis given by T t (x; y). Sothe proceduredescribed

in Figure 7.8 is equivalent to running the Markov chain represented by T forward in

time and allows us to integrate the local geometryand therefore reveal the relevant

geometric structures of data at di®erent scales. Scaling functions at each level are

orthonormal to each other. When T is symmetric, thesefunctions spanthe subspace

spannedby selectedbands of eigenvectors of T. Small powers of T t correspond to

short-term behavior in the di®usion processand large powers correspond to long-

term behavior. Scaling functions are naturally multiscale basis functions because

they account for increasingpowers of T t (in particular, the dyadic powers 2j ). At

scalej , the representation of T2j
is compressedbasedon the amount of remaining

information and the precisionwe want to keep.

Theorem 10. WaveletFunctions [Ãj ]Áj can be constructed using QR decomposition:

f [Ãj ]Áj ; Rg = QR(I ¡ [Áj +1 ]Áj [Áj +1 ]TÁj
; " ).

Proof: We know the column spaceof Tj is spannedby both scaling functions [Áj ]Áj

and wavelet functions [Ãj ]Áj .

Let Cj = [[Áj ]Áj ; [Ãj ]Áj ], then Cj is a pj £ pj full rank matrix, and any two columns

of Cj are orthonormal to each other basedon the de¯nitions of scalingfunctions and

wavelet functions [20]. This means

CT
j Cj = I : (7.1)

From the previousstep, we have

Cj CT
j = Cj (I )CT

j = Cj (CT
j Cj )CT

j = (Cj CT
j )2: (7.2)
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So,
Cj CT

j = I : (7.3)

From Cj = [[Áj ]Áj ; [Ãj ]Áj ], we have

[[Áj ]Áj ; [Ãj ]Áj ][[Áj ]Áj ; [Ãj ]Áj ]T = I ; (7.4)

This implies that the subspacespannedby wavelet functions [Ãj ]Áj is the column

spaceof I ¡ [Áj ]Áj [Áj ]TÁj
, since

[Ãj ]Áj [Ãj ]TÁj
= I ¡ [Áj ]Áj [Áj ]TÁj

: (7.5)

So we can construct [Ãj ]Áj that spansthe column spaceof I ¡ [Áj ]Áj [Áj ]TÁj
up to a

precision" using QR decomposition:

f [Ãj ]Áj ; Rg = QR(I ¡ [Áj +1 ]Áj [Áj +1 ]TÁj
; " ): (7.6)

Theorem 11. If the QR decomposition of Tj is Tj = QR, then RQ is the unique

representationof Tj regarding the space spanned by Q's columns.

Proof: Let Q = f q1 ¢¢¢qkg and Q denote Q's column space. If Q is Tj 's invariant

subspace,then there is a unique matrix L [59] such that

Tj Q = QL: (7.7)

SinceTj = QR, we have
Tj Q = (QR)Q = Q(RQ): (7.8)

Now we want to show that Q is an invariant subspaceof Tj . Consideringthe process

of QR decomposition, it is clearthat the columnsof Q spanthe wholecolumnspaceof

Tj . It is well-known that the column spaceof any matrix A is A's invariant subspace.

Socolumnsof Q spanan invariant subspaceof Tj .

SoRQ is the unique representation of Tj corresponding to Q (Q's column space).
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7.3 Graph Constructions

Similar to Laplacianeigenmapsand LPP, our multiscaleapproachesalsorepresent

the set of instancesby verticesof a graph, wherean edgeis usedto connectinstances

x and y using a distancemeasure,such as if y is amongthe k-nearestneighbors of x.

The weight of the edgeis speci¯ed typically usingeither a symmetricmeasure,such as

the heatkernelor a non-symmetricmeasure,such asa directional relationship induced

by non-symmetricactionsin a Markov decisionprocess.Such pairwisesimilarities can

be usedto derive a transition probability matrix for a random walk P (P = D ¡ 1W),

whereW is the weight matrix, and D is a diagonalmatrix of the row-sumsof W. In

contrast to almost all previous graph-basedeigenvector methods, we do not require

W to be symmetric. Our approach thus addressesthe problem of learning multiscale

low dimensionalembeddingsfrom directed graphs (undirected graphs are a special

caseof directed graphs) without symmetrizing them, as many previous approaches

require. In Laplacian eigenmapsand LPP, dimensionality reduction is achieved using

eigenvectorsof graphLaplacian. In the newapproaches,insteadof usingeigenvectors,

weusescalingfunctions, which arede¯ned at multiple scalesand in the specialcaseof

symmetric matrices can be shown to span the samespaceas selectedspectral bands

of eigenvectors.

7.4 Multiscale Laplacian Pro jections

7.4.1 Notation

Let X = [x1; ¢¢¢; xn ] be a p £ n matrix representing n instancesde¯ned in a p

dimensionalspace.W is an n £ n weight matrix, whereWi;j represents the similarit y

of x i and x j (Wi;j can be de¯ned by e¡k x i ¡ x j k2
). D is a diagonal matrix, where

D i;i =
P

j Wi;j . W = D ¡ 0:5WD ¡ 0:5. L = I ¡ W, whereL is the normalizedLaplacian

matrix and I is an identit y matrix. X X T = F F T , whereF is a p £ r matrix of rank
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1. Construct di®usion matrix T characterizing the giv en dataset:

² T = I ¡ L is an n £ n matrix.

2. Construct multiscale basis functions using di®usion wavelets:

² f Áj ; Ãj ; Tj g = DWT(T; I ; QR; J; " ).

² The resulting [Áj ]Á0 is an n £ pj matrix (seeEquation (7.9)).

3. Compute lower dimensional embedding (at lev el j ):

² The embedding x i ! yi = row i of [Áj ]Á0 .

Figure 7.11. Multiscale Laplacian projections.

r . One way to compute F from X is singular value decomposition. (¢)+ represents

the Moore-Penrosepseudoinverse.

7.4.2 The Problem

Laplacian eigenmapsminimizes the cost function
P

i;j (yi ¡ yj )2Wi;j , which en-

couragesthe neighbors in the original spaceto be neighbors in the new space. The

c dimensionalembedding is provided by eigenvectors of Lx = ¸x corresponding to

the c smallest non-zeroeigenvalues. The cost function for multisc ale Laplacian

pr ojections is de¯ned as follows: given X , computeYk = [y1
k ; ¢¢¢; yn

k ] at level k (Yk

is a pk £ n matrix) to minimize
P

i;j (yi
k ¡ yj

k)2Wi;j . Herek = 1; ¢¢¢; J represents each

level of the underlying multi-level structure of the given dataset.

7.4.3 The Algorithm

Multiscale Laplacian projections is shown in Figure 7.11, where [Áj ]Á0 is usedto

computelower dimensionalembedding. As shown in Figure 7.8, the scalingfunctions

[Áj +1 ]Áj are the orthonormal basesto span the column spaceof T at di®erent levels.

They de¯ne a set of new coordinate systemsrevealing the information in the original

systemat di®erent scales.The scalingfunctions alsoprovide a mapping betweenthe
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data at longerspatial/temporal scalesand smallerscales.Using the scalingfunctions,

the basisfunctions at level j can be represented in terms of the basisfunctions at the

next lower level. In this manner, the extendedbasis functions can be expressedin

terms of the basisfunctions at the ¯nest scaleusing:

[Áj ]Á0 = [Áj ]Áj ¡ 1 [Áj ¡ 1]Á0 = [Áj ]Áj ¡ 1 ¢¢¢[Á1]Á0 [Á0]Á0 ; (7.9)

whereeach element on the right hand sideof the equation is createdin the procedure

shown in Figure 7.8. In our approach, [Áj ]Á0 is used to compute lower dimensional

embeddingsat multiple scales.Given [Áj ]Á0 , any vector/function on the compressed

largescalespacecanbe extendednaturally to the ¯nest scalespaceor vice versa. The

connectionbetweenvectorv at the ¯nest scalespaceand its compressedrepresentation

at scalej is shown in the following equation: [v]Á0 = ([Áj ]Á0 )[v]Áj . The elements in

[Áj ]Á0 areusually much coarserand smoother than the initial elements in [Á0]Á0 , which

is why they can be represented in a compressedform.

As the procedurein Figure 7.8 suggests,the spacesat di®erent scalesare spanned

by varying numbers of basis functions. Thesenumbers are completely data-driven,

and reveal the dimensionsof the relevant geometricstructures of the data at di®erent

scales.In practice, we can usethe scalingfunctions at an arbitrary scalej to achieve

the low dimensionalembedding at that scale.

7.4.4 Justi¯cation

It is well-known that regular Laplacian eigenmapsis optimal with respect to its

cost function [4]. If the input matrix is symmetric, there is an interesting connection

betweenour algorithm and Laplacian eigenmaps.Theorem12 below provesthat the

proposedapproach at level k and the result from Laplacian eigenmaps(with top pk

eigenvectors)are the sameup to a rotation. Sothe proposedapproach is alsooptimal

111



with respect to the samecost function. One signi¯cant advantage of our approach is

that it directly generalizesto non-symmetric input matrices.

Theorem 12. Laplacian eigenmaps(with eigenvectors corresponding to pj smallest

non-zero eigenvalues)and Multiscale Laplacian projections (at level j ) return the

samepj dimensionalembedding up to a rotation Q.

Proof: In Laplacian eigenmaps,we userow i of V1:pj to represent pj dimensionalem-

beddingof x i , whereV1:pj is an n£ pj matrix representing the pj smallesteigenvectors

of L . When T = I ¡ L , the largest eigenvectorsof T are the smallesteigenvectorsof

L . Let [Áj ]Á0 represent the scalingfunctions of T at level j , then V1:pj and [Áj ]Á0 span

the samespace[20], i.e.
V1:pj V T

1:pj
= [Áj ]Á0 [Áj ]TÁ0

: (7.10)

Sincethe columnsof both V1:pj and [Áj ]Á0 are orthonormal, it is easyto verify that

V T
1:pj

V1:pj = [Áj ]TÁ0
[Áj ]Á0 = I ; (7.11)

whereI is a pj £ pj identit y matrix. So

V1:pj = V1:pj V T
1:pj

V1:pj = [Áj ]Á0 [Áj ]TÁ0
V1:pj = [Áj ]Á0 ([Áj ]TÁ0

V1:pj ): (7.12)

Next, we show Q = [Áj ]TÁ0
V1:pj is a rotation matrix.

QT Q = V T
1:pj

[Áj ]Á0 [Áj ]TÁ0
V1:pj = V T

1:pj
V1:pj V T

1:pj
V1:pj = I : (7.13)

QQT = [Áj ]TÁ0
V1:pj V T

1:pj
[Áj ]Á0 = [Áj ]TÁ0

[Áj ]Á0 [Áj ]TÁ0
[Áj ]Á0 = I : (7.14)

det(QT Q) = (det(Q))2 = 1 =) det(Q) = 1 (7.15)

SoQ is a rotation matrix.

7.5 Multiscale Lo calit y Preserving Pro jections

Notation usedin this sectionis the sameas that usedin Section7.4.
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1. Construct relationship matrix T characterizing the giv en dataset:

² T = (F + X LX T (F T )+ )+ is an r £ r matrix..

2. Apply di®usion wavelets to explore the in trinsic structure of the data:

² f Áj ; Ãj ; Tj g = DWT(T; I ; QR; J; " ).

² The resulting [Áj ]Á0 is an r £ pj matrix (seeEquation (7.9)).

3. Compute lower dimensional embedding (at lev el j ):

² The embedding x i ! yi = ((F T )+ [Áj ]Á0 )T x i .

Figure 7.12. Multiscale Locality Preserving Projections.

7.5.1 The Problem

LPP is a linear approximation of Laplacian eigenmaps.LPP minimizes the cost

function
P

i;j (f T x i ¡ f T x j )2Wi;j , where the mapping function f constructs a c di-

mensionalembedding, and is de¯ned by the eigenvectorsof X LX T x = ¸X X T x cor-

responding to the c smallest non-zeroeigenvalues. Similar to multiscale Laplacian

projections, multisc ale LPP learns linear mapping functions de¯ned at multiple

scalesto achieve multilevel results.

7.5.2 The Algorithm and Justi¯cation

Multiscale LPP algorithm is shown in Figure 7.12. The lower dimensionalem-

beddingconstruction with LPP reducesto solving the generalizedeigenvalue decom-

position X LX T x = ¸X X T x, where we have two input matrices X LX T and X X T

to handle. However, using the DWT procedurerequiresconverting the generalized

eigenvalue decomposition to a regular eigenvalue decomposition problem (with one

input matrix). Theorems14 justi¯es the conversionusedin our algorithm, and proves

that the multiscale LPP result at level k and the result from LPP (with top pk eigen-

vectors)are the sameup to a rotation. Theorem13 provessomeintermediate results.
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Theorem 13. Solution to generalized eigenvaluedecomposition X LX T v = ¸X X T v is

givenby((F T )+ x; ¸ ), where x and¸ are eigenvector andeigenvalueof F + X LX T (F T )+ x =

¸x .

Proof: We know X X T = F F T , whereF is a p £ r matrix of rank r .

Case 1: When X X T is positive de¯nite: It follows immediately that r = p. This

implies that F is a p £ p full rank matrix, and F ¡ 1 = F + .

X LX T v = ¸X X T v =) X LX T v = ¸F F T v =) X LX T v = ¸F F T (F T )¡ 1F T v (7.16)

=) X LX T v = ¸F (F T v) =) X LX T (F T )¡ 1(F T v) = ¸F (F T v) (7.17)

=) F ¡ 1X LX T (F T )¡ 1(F T v) = ¸ (F T v) (7.18)

So solution to X LX T v = ¸X X T v is given by ((F T )+ x; ¸ ), wherex and ¸ are eigen-

vector and eigenvalue of
F + X LX T (F T )+ x = ¸x: (7.19)

Case 2: When X X T is positive semi-de¯nite, but not positive de¯nite: In this case,

r < p and F is a p £ r matrix of rank r . SinceX is a p £ n matrix and F is a p £ r

matrix, there exits a matrix G such that X = F G. This implies G = F + X .

X LX T v = ¸X X T v =) F GLGT F T v = ¸F F T v =) F GLGT (F T v) = ¸F (F T v) (7.20)

=) (F + F )GLGT (F T v) = ¸ (F T v) =) GLGT (F T v) = ¸ (F T v) (7.21)

=) F + X LX T (F T )+ (F T v) = ¸ (F T v) (7.22)

Soonesolution to X LX T v = ¸X X T v is ((F T )+ x; ¸ ), wherex and ¸ are eigenvector

and eigenvalue of
F + X LX T (F T )+ x = ¸x: (7.23)

Note that eigenvector solution to Case2 is not unique.

Theorem 14. For any instance u, its embedding under LPP (using the top pj eigen-

vectors) is the sameas its embedding under multiscale LPP (at level j ) up to a rota-

tion.
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Proof: It is well-known that the normalizedgraphLaplacianL is positivesemi-de¯nite

(PSD), soF + X LX T (F T )+ is alsoPSD, and all its eigenvaluesare ¸ 0. This implies

that eigenvectors corresponding to F + X LX T (F T )+ 's smallest non-zeroeigenvalues

are the sameaseigenvectorscorresponding to (F + X LX T (F T )+ )+ 's largest eigenval-

ues.

Let T = (F + X LX T (F T )+ )+ , [Áj ]Á0 (a p £ pj matrix) represents the di®usionscaling

functions of T at level j . From Theorem 12, it follows that V1:pj = [Áj ]Á0 Q, where

V1:pj is a p £ pj matrix, representing the pj smallesteigenvectorsof F + X LX T (F T )+

and Q is a rotation. Given an instanceu (p £ 1 vector): its embedding result with

LPP is
((F T )+ V1:pj )T u = V T

1:pj
F + u; (7.24)

its embedding result with multiscale LPP is

((F T )+ [Áj ]Á0 )T u = [Áj ]TÁ0
F + u = QV T

1:pj
F + u: (7.25)

So, the two embeddingsare the sameup to a rotation Q.

7.6 Exp erimen tal Results

Wecompare°at andmultiscalemethodsonboth synthetic andreal-world datasets.

The DWT parametersare ¯xed at " = 10¡ 8 and J = 20 in all the experiments. J

is optional, sincethe algorithm automatically terminates. It is useful to emphasize

that the intrinsic structure of the dataset doesnot depend on the parameters. The

structure only dependson the given data. The input parametersdecidethe way to

explore the structure. The time complexity of the proposedapproachesare similar

to the corresponding eigenvector basedapproaches.

7.6.1 Di®usion Faces

In this experiment, we usea facerecognition task from computer vision to illus-

trate the di®erencebetweeneigenvaluedecomposition anddi®usionwaveletsconstruc-

tion. We call this multiscale approach di®usionfaces, by analogywith the well-known
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eigenvector basedapproach calledeigenfaces[67]. This exampleis just an illustration,

and not a proof to show the method works in vision. Given m faceimagesI 1; ¢¢¢I m ,

each of which is represented by an n £ n matrix, the \eigenfaces"algorithm works as

follows: (1) Convert each imageI i to a n2 £ 1 vector ¡ i ; (2) Compute the averageface

vector: ¡ =
P m

i=1 ¡ i =m; (3) Normalize each imagevector: ©i = ¡ i ¡ ¡; (4) Compute

the covariancematrix C = [©1; ¢¢¢; ©m ][©1; ¢¢¢; ©m ]T ; (5) Each eigenvector of C is

an \eigenface". Using this approach, each imagecan be written asa linear combina-

tion of eigenfaces.In our approach, we start with the samecovariancematrix C, but

we usedi®usionwavelets instead of applying eigenvectors. Each column of [Áj ]Á0 is

usedas a di®usionface.

We used the \Oliv etti Faces" data in our test. This dataset includes 400 face

images,each of which is represented by 8-bit grayscalecolor and stored in a 64£ 64

matrix. Di®usionwavelets model identi¯es a 4 level hierarchy of di®usionfaces,and

dimensionality of each level is: 200, 53, 9, 2. We plot all 9 di®usionfacesat level

3 in Figure 7.5, the top 24 di®usionfacesat level 1 in Figure 7.6. We also plot the

top 24 eigenfacesin Figure 7.7. It is clear that these two types of basis are quite

di®erent: eigenvectors are global, and almost all such basesmodel the whole face.

Di®usionfacesare de¯ned at multiple scales,where the ¯ner scale(e.g. Figure 7.6)

characterizesthe details about each image,while the coarserscales(e.g. Figure 7.5)

skip some of the details and only keep the lower frequency information. Scaling

functions (especially thoseat low levels) are usually sparse(with local support), and

most of them focuson just oneparticular featureon the face,like eyes,noses.Sothey

are easierto interpret. Given an imagewritten as a summation of di®usionfaces,we

can estimatewhat the imagelooks like by checking the coe±cients (contributions) of

each type of eyes,noses,etc.

Interestingly, the imagescan be represented at multiple scales(there are 4 scales

for this example), where the ¯nest scale shows all the details about each image,
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while the coarserscalesskip someof the details and only keep the lower frequency

information of each image. Figure 7.4 comparesthe imagesrepresented at multiple

scales.The related basisfunctions at scale3 and 1 are in Figure 7.5 and 7.6.

7.6.2 Punctured Sphere Example

Consider the punctured spherein Figure 7.13(A) basedon 800 samples.We use

heat kernel to generateits weight matrix, and for each point, we computethe weights

for 20 nearestneighbors (in each row). This results in a non-symmetric matrix W.

To apply Laplacian eigenmapsand LPP, we symmetrize W: W = (W + W T )=2.

Figure 7.13(B) shows the spectrums of W and its higher powers. The high powers

have a spectrum that decays much more rapidly than the low powers. This spec-

tral decay property is characteristic of \di®usion-like" matrices, particularly those

generatedby the k nearestneighbor similarit y metric. The embedding results are

in Figure 7.13(C)-(I). The results verify Theorem 12 and 14, showing multiscale ap-

proaches(using di®usionscalingfunctions at level j ) and eigenmapapproaches(using

top pj eigenvectors) result in the sameembeddingsup to a rotation. Furthermore,

multiscale approachessuccessfullyidentify the intrinsic structures of the dataset. Di-

mensionality of the coarsestscalesof all four multiscale approachesis 3, which is the

intrinsic dimensionality of the given data. For example,Multiscale Laplacian projec-

tions identi¯es the numbersof basisfunctionsspanningW's columnspaceat each level

are: 800,741,347,63, 38, 23, 12, 6, 3. Also, amongall four non-lineardimensionality

reduction approaches(Direct Laplacian, Laplacian eigenmaps,Multiscale Laplacian

projections with W and W), only Multiscale Laplacian projections with the original

weight matrix W reconstructsthe original structure, while both approachesbasedon

symmetrizedW fail. The reasonthat symmetrization doesnot work is that for the

points (red) on the rim of the sphere,their 20 neighbors are mostly red points. For

the points (yellow) in the middle, someof their 20 neighbors are red, sincethe yellow
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points aresparse.Symmetrizingthe relationship matrix will add links from the red to

the yellow. This is equal to reinforcing the relationship betweenthe red and yellow,

which further forcesthe red to be closeto the yellow in the low dimensionalspace.

The above processweakens the relationship between the red points. So in the 3D

embedding,we seesomered points are far away from each other, while the red-yellow

relationship is well preserved. Directed Laplacian also fails to generategood embed-

dings in this task. Finally, all three linear dimensionality reduction approaches(LPP,

multiscale LPP with W and W) can reconstruct the original structure. A possible

reasonfor this is that the strong linear mapping constraint prevents over¯tting from

happening for this task.
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Figure 7.13. Punctured SphereExample: (A) Puncture Sphere;(B) Spectrum of W; (C)
Directed Laplacian with W; (D) Laplacian eigenmapswith W; (E) Multiscale Laplacian
projections with W (¯nest scale);(F) Multiscale Laplacian projections with W (¯nest scale);
(G) LPP with W ; (H) Multiscale LPP with W; (I) Multiscale LPP with W.
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Figure 7.14. Comparison of citation graph embeddings.

7.6.3 Citation Graph Mining

The citation dataset in KDD Cup 2003consistsof scienti¯c papers(about 29; 000

documents) from arXiv.org. Thesepapers are from high-energyphysics. They cover

the period from 1992through 2003. We sampled3,369documents from the dataset

and createda citation graph, i.e. a set of pairs of documents, showing that onepaper

referencesanother. To evaluate the methods,weneedto assigneach document a class

type. To compute this, we ¯rst represent each paper using a TF-IDF vector based

on the text of its abstract and the title, then we use the dot product to compute

the similarit y between any two papers. Hierarchy clustering is used to assigneach

document with a class. As a result, we get 7 classes. We apply both Multiscale

Laplacianprojectionsand regularLaplacianeigenmapsto the citation graph (without

using document contents). Since the input is a graph, LPP and multiscale LPP

cannot be used. Multiscale approach results in a 9 level hierarchy. Dimensionality

of each level is: 3369,1442,586, 251, 125, 105, 94, 7. From the result, we can see

that multiscaleapproach successfullyidenti¯es the real intrinsic dimensionality at the

highest level: 7 classes.Obviously, the citation graph is non-symmetric,and to apply

Laplacianeigenmaps,wesymmetrizethe graph asbefore. A leave-one-outtest is used
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to comparethe low dimensionalembeddings.We¯rst map the data to a d dimensional

space(we run 10 tests: d = 10; 20; 30¢¢¢100) using both multiscale approach (using

basisfunctions at level 6) and regularLaplacianeigenmaps.For each document in the

new space,we check whether at least onedocument from the sameclassis amongits

K nearestneighbors. The multiscaleapproach usinga non-symmetricgraph performs

much better than regularLaplacianeigenmapswith a symmetric graph in all 10 tests.

We plot the averageperformanceof thesetests in Figure 7.14. Laplacian eigenmaps

is lesse®ective becausethe citation relationship is directed, and a paper that is cited

by many other papers should be treated as completely di®erent from a paper that

cites many others but is not cited by others.

7.6.4 NSF Research Aw ards Abstracts Data

We also ran a test on a selectedset of the NSF research awards abstracts [29],

which includes5,000abstractsdescribingNSF awards for basicresearch. The dataset

is represented by bag-of-words and hasalready beencleaned.Each abstract has two

corresponding labels: \directorate" (9 di®erent values) and \division" (37 di®erent

values). UsingMultiscale Laplacianprojections,a 9 level hierarchy wasautomatically

constructed. Dimensionality discoveredat each level was: 5000,3069,3052,2524,570,

54, 20, 13, 9. We applied the samequantitativ e comparisonapproach as that used

in Section 7.6.3 to compareMultiscale Laplacian projections (level 5) and regular

Laplacian eigenmaps(with varying numbers of eigenvectors: 100,1200,1600,2000).

The results are summarizedin Figure 7.15and 7.16. The proposedapproach returns

the best results in both tests.

From the ¯gures, we can seethat choosing an appropriate scalefor embedding

can help improve learning performance.Using too many or too few basesmay result

in a redundant feature spaceor lossof valuable information. Finding an appropriate

value for dimensionality is quite di±cult. In previous approaches, the usersneedto
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specify this value. Generallyspeaking,even though a given problem may have tensof

thousandsof instances,the number of levelsidenti¯ed by the newapproach is a much

smallernumber (often < 10). Also, somelevelsare de¯ned by either too many or too

few features. This eliminates from considerationadditional levels, usually leaving a

handful of levels as possiblecandidates. In this example,we only have results at 9

levels involving 5000, 3069, 3052, 2524, 570, 54, 20, 13, 9 dimensionalspaces. We

chosethe spacede¯ned by 570features,sincethe levelsbelow and above this have too

few or too many features,respectively. The intrinsic multilevel structure of the given

datasetis task independent. For di®erent tasks,userscanselectthe most appropriate

level by testing his/her data at di®erent levels. For simplicity, the paper focuseson

selectingscalingfunctions at a single level, but the methods can be extendedto use

multiple levels together. We have studied such methods in other applications of the

multiscale framework.

7.7 Remarks

This chapter presents a framework that extendsLaplacian eigenmapsand LPP to

producemultiscalerepresentations. The proposedframework is basedon the di®usion

wavelets model, and is data-driven. In contrast to eigenvector basedapproaches,

which can only deal with symmetric relationships, our approach is able to analyze

non-symmetric relationship matrices without ad-hoc symmetrization. The superior

performanceof the multiscale approach and someof its advantages are illustrated

using both synthetic and real-world datasets.

121



1 2 3 4 5 6 7 8 9 10
0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

K

P
ro

ba
bi

lit
y 

of
 M

at
ch

in
g

 

 

d=570 (multiscale)
Laplacian eigenmaps, d=100
Laplacian eigenmaps, d=1200
Laplacian eigenmaps, d=1600
Laplacian eigenmaps, d=2000

Figure 7.15. Comparison of NSF abstracts embeddings (using `direc-
torate' as label).
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Figure 7.16. Comparison of NSF abstracts embeddings (using `divi-
sion' as label).
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CHAPTER 8

CASE STUD Y: LEARNING MUL TISCALE
REPRESENT ATIONS OF DOCUMENT CORPORA

8.1 Background

The problemof analyzingtext corpora hasemergedasoneof the most activeareas

in data mining and machine learning. The goal here is to extract succinct descrip-

tions of the members of a collection that enablee±cient generalizationand further

processing.Many real-world corpora of text documents exhibit non-trivial semantic

regularities at multiple levels,which cannot be easilydiscernedusing \°at" methods,

such as Latent Semantic Indexing (LSI) [26]. For example,in the well-known NIPS

conferencepaper dataset, at the most abstract level, the set of all papers can be

categorizedinto two main topics: machine learning and neuroscience.At the next

level, the papers can be categorizedinto a number of areas, such as dimensional-

it y reduction, reinforcement learning, etc. The key problem in analyzing document

collectionsat multiple levels is to ¯nd a multiscale representation of the documents.

This problem can be formalized as follows: given a collection of documents, each of

which is represented as a bag of words, can we discover a hierarchical representation

of the documents that revealsmultiscale conceptualregularities?

Topic models are useful in extracting conceptsfrom document corpora. They

have beensuccessfullyusedto analyzelargeamounts of textual information for many

tasks. A topic could be thought as a multinomial word distribution learned from a

collection of documents using either linear algebraic or statistical techniques. The

words that contribute more to each topic provide keywords that brie°y summarize
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the themesin the collection. The newrepresentations of documents canbe computed

by projecting the original documents onto the space(topic space)spannedby topic

vectors. Popularly used topic models include the aforementioned LSI and Latent

Dirichlet Allocation (LDA) [9]. However, thesemodels can only ¯nd regularities at

a single level. Recently, several statistical approacheswere proposedto ¯nd topical

hierarchies. One of them is hLDA [8]. Such new methods heavily depend on detailed

prior information, like number of levels, and the number of topics. Exact inference

in thesegraphical models is also generally intractable, and requiressampling-based

methods.

In this chapter, wepresent a newdi®usionwavelets-basedapproach that automat-

ically and e±ciently ¯nds multiscale embeddingsof documents in a given corpus[72].

Onenovel aspect of our work is that the DWT multiscaleconstruction is carriedout on

the variables,but not on the instances(as many previousapplications of DWT have

been). The key strength of the approach is that it is data-driven, largely parameter-

free and can automatically determine the number of levels of the topical hierarchy,

aswell asthe topics at each level. To our knowledge,noneof the competing methods

can produce a multiscale analysisof this type. Further, when the input term-term

matrix is a very sparsematrix, the algorithm runs in time approximately linear in

the number of non-zeroelements of the matrix. In contrast to the topics learnedfrom

LSI, the topics learnedusing the DWT-based approach have local support. This is

particularly usefulwhenthe conceptonly involvesa small group of words. Weachieve

multiscale embeddingsof document corpora by projecting the documents onto such

a hierarchical, interpretable topic space.

8.2 Learning Topic Spaces

Learning a topic spacemeans learning the topic vectors spanning the concept

space. In a collection of documents (de¯ned on a vocabulary with n terms), any
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document can be represented as a vector in Rn , where each axis represents a term.

The i th element of the vector canbesomefunction of the number of times that the i th

term occurs in the document. There are several possibleways to de¯ne the function

to be usedhere (frequency, tf-idf, etc.), but the precisemethod does not a®ectour

results. In this chapter, we assumeA is an n £ m matrix whoserows represent terms

and columnsrepresent documents.

8.2.1 Learning Topic Spaces using LD A

Latent Dirichlet Allocation (LDA) [9] is a widely usedprobabilistic topic model

and the basisfor many variants. LDA treats each document as a mixture of topics,

where each topic is a distribution over words in a vocabulary. To generatea doc-

ument, LDA ¯rst samplesa per-document distribution over topics from a Dirichlet

distribution, and then it samplesa topic from the distribution and a word from the

topic. Documents in LDA are linked only through a single Dirichlet prior, so the

model makesno attempt to ¯nd the distribution over topic mixtures. LDA is a \°at"

topic model.

8.2.2 Learning Topic Spaces using hLD A and Others

The hLDA model [8] represents the distribution of topics within documents by

organizing the topics into a tree. Each document is generatedby the topics along a

path of this tree. To learn the model from the data, we needto alternately sample

betweenchoosinga new path through the tree for each document and assigningeach

word in each document a topic along the chosenpath. In the hLDA model, the

quality of the distribution of topic mixtures dependson the topic tree. To learn the

structure of the tree, hLDA appliesa nestedChineserestaurant process(NCRP) [8],

which requirestwo parameters: the number of levels of the tree and a parameter ° .

hLDA and someother methods can learn hierarchical topics, but they needdetailed

prior information, such as number of levels, number of topics and the performance
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of thesemodelsheavily dependson the priors. Inferencein thesegraphical models is

also generally intractable, and typically a sampling basedapproach is usedto train

thesemodels,which is computationally expensive.

8.2.3 Learning Topic Spaces using LSI

Latent semantic indexing (LSI) [26] is a well-known linear algebraic method to

¯nd topics in a text corpus. The key idea is to map high-dimensionalvectors to a

lower-dimensionalrepresentation in a latent semantic space. The goal of LSI is to

¯nd a mapping that provides information that revealssemantical relations between

the entities of the interest. Let the singular values of A be ±1 ¸ ¢¢¢ ¸ ±r , where

r is the rank of A. The singular value decomposition of A is A = U§ V T , where

§ = diag(±1; ¢¢¢±r ), U is an n £ r matrix whosecolumns are orthonormal, and V

is an m £ r matrix whosecolumns are also orthonormal. LSI constructs a rank-k

approximation of the matrix by keeping the k largest singular values in the above

decomposition, where k is usually much smaller than r . LSI is also a \°at" topic

model, which meansit cannot ¯nd hierarchical topics.

8.2.4 Learning Topic Spaces using Di®usion Wavelets

The term-term matrix AA T is a Gram matrix with nonnegative entries. De¯ne

D as a diagonalmatrix, whoseentry D i;i is the sum of the entries on the i -th row of

AA T . We de¯ne the normalizedterm-term matrix T asD ¡ 0:5AA T D ¡ 0:5. In fact, the

normalized Laplacianoperator associated with AA T is L = I ¡ T. Instead of learning

the eigenvectorsof T, multiscaledi®usionanalysisinvolveslearning the di®usionscal-

ing functions of T using di®usionwavelets. Di®usionscalingfunctions are multiscale

basisfunctions, with local support and can be computede±ciently. Theseproperties

make our multiscale di®usionapproach attractiv e in applications to text mining.
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1. Constructing the normalized term-term matrix T:

² T = D ¡ 0:5AA T D ¡ 0:5, where D is a diagonal matrix, whoseentry D ii is the
sum of the entries on the i -th row of AA T .

2. Generating di®usion wavelets:

² f Áj , Ãj ; Tj g = DWT(T; I ; QR; J; " ). (SeeFigure 7.8 for the details)

3. Computing the extended basis functions:

² [Áj ]Á0 is an n £ nj matrix. Each column vector represents a topic at level j .

² Entry k on the column vector shows term k's contribution to this topic.

4. Computing multiscale embeddings of the corp ora:

² At scalej , the embedding of A is ([Áj ]Á0 )T A.

Figure 8.1. Multiscale framework for learning topic models using di®usionwavelets.

8.3 The Main Algorithm

8.3.1 The Algorithmic Pro cedure

Assumethe term-document matrix A is alreadygiven. The algorithmic procedure

is given in Figure 8.1.

8.3.2 High Level Explanation

Insteadof usingthe document-document matrix AT A, asis donein [20], werun the

multiscale algorithm on the term-term matrix AA T , which models the co-occurrence

relationship betweenany two term vectorsover the documents in the given corpora.

In fact, almost all state of the art approacheslearn topics from such co-occurrencein-

formation. Our algorithm starts with the normalizedterm-term co-occurrencematrix

and then repeatedlyappliesQR decomposition to learn the topics at the current level

while at the sametime modifying the matrix to focusmoreon low-frequencyindirect

co-occurrencesfor the next level. Our approach is in spirit similar to LSI, but goes
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beyond LSI to naturally generatetopics in multiple resolutionsthrough progressively

constructing a matrix to model the low frequencyindirect co-occurrences.

8.3.3 Finding a Multiscale Em bedding of the Do cumen ts

If a topic spaceS is spannedby a set of r topic vectors, we write the set as

S = (t(1); ¢¢¢; t(r )), wheretopic t(i ) is a column vector (t(i )1; t(i )2 ¢¢¢; t(i )n )T . Here

n is the sizeof the vocabulary set, kt(i )k = 1 and the value of t(i ) j represents the

contribution of term j to t(i ). S is an n £ r matrix. We know the term-document

matrix A (an n £ m matrix) models the corpus, where m is the number of the

documents and columns of A represent documents in the \term" space. The low-

dimensionalembedding of A in the \topic" spaceS is then AT opic = ST A. AT opic is

an r £ m matrix, whosecolumnsare the new representations of documents in S.

Di®usionwavelets extract topics at multiple scales,yielding a multiscale embed-

ding of the documents. The new representation of the documents at a particular

scalemay signi¯cantly compressthe data preservingthe most useful information at

that scale. Sinceall the topics are interpretable, we may read the topics at di®erent

scalesand selectthe best scalefor embedding. At onescale,we can determinewhich

topic is more relevant to our task and discard the non-useful topics. The di®usion

wavelets-basedmultiscale embeddingmethod providesa powerful tool to analyzethe

document corpora and will be quite useful for classi¯cation, information retrieval,

clustering, etc.

8.3.4 Comparison to Other Metho ds

As shown in Figure 7.8, the spacesat di®erent levels are spannedby a di®erent

number of basis functions. These numbers reveal the dimensionsof the relevant

geometricstructures of data at di®erent levels. Thesenumbers are completely data-

driven: the di®usionwavelets approach can automatically ¯nd the number of levels

and simultaneously generatethe number of topics at each level. Once the term-
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document matrix A is given,usersonly needto specifyoneparameter" { the precision.

In fact, this parametercanbe automatically setby computing the averageof the non-

zero entries on the normalized term-term matrix T, and taking its product with a

small number like 10¡ 5 to get " . So, our approach is essentially parameter free, a

signi¯cant advantage over competing methods. To incorporate prior knowledge,the

term-document matrix A can be suitably modi¯ed.

Learning hierarchical topics could be done very e±ciently, when T is a \lo cal"

di®usion operator [20, 45]. The main idea is that most examplesde¯ned in the

di®usionoperator T have \small" degreesin which transitions areallowedonly among

neighboring points, and the spectrum of the transition matrix decays rapidly. This

result is in contrast to the time neededto computek eigenvectors,which is O(kn2). In

many applications, the normalizedterm-term matrix T is alreadya localizeddi®usion

operator. If it is not, we can simply convert it to such a matrix: for each term in the

collection, we only considerits most relevant k terms sincethe relationshipsbetween

terms that co-occur many times are more important. The sametechnique has been

widely used in manifold learning to generatethe relationship graph from the given

data examples.The algorithm is modi¯ed to retain the top k entries in each row of

T, and all other entries are set to 0. The resulting matrix is not symmetric, so we

needto symmetrizeit in the end.

Interestingly, the spacespannedby topic vectors from di®usionwavelets models

are the sameas the spacespannedby someLSI topic vectors up to a precision ".

This is justi¯ed by the following theorem.

Theorem 15. Given a term-document matrix A, the topics from di®usion wavelets

at level j and the top pj = j[Áj ]Á0 j topics from LSI model span the sametopic space

up to a precision.

Proof: The term-term matrix AA T givesthe correlation betweenterms over the doc-

uments. Using singular value decomposition, we have
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AA T = (U§ V T )(U§ V T )T = U§§ T UT : (8.1)

AssumeA = E¤, where i th column of E represents A's i th eigenvector and ¤ i is the

corresponding eigenvalue. Then

AA T = E¤¤ E T : (8.2)

Sinceboth E and U are orthonormal, and both § and ¤ are diagonal matrices, it is

easyto seethat the column vectorsof U (topic vectors) are also the eigenvectorsof

the term-term matrix AA T .

We know the largest pj eigenvectors and [Áj ]Á0 span the samespaceup to a preci-

sion [20], so the topics from di®usionwavelets at level j and the top pj = j[Áj ]Á0 j

topics from LSI model spanthe sametopic spaceup to a precision.

Although the spacespannedby topic vectorsfrom di®usionwaveletsare the same

as the spacespannedby someLSI topic vectors up to a precision ", the topic vec-

tors (in fact eigenvectors) from LSI have a potential drawback that they detect only

global smoothness,and may poorly model the concept/topic which is not globally

smooth but only piecewisesmooth, or with di®erent smoothnessin di®erent regions.

Unlike the global nature of eigenvectors,our topic vectorsare local (sparse).This can

better capture someconcepts/topics that only involve a particular group of words.

Experiments show that most di®usionwaveletsmodel basedtopics are interpretable,

such that we can interpret the topics at di®erent scalesand selectthe best scalefor

embedding. Further, at the selectedscale,we can check which topic is more relevant

to our application and skip the non-usefultopics. In contrast, many LSI topics are

not interpretable.

Topic vectors from di®usion wavelets are orthonormal to each other. In other

words, for any two topics t i and t j at an arbitrary level, we have t i ¢t j = 0 and

kt i k = kt j k = 1. This meansthe information encoded using di®usionwavelets topics

is not redundant and representation of documents in the topic spaceis unique. This

property doesnot hold for parametric statistical approaches(like LDA, hLDA).
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The complexity of generatingdi®usionwaveletsmostly dependson the sizeof the

vocabulary set in the corpus, but not the number of the documents, or the number

of the tokens. We know no matter how large the corpusis, the sizeof the vocabulary

set is determined. Soour approach should be scalableto large datasets.

8.4 Exp erimen tal Results

Wevalidate the di®usionwaveletsbasedapproach to hierarchical topical modeling

using experiments on four real-world datasets: the NIPS (1-12) conferencefull paper

dataset (http://www.cs.toron to.edu/» roweis/data.html), the NSF research award

abstracts(http://kdd.ics.uci.edu/databases/nsfabs/nsfawards.html), the 20newsgroups

dataset (http://p eople.csail.mit.edu/jrennie/20Newsgroups),and the TDT2 dataset

(http://pro jects.ldc.upenn.edu/TDT2). The results show that multiscale di®usion

waveletscan successfullyidentify the structure of each collection at multiple scales.

The NIPS conferencepaper dataset (Section 8.4.1) and NSF research award ab-

stracts dataset (Section8.4.2) are usedto illustrate the resulting multiscale analysis,

and how to interpret thesetopics. The 20 NewsGroupsdataset (Section 8.4.3), and

TDT2 dataset (Section8.4.4)are usedto show the multiscale embeddingsof the cor-

pora. Sinceour model is largely parameter-free,we do not needany special settings.

The precision used for all theseexperiments was " = 10¡ 5. One issuewe have not

addressedso far is how to interpret topics constructedby di®usionwavelets. A topic

vector v is a column vector of length n, where n is the size of the vocabulary set

and kvk = 1. The entry v[i ] represents the contribution of term i to this topic. To

illustrate a topic v, we sort the entries on v and display the terms corresponding to

the top 10 entries. Theseterms summarizethe topics in the collection.
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Table 8.1. Number of topics at di®erent levels (Di®usion wavelets, NIPS).

Level Number of Topics
1 3413
2 1739
3 1052
4 37
5 2

8.4.1 NIPS Papers Dataset

We generatedhierarchical topics from the NIPS papers dataset, which includes

1,740papers. The original vocabulary sethas13,649terms. The corpushas2,301,375

tokens in total. We ¯ltered out the terms that appear · 100 times in the corpus,

and only 3,413terms were kept. The total number tokens in the collection did not

changetoo much. The number of the remainingtokenswas2,003,017.For comparison

purpose,we also tested LSI, LDA and hLDA using the samedataset.

Multiscale di®usion wavelets identi¯es 5 levels of topics, and the number of

the topics at each level is shown in Table 8.1. At the ¯rst level, each column in T is

treated asa topic. At the secondlevel, the number of the columnsis almost the same

as the rank of T. The number of topics at level 4 is 37, which appear to capture the

main categoriesof NIPS papers. Finally at level 5, the number of topics is 2. The

2 topics at level 5 are \ network, learning, model, neural, input, data, time, function,

¯gure, set" and \ cells, cell, neurons, ¯ring, cortex, synaptic, visual, stimulus, cortical,

neuron". The ¯rst is about machine learning, while the secondis about neuroscience.

Thesetwo topics are exactly the main topics at the highest level of NIPS. Almost all

37 topics at level 4 look semantically meaningful. They nicely capture the function

words. Someexamplesare in Table 8.2.

LSI computes\°at" topicsonly, sowecomparethe top 37LSI topics to the results

from di®usionwavelets. The LSI topics (Table8.3) look much lessinterpretable. The

reasonis the di®usionwaveletsbasedtopics are with local support, while LSI topics

are globally \smooth". Even though such vectorsare spanningthe samespace,they
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Table 8.2. Sometopics at level 4 (Di®usion wavelets, NIPS).

Top 10 Terms
policy state action reinforcement actions learning reward mdp agent sutton
mousechain proteins region heavy receptor protein alpha human domains

distribution data gaussiandensity bayesiankernel posterior likelihood em regression
chip circuit analog voltage vlsi transistor charge circuits gate cmos

speech hmm word speaker phonetic recognition spike markov mixture acoustic
iiii border iii texture ill bars suppressionground bar contextual

face facial imagesfacesimage tangent spike object views similarit y
adaboost margin boosting classi¯ers head classi¯er hypothesis training svm motion

stresssyllable songheavy linguistic vowel languagesprimary harmony language
routing tra±c load shortest paths route path node messagerecovery

actor critic pendulum tsitsiklis pole barto harmony signature routing instructions
documents query document retrieval querieswords relevant collection text ranking

classi¯er classi¯ers clauseknn rbf tree nearestneighbor centers classi¯cation
stack symbol strings grammars string grammar automata grammatical automaton giles

songtemplate production kohonensyllable pathway harmonic nucleus lesionsmotor

Table 8.3. Top 10 Topics (LSI, NIPS).

Top 10 Terms
f ish terminals gapsarbor magnetic die insect conecrossingwiesel

learning algorithm data model state function models distribution policy
training learning network error networks set hidden algorithm weights units

data training set model recognition image models gaussiantest classif ication
learning input units cells layer visual unit cell error image

function functions neural neuron neuronsthreshold networks algorithm linear
model network units networks learning models weights hidden unit data

learning training neural error neuron control data neuronsrate performance
input time training error output speech hidden noisespike state

training function state error model cells set functions cell generalization

Table 8.4. hLDA topics (NIPS).

Node Top 10 Terms
1 task performancetraining data learning output algorithm time processingtrained
1.1 function terms networks abstract linear casereferencesequation set functions
1.1.1 activit y brain visual responseneuronscells shown model cell properties
1.1.2 posedcell soc movements contour responseminimization biol orientations
1.2 statistical distribution ¯gure matrix approach parametersgaussiandata model
1.2.1 neuron cells neuronssynaptic inhibition cell physics american phasestrength
1.2.2 function theory show result ¯nite classcalled positive intro duction de¯ne
1.3 ¯nite noisegaussianconstant solved terms corresponds equation exp variables
1.3.1 og obtain equationsdynamics distribution matrix choice stable moore estimation
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look quite di®erent. \Lo cal support" is particularly important to represent a concept

that only involve a small number of words in document corpora.

LD A wasalsotestedon this dataset. To useLDA, we needto specify the number

of topics. In this test, we tried two numbers: 2 and 37. When topic number is 2, the

two topics are \ model, network, input, ¯gure, time, system,neural, neurons, output,

image" and \ learning, data, training, network, set, function, networks, algorithm,

neural, error". They do not cover neuroscience,which is covered by our di®usion

wavelets model. We did not list the 37 LDA topics (most of them also look reason-

able). Again, to useLDA, usersneedto specify the number of topics, but in di®usion

wavelets, this number is automatically determined.

hLD A requiresspecifying the number of levels of the topic tree (and someother

parameters). In this test, we set this number to 3. The hLDA module in MALLET

[49] wasapplied to this task. The resulting topic tree is in Table8.4, wherethe N ode

recordshows the path from the root to the node. Node1 is the root of the tree, which

has3 children (1.1, 1.2 and 1.3). Both Node 1.1 and 1.2 have two children. Node 1.3

hasonechild: 1.3.1. hLDA doesnot cover the topic of neuroscienceat level 1 and 2.

Comparedto di®usionwavelets,hLDA topics are harder to interpret. We alsotested

level=4, and the result did not make much di®erence.

Empirical Evaluation of Time Complexit y

Given the collection with 2,003,017tokens, multiscale di®usion wavelets needs

roughly 15 minutes (2G PC with 2G memory) to do the multiscale analysis. This

includesdata preparation,constructionof the di®usionwaveletsmodel andcomputing

topic vectorsat all 5 levels. In contrast, we needabout 4 and 6 minutes to compute

37 topics using LSI and LDA on the samemachine. LSI and LDA only computes

\°at" topics, but not topics at multiple levels, and they do not needto explore the

intrinsic structure of the dataset,sothey aredoing somethingmuch simpler. Running
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Table 8.5. Number of topics at di®erent levels (di®usion wavelets model, NSF).

Level Number of Topics
1 6873
2 6852
3 89
4 5
5 1

Table 8.6. All 5 topics at level 4 (di®usion wavelets model, NSF).

Top 10 Terms
research project data students study systemsscienceprogram development high

protein proteins genegenescell cells expressiondna binding rna
genesgenestudents scienceprotein teachers cell proteins expressionschool

theory algebraic manifolds spacesgeometry algebrasproblems invariants geometric
ice climate oceandata seaspeciessocial antarctic theory change

hLDA is much more expensive than the others. It needsroughly 20 hours for this

task. Consideringthe time complexity, hLDA is not tested in the experiments below.

8.4.2 NSF Research Aw ards Abstracts

We also generatedhierarchical topics from the NSF research awards abstracts,

which includes 129,000abstracts describing NSF awards for basic research (1990-

2003). The original vocabulary set has 30,779terms. We ¯ltered out the terms that

appear · 200 times in the corpus, and only 6,873terms were kept. The dataset is

represented by bag-of-words and hasalready beencleaned.

The multiscale di®usionwaveletsbasedapproach identi¯es 5 levelsof topics, and

the number of the topics at each level is shown in Table 8.5. At the ¯rst level,

each column in T is treated as a topic. At level 3, the number of topics is down to

89. Almost all of them are meaningful. We list 20 of them in Table 8.7. Most of

these topics represent one particular area in basic research. At level 4, we have 5

remaining topics (Table 8.6). Two of them are on biology, one on mathematics,one

on geosciencesand social sciences,and the other is about basic research in general.
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Table 8.7. 20 selectedtopics at level 5 (di®usion model, NSF).

Top 10 Terms
galaxiesstars galaxy star stellar ast galactic telescope universehalo

party political election electionselectoral voting voters parties policy vote
mantle crust fault crustal seismicos deformation slip plate rocks

conferenceworkshop meeting held international symposium scientists travel invited
neuronsbrain nerve synaptic nervous synapsesvisual cells neural calcium

transceivers equipment deck navigational motorized ship vesseldeemedpin radars
network qos wirelessrouting tcp networks multicast tra±c quantum packet

languagelanguageslinguistic speech syntactic lexical grammatical semantic spoken
ef rna trna chemistry reactions nmr complexesmoleculesrib osomesplicing

archaeologicalmr stone dating ice remains ms societies sites equations
auctions auction price markets prices market trading monetary pricing in°ation
calcium membrane musclechannelsproteins channel actin intracellular cell ca

court judicial judges courts legal trial law justice criminal rights
algebraic arithmetic varieties adic codesautomorphic galois curvespolynomials oldest

retirement labor workers job wagewagesearningsemployment languageswealth
metal reactions complexesprey metals ligands vesselcopper reaction oxidation

ionosphereionosphericauroral magnetosphericplasma solar wind cedar reconnection
aviation security screeningintractable secureprivacy deploy aircraft heuristics optimally

racial crime race black police neighborhood ethnic white african segregation
pollen tube tubesbeesplants seedsinsulin seedplant actin

8.4.3 20 Newsgroups

The 20 Newsgroupsdataset is a popular dataset for experiments in text applica-

tions. The version that we are using is a collection of 18,774documents (11,269for

training, 7,505for testing), partitioned evenly across20 di®erent newsgroups,each

corresponding to a di®erent topic. Someof the newsgroupsare very closely related

to each other, while othersare highly unrelated. The datasethas61,188terms in the

vocabulary set (stop wordsarenot removed) and nearly 2,500,000tokens. We ¯ltered

out the terms that appear · 100times in the training set, and only 2,993terms were

kept.

Using the training data, the di®usionwaveletsmodel identi¯es 5 levels of topics,

and the number of topics at each level is: 2993, 2992, 589, 29 and 1. Since 29 is

the closestnumber to the real topic number 20, we selectlevel 4 for further analysis.

We ¯nd 3 of the 29 topics are related to stop words. For example,the top 10 words
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of one such topic are: \ the, to, of, and, in, is, that, it, for, you". The remaining

26 topics cover almost all 20 known topics. For example, the topic \ probe, mars,

lunar, moon, missions,surface, jupiter, planetary, orbit, planet" correspondsto topic

\ space". LDA and LSI were also tested. For LDA, we tried two topic numbers: 20

and 29. The latter number returned a better result. The LDA topics do not look as

good as the topics from the di®usionwavelets model. Stop words always dominate

the top words of each topic. For example,the topic \ the, and, of, to, for, key, space,

on, in, by" might be related to topic \ space", but most of the top words are stop

words. The LSI topics do not look good either. For many applications, LSI topics

might spana good conceptspace,but they are hard to interpret.

To comparethe low-dimensionalembeddingsgeneratedfrom the di®usionwavelets

model with LSI and LDA, we used a nearestneighbor method to classify the test

documents. We¯rst represent all the documents in the topic spaceusingthe 29topics

learnedfrom the training set. For each test document, wecomputethe similarit y (dot

product) of it and all the training documents. For each newsgroup, we considerthe

top k most similar documents to the test document. The label of the group with

the largest sum of such similarities is usedto label the test document. Since3 topics

returned by the di®usionwaveletsmodel are related to stop words, we alsoran a test

using the remaining 26 topics. We tried di®erent k in the experiment and the results

areshown in Figure 8.2. From the ¯gure, it is clear that the embeddingscomingfrom

the di®usionwaveletsmodel (29 topics) and LSI are similar. Both of them are better

than the embedding from LDA. It is also shown that ¯ltering out the non-relevant

topics can improve the performance. The LSI topics are hard to interpret, so we

cannot ¯lter any of them out.
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8.4.4 TDT2

The TDT2 corpusconsistsof data collectedduring the ¯rst half of 1998and taken

from 6 sources,including 2 newswires(APW, NYT), 2 radio programs(VOA, PRI)

and 2 television programs(CNN, ABC). It consistsof more than 10,000documents

which are classi¯ed into 96 semantic categories. In the dataset we are using, the

documents that appearing in more than one category were removed, and only the

largest30 categorieswerekept, thus leaving us with 9,394documents in total. Using

the sameprocedureshown in the other tests, we identi¯ed a 5 level hierarchy (topic

number at each level is: 2800, 2793, 287, 17, 2). To better understand what the

embeddingslook like, we project the documents onto a 3D spacespannedby three

topic vectorsfrom each model (Di®usionwaveletsmodel: top 3 topic vectorsat level

4; LDA: all topics when topic number =3; LSI: top 3 topic vectors). In this test, we

plot the documents from category1-7(nearly 7,000documents in total) and each color

represents one category. The di®usionwavelets model returns the best embedding

(Figure 8.4). We alsorun a leave oneout test with kNN method (as described in the

20 NewsGroupstest) to classifyeach document in the collection. The results are in

Figure 8.3. It is alsoclear that the embedding from the multiscale di®usionwavelets

model (using level 4) is better than LSI and LDA.

8.5 Remarks

This chapter proposesa novel approach based on di®usion wavelets model to

extract semantic structure of real-world corpora of text documents at multiple scales.

Experimental resultsshow this approach successfullyextracts hierarchical regularities

at multiple levels. The hierarchy yields semantically meaningful topics, and e±cient

multiscale embeddingsfor classi¯cation.
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CHAPTER 9

LEARNING REPRESENT ATIONS PRESER VING
DISCRIMINA TIVE INF ORMA TION

9.1 Background

In many areasof data mining and information retrieval, it is highly desirableto

map high dimensionaldata instancesto a lower dimensionalspace,preservingtopol-

ogy of the given data manifold. In this chapter, we considera more generalproblem:

learning lower dimensional embedding of data instancespreserving both manifold

topology and discriminative information to separateinstancesfrom di®erent classes.

Our proposedapproach has its goal to eliminate uselessfeatures and improve the

speedand performanceof classi¯cation, clustering, ranking, and multi-task learning

algorithms. Our work is related to previouswork on regressionmodels,manifold reg-

ularization [5], linear discriminant analysis(LDA) [30], and dimensionality reduction

methods such as locality-preservingprojections (LPP) [33].

Linear regressioninvolvesestimating a coe±cient vector of dimensionality equal

to the number of input featuresusingwhich data instancesaremapped to real-valued

outputs (or continuousclasslabels). For example,givena setof instancesf x i g de¯ned

in a p dimensionalspace,a linear regressionmodel computes̄ 0; ¢¢¢; ¯ p such that label

yi can be approximated by

ŷi = ¯ 0 + ¯ 1x i (1) + ¢¢¢+ ¯ px i (p) for i = 1; : : : ; n: (9.1)

The framework of manifold regularization [5] combinesthe standard lossfunctions

associated with regressionor classi¯cation with an additional term that preservesthe
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local geometry of the given data manifold (the framework has another term corre-

sponding to an ambient regularizer). One problem solved under this framework can

be characterizedas follows: given an input dataset X = (x1; ¢¢¢; xm ) and label in-

formation V = (v1; ¢¢¢; vl ) (l · m), we want to compute a function f that maps

x i to a new space,where f T x i matchesx i 's label yi . In addition, we also want f to

preserve the neighborhood relationship within datasetX (making useof both labeled

and unlabeleddata). This problem can be viewed as¯nding an f that minimizesthe

cost function:

C(f ) =
X

i · l

(f T x i ¡ yi )2 + ¹
X

i;j

(f T x i ¡ f T x j )2WX (i; j ): (9.2)

We can interpret the ¯rst mean-squarederror term of C(f ) as penalizing the

di®erencebetweena one-dimensionalprojection of the instancex i and the label yi .

The secondterm enforcesthe preservation of the neighborhood relationship within

X (where WX is a similarit y measure).Under this interpretation, manifold regular-

ization constructs embeddingspreservingboth the topology of the manifold and a

1-dimensionalreal-valued output structure. The proposedapproach generalizesthis

idea to computehigher order locality-preservingdiscriminative projections.

Linear Discriminant Analysis(LDA) andsomeof its extensionslikesemi-supervised

discriminant analysis[15, 76] ¯nd a dimensionality-reducingprojection that best sep-

arates two or more classesof objects or events. The resulting combination may be

usedas a linear classi¯er, or for dimensionality reduction before later classi¯cation.

However, for a dataset with c classlabels, LDA type approachescan only achieve a

c¡ 1 dimensionalembedding (sincethe matrix to model the between-classdi®erence

only has c ¡ 1 nontrivial eigenvectors). In many applications, c ¡ 1 is far from suf-

¯cient. For example,given a dataset with two classlabels (positive/negative), LDA

type approachesonly yield a 1D embedding for each instance,even when the data is

de¯ned by several hundredsof featuresin the original space.
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Many linear (e.g. PCA) and nonlinear (e.g. Laplacian eigenmaps[4]) dimension-

ality reduction methods convert dimensionality reduction problemsto an eigenvalue

decomposition. One key limitation of theseapproachesis that when they learn lower

dimensionalembeddings,they do not take label information into account. Soonly the

information that is useful to preserve the topology of the whole manifold is guaran-

teedto bekept, and the discriminative information separatinginstancesfrom di®erent

classesmay be lost. For example,when we are required to describe a human being

with a coupleof words, we may usesuch characteristicsas two eyes,two hands, two

legsand soon. However, noneof thesefeaturesis usefulto separatemenfrom women.

Similar to our approach, the well-known CanonicalCorrelation Analysis (CCA) also

simultaneously computes two mapping functions. CCA ¯nds linear functions that

map instancesfrom two di®erent setsto onespace,wherethe correlation betweenthe

corresponding points is maximized. There are two fundamental di®erencesbetween

our approach and CCA: 1. The number of non-zerosolutions to CCA is limited to

the smallestdimensionality of the input data. For our case,CCA can only get a c¡ 1

dimensionalembedding sincethe label is in a c dimensionalspace.2. Our approach

can make useof unlabeleddata, while CCA cannot. The proposedapproach can be

distinguishedfrom somerecent work. LDPP [69] learnsthe dimensionality reduction

and nearestneighbor classi¯er parametersjointly. LDPP doesnot preserve the topol-

ogy of the given dataset. The algorithm in [53] providesa framework to learn a (local

optimal) linear mapping function to map the given data to a new spaceto enhance

a given classi¯er. Their mapping function is designedfor classi¯cation only and does

not preserve the topology of the dataset.

In this chapter, we present a framework for learning optimal discriminative pro-

jections to map high-dimensionaldata instancesto a new lower dimensionalspace,

leveragingthe given classlabel information such that instancesfrom di®erent classes

will be mapped to di®erent locations. Similar to the goal of manifold-preserving
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dimensionality reduction approaches, we also want the topology of the given data

manifold to be respected. Our new approach combines the ideasof manifold regu-

larization, LDA and regular dimensionality reduction. Both LDA and our approach

provide discriminative projections to separateinstancesfrom di®erent classes,but

LDA can only return c ¡ 1 dimensional projections for a problem with c classes.

Compared to dimensionality reduction methods like PCA, our approach preserves

both manifold topology and classseparability.

The rest of this chapter is organizedas follows. In Section 9.2 we describe and

justify our algorithm. Section9.3 summarizesour experimental results. Section9.4

provides someconcludingremarks.

9.2 Overall Framew ork

We introduce the overall framework in this section. It is helpful to review the

notation described below. In particular, we assumethat classlabels can be viewed

as c-dimensionalreal-valued vectors if there are c possiblelabels.

9.2.1 The Problem

Assumethe given dataset X = (x1; ¢¢¢; xm ) is a p £ m matrix, where instance

x i is de¯ned by p features. c = number of classesin X . Label yi is a c £ 1 vector

representing x i 's classlabel. If x i is from the j th class,then yi (j ) = 1; yi (k) = 0 for

any k 6= j . We also assumex i 's label is given as yi for 1 · i · l ; x i 's label is not

available for l + 1 · i · m. Y = (y1; ¢¢¢; yl ) is a c £ l matrix.

The problem is to compute mapping functions f (for data instances)and g (for

labels) to map data instance x i 2 Rp and label yi 2 Rc to the samed-dimensional

space,where the topology of the data manifold is preserved, the instancesfrom dif-

ferent classesare separatedand d ¿ p. Here, f is a p £ d matrix and g is a c £ d

matrix.
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9.2.2 The Cost Function

The solution to the overall problem of learning locality preserving discrimina-

tiv e projections can be formulated as constructing mapping functions f and g that

minimize the cost function

C(f ; g) =

P
i · l kf T x i ¡ gT yi k2 + ¹

P
i;j kf T x i ¡ f T x j k2WX (i; j )

P
i · l

P c
k=1 ;sk 6= yi

kf T x i ¡ gT skk2 ; (9.3)

wheresk and WX arede¯ned asfollows: sk is a c£ 1 matrix. sk(k) = 1, and sk(j ) = 0

for any j 6= k. Sk is a c £ l matrix= (sk ; ¢¢¢; sk). WX is a matrix, whereWX (i; j ) is

the similarit y (could be de¯ned by heat kernel) betweenx i and x j .

Here, f T x i is the mapping result of x i . gT yi (or gT sk) is the mapping result of

label yi (or sk). The ¯rst term in the numerator represents the di®erencebetween

the projection result of any instancex i and its corresponding label yi . We want this

value to be small, sincethis makesx i be closeto its true label. The secondterm in

the numerator models the topology of dataset X using both labeled and unlabeled

data. When it is small, it encouragesthe neighborhood relationship within X to be

preserved. ¹ is a weight to balancethe ¯rst and secondterms. It is obvious that we

want the numerator of C(f ; g) to be as small as possible. The denominator models

the distancebetweenthe projection result of each instancex i and all the labelsother

than the correct label. We want this value to be as large as possible, since this

makesx i be far away from its wrong labels. Thus, minimizing C(f ; g) will preserve

the topology of dataset X , and project instancesto a new lower dimensionalspace,

wherethe instancesfrom di®erent classesare well separatedfrom each other.

9.2.3 High Level Explanation

Manifold regularization addressesthe problem of learning projections to map the

data instances(with known labels) to their classlabels,preservingthe manifold topol-
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Figure 9.1. Illustration of regular regressionapproaches(A), and our approach (B).

ogy. The lossfunction usedin onealgorithm under the manifold regularization frame-

work is as follows:

C(f ) =
X

i · l

(f T x i ¡ yi )2 + ¹
X

i;j

(f T x i ¡ f T x j )2WX (i; j ); (9.4)

where yi is the real-valued label of x i . This loss function can be relaxed for our

problem, since our goal is to separate instances from di®erent classes. It is less

important whether the embedding of each instance is closeto its given class label

or not. In our algorithm, we have a mapping function f for data instances,and g

for labels such that f and g can work together to map the data instancesand labels

to the samespace,where the mapping results of instancesand their labels are close

to each other. The mapping g allows us to scalethe entries of the label vector by

di®erent amounts, which then allows better projections of points. An illustration of

this idea is given by Figure 9.1. In summary, the numerator of our loss function

encouragesthe instanceswith the samelabel to stay together, preservingthe data

manifold topology. The denominator of the loss function encouragesthe instances

with di®erent labels to be away from each other.
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9.2.4 Discriminativ e Pro jections: The Main Algorithm

Somenotation usedin the algorithm is as follows:

° = (f T ; gT )T is a (p+ c) £ d matrix. Tr () meanstrace. I is an l £ l identit y matrix.

U1 =

0

B
@

I 0

0 0

1

C
A

m£ m

, U2 = UT
3 =

0

B
@

I

0

1

C
A

m£ l

, U4 = I .

The algorithmic procedureis as follows:

1. Construct matrices A; B and C:

A =
µ

X 0
0 Y

¶ µ
U1 ¡ U2

¡ U3 U4

¶ µ
X T 0
0 Y T

¶
(9.5)

B =
cX

k=1

µ
X 0
0 Sk

¶ µ
U1 ¡ U2

¡ U3 U4

¶ µ
X T 0
0 ST

k

¶
(9.6)

C =
µ

X 0
0 Y

¶ µ
¹L x 0

0 0

¶ µ
X T 0
0 Y T

¶
(9.7)

2. Compute ° = (° 1; ¢¢¢; ° d): the d minim um eigenvector solutions to the

generalized eigenvalue decomp osition equation:

(A + C)x = ¸ (B + C)x: (9.8)

3. Compute discriminativ e pro jection functions f and g:

° = (°1; ¢¢¢; ° d) is a (p + c) £ d matrix, whosetop p rows= mapping function

f , the next c rows= mapping function g. i.e.
µ

f
g

¶
= (°1; ¢¢¢; ° d): (9.9)

4. Compute the d-dimensional embedding of dataset X :

The d-dimensionalembedding of X is f T X , whosei th column represents the

embedding of x i .

9.2.5 Justi¯cation

Theorem 16. d minimum eigenvector solutions to (A + C)x = ¸ (B + C)x provide

the optimal d-dimensional discriminative projections to minimize the cost function

C(f ; g).
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Proof: Given the input and the cost function, the problem is formalized as:

f f ; gg = argf ;g min(C(f ; g)) : (9.10)

When d = 1, we de¯ne M ; N and L as follows:

M =
X

i · l

(f T x i ¡ gT yi )2; (9.11)

N =
X

i · l

cX

k=1

(f T x i ¡ gT sk )2; (9.12)

L = ¹
X

i;j

(f T x i ¡ f T x j )2WX (i; j ): (9.13)

argf ;g min(C(f ; g)) = argf ;g min
M + L
N ¡ M

(9.14)

= argf ;g max
N ¡ M
M + L

(9.15)

= argf ;g max
N ¡ M + M + L

M + L
(9.16)

= argf ;g max
N + L
M + L

(9.17)

= argf ;g min
M + L
N + L

: (9.18)

M =
X

i · l

(f T x i ¡ gT yi )2 (9.19)

= (f T X ; gT Y)

0

B
@

U1 ¡ U2

¡ U3 U4

1

C
A

0

B
@

X T f

Y T g

1

C
A = ° T A° : (9.20)

N =
X

i · l

cX

k=1

(f T x i ¡ gT sk)2 = (f T ; gT )B

0

B
@

f

g

1

C
A = ° T B° : (9.21)

L = ¹
X

i;j

(f T x i ¡ f T x j )2WX (i; j ) = ¹f T X LX X T f = ° T C° : (9.22)

So

argf ;g min C(f ; g) = argf ;g min
M + L
N + L

= argf ;g min
° T (A + C)°
° T (B + C)°

: (9.23)
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It followsdirectly from the Lagrangemultiplier method that the optimal solution that

minimizes the lossfunction C(f ; g) is given by the minimum eigenvector solution to

the generalizedeigenvalue problem:

(A + C)x = ¸ (B + C)x: (9.24)

When d > 1,

M =
X

i · l

kf T x i ¡ gT yi k2 = Tr ((° 1 ¢¢¢°d)T A(°1 ¢¢¢°d)) : (9.25)

N =
X

i · l

cX

k=1

kf T x i ¡ gT skk2 = Tr ((° 1 ¢¢¢°d)T B(°1 ¢¢¢°d)) : (9.26)

L = ¹
X

i;j

kf T x i ¡ f T x j k2WX (i; j ) = Tr ((° 1 ¢¢¢°d)T C(°1 ¢¢¢°d)) : (9.27)

argf ;g min C(f ; g) = argf ;g min
Tr ((°1 ¢¢¢°d)T (A + C)(° 1 ¢¢¢°d))
Tr ((°1 ¢¢¢°d)T (B + C)(° 1 ¢¢¢°d))

: (9.28)

Standard approaches [74] show that the solution to ° 1 ¢¢¢°d that minimizes C(f ; g)

is provided by the eigenvectorscorresponding to the d lowest eigenvaluesof the gen-

eralizedeigenvalue decomposition equation:

(A + C)x = ¸ (B + C)x: (9.29)

9.3 Exp erimen tal Results

In this section,we test discriminative projections, manifold regularization, LDA,

and LPP using four datasets: recognition of handwritten digits using the USPS

dataset (a vision dataset with multiple classes),TDT2 data (a text dataset with

multiple classes). We use the following simple strategy to decidethe value of ¹ in

the lossfunction C(f ; g). Let s = the sum of all entries of WX and l = the number
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of training exampleswith labels, then l=s balancesthe scalesof the ¯rst term and

secondterm in the numerator of C(f ; g). We let ¹ = l=s, if we treat accuracyand

topology preservation as equally important. We let ¹ > l=s, when we focus more on

topology preservation; ¹ < l=s, when accuracyis more important. In this paper, we

use¹ = l=s for discriminative projections.

9.3.1 USPS Digit Data (Vision Data)

The USPSdigit dataset (http://www.gaussianpro cess.org/gpml/data/) has9,298

imagesand is randomly divided into a training set (4,649cases)and a test set (4,649

cases).Each imagecontains a raster scanof the 16£ 16 grey level pixel intensities.

The intensities have beenscaledto the range[-1, 1].

We¯rst computedlower dimensionalembeddingsof the data usingregulardiscrim-

inativeprojections,LDA and Locality PreservingProjections(LPP). This datasethas

10 labels, so LDA can only return an embedding of 9 or lessdimensions. LPP and

discriminative projections can return an embedding of any dimensionality. The 3D

and 2D embedding results are shown in Figure 9.2, from which we can seethat regu-

lar discriminative projectionsand LDA canseparatethe data instancesfrom di®erent

classesin the new space,but LPP cannot.

To seehow the discriminative information is preserved by di®erent approaches,

we ran a leave-one-outtest. We ¯rst computed 9D and 50D embeddingsusing dis-

criminative projectionsand LPP. We alsocomputed9D embeddingusingLDA. Then

we checked for each point x i whether at least one point from the sameclasswere

among its K nearest neighbors in the new space. We tried K = 1; ¢¢¢; 10. The

results are summarizedin Figure 9.3. From this ¯gure, we can seethat discrimina-

tiv e projections (50 dimensional), (9 dimensional)and LDA (9 dimensional)achieve

similar performance,and perform much better than LPP. The results alsoshow that
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Figure 9.2. USPSdigit test: (the color represents classlabel): (A) discriminativ e projec-
tions using 3D embedding; (B) discriminativ e projections using 2D embedding; (C) LDA
using 3D embedding; (D) LDA using 2D embedding; (E) LPP using 3D embedding; (F)
LPP using 2D embedding.

the projections that best preserve the dataset topology might be quite di®erent from

the projections that best preserve the discriminative information.

We also used this example to visualize the new \protot ype" of each label in a

2D space(Figure 9.4). The original labels are in a 10D space. The new labels are

constructed by projecting the old labels onto the spacespannedby the ¯rst two

columnsof mapping function g. When ¹ = 103, we can seefrom Figure 9.4 that new

labelsof similar digits are closeto each other in the new space.For example,`0' and

`8' are together; `3', `6' and `9' are also closeto each other. When ¹ is large, we

focus more on topology preservation. Figure 9.4 makessense,sinceto preserve local

topology of the given dataset, similar digits have a large chanceof being projected

to similar locations. We ran another test with lessrespect to manifold topology (by

setting ¹ = 10¡ 3). In the new scenario,the new labels were much better separated

in the new space(Figure 9.5). This experiment shows that the mapping g allows us

to scalethe entries of the label vector by di®erent amounts for di®erent applications,

which then allows more °exible projections of instances.
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Figure 9.3. USPStest: This experiment measureshow well the discriminativ e information
is preserved.
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Figure 9.4. Projection results of 10 USPS
digit labels (¹ =1000).
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Figure 9.5. Projection results of 10 USPS
digit labels (¹ =0.001).

9.3.2 TDT2 Data (T ext Data)

The TDT2 corpusconsistsof data collectedduring the ¯rst half of 1998and taken

from 6 sources,including 2 newswires(APW, NYT), 2 radio programs(VOA, PRI)

and 2 television programs(CNN, ABC). It consistsof more than 10,000documents

which are classi¯ed into 96 semantic categories. In the dataset we are using, the

documents that appear in morethan onecategorywereremoved, and only the largest

4 categorieswerekept, thus leaving us with 5,705documents in total.
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Figure 9.6. TDT2 test: This experiment measureshow well the manifold topology is
preserved.
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Figure 9.7. TDT2 test: This experiment measureshow well the discriminativ e informa-
tion is preserved.
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We applied our approach, LDA and LPP to the TDT2 data assuminglabel infor-

mation of 1/3 documents from each classwas given, i.e. l = 5; 705=3. We performed

a quantitativ e analysisto seehow the topology of the given manifold was preserved.

A leave-one-outtest wasusedto comparethe lower dimensionalembeddings. In this

test, we ¯rst computed 3D and 100D embeddingsusing discriminative projections

and LPP. We also computed 3D embedding using LDA (recall that LDA can only

return embeddingsup to 3D for a dataset with 4 classlabels). Then we checked for

each document x i whether its nearestneighbor in its original spacewas still among

its K neighbors in the new space. We tried K = 1; ¢¢¢; 10. The results are sum-

marized in Figure 9.6. From this ¯gure, we can seethat discriminative projections

with 3D embedding, LPP with 3D embedding and LDA are not e®ective in preserv-

ing the manifold topology. It is obvious that 3D embedding is not able to provide

su±cient information to model the neighborhood relationship for this test. However,

LDA cannot go beyond this, since it can only compute embeddings up to 3D for

TDT2 data. On the contrary, discriminative projections with 100D embedding and

LPP with 100Dembeddingdo a much better job, and the performancesof thesetwo

approachesare alsoquite similar.

To seehow the discriminative information is preservedby di®erent approaches,we

ran a similar leave-one-outtest. Again, we ¯rst computed3D and 100D embeddings

usingboth discriminative projectionsand LPP. We alsocomputedthe 3D embedding

using LDA. Then we checked for each document x i whether at least one document

from the sameclasswasamongits K nearestneighbors in the new space(we usethis

as correctness).We tried K = 1; ¢¢¢; 10. The results are summarizedin Figure 9.7.

From this ¯gure, we can seethat discriminative projections and LDA perform much

better than LPP in all 10 tests. Discriminative projections with 3D embedding and

LDA achieve similar results, while discriminative projections with 100D embedding

is slightly better.
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Generallyspeaking,LDA doesa good job at preservingdiscriminativeinformation,

but it doesnot preserve the topology of the given manifold and not suitable for many

dimensionality reduction applications, which need an embedding de¯ned by more

than c¡ 1 features. LPP canpreserve the manifold topology, but it totally disregards

the label information. Discriminative projections combinesboth LDA and LPP, such

that both manifold topology and the classseparability will be preserved. In addition,

depending on the applications, usersmay decidehow to choose¹ to balancethe two

goals. If we focus more on the manifold topology, we choosea larger value for ¹ ;

otherwise,we choosea smaller value for ¹ .

9.4 Remarks

In this chapter, we introduced a novel approach (discriminative projections) to

construct discriminative features to map high-dimensionaldata instancesto a new

lower dimensional space,preservingboth manifold topology and classseparability.

Discriminative projections goesbeyond LDA in that it can provide an embedding of

an arbitrary dimensionality rather than c¡ 1 for a problem with c classlabels. It also

di®ersfrom regular dimensionality reduction sincethe discriminative information to

separateinstancesfrom di®erent classeswill be preserved. Our approach is a semi-

supervisedapproach making use of both labeled and unlabeled data. It is general,

since it can handle both two classand multiple classproblems. In addition to the

theoretical validations, we also presented real-world applications of our approach to

information retrieval and a digit recognition task in computer vision.
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CHAPTER 10

LEARNING MUL TISCALE REPRESENT ATIONS FOR
TRANSFER LEARNING

10.1 Background

Chapter 3 - Chapter 6 investigatedhow to construct a commonfeature spacefor

the input datasetsthat are originally represented by di®erent features. Chapter 7 -

Chapter 9 focusedon representation learning: constructing more e±cient represen-

tations from each individual input dataset to help improve learning performance.In

this chapter, we combine thesetwo lines of work and study how to learn a common

multiscale representation acrossdatasets.

We call the new algorithm multiscale manifold alignment. Compared to single-

level alignment approachesdiscussedin previous chapters, multiscale alignment au-

tomatically generatesalignment results at di®erent levels by discovering the shared

intrinsic multilevel structures of the given datasets. In contrast to previous \°at"

alignment methods, whereusersneedto specify the dimensionality of the new space,

the multilevel approach automatically ¯nds alignments of varying dimensionality.

Comparedto regular representation learning techniques,which learn a new represen-

tation for each individual dataset, the newalgorithm learnsa commonrepresentation

acrossall input datasets.

The rest of this chapter is as follows. In Section 10.2 we describe the problem

and the main algorithm. In Section 10.3 we provide a theoretical analysis of our

approach. We describe someapplications and summarizeour experimental results in

Section10.4. Section10.5provides someconcludingremarks.
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x i 2 Rp; X = f x1; ¢¢¢; xm g is a p £ m matrix; X l = f x1; ¢¢¢; x l g is a p £ l matrix.
yi 2 Rq; Y = f y1; ¢¢¢; yng is a q £ n matrix; Yl = f y1; ¢¢¢; yl g is a q £ l matrix .
X l and Yl are in correspondence:x i 2 X l Ã ! yi 2 Yl .

Wx is a similarit y matrix, e.g. W i;j
x = e¡

jj x i ¡ x j jj 2

2¾2 .
Dx is a full rank diagonal matrix: D i;i

x =
P

j W i;j
x ;

L x = Dx ¡ Wx is the combinatorial Laplacian matrix.
Wy , Dy and L y are de¯ned similarly.

­ 1 ¡ ­ 4 are all diagonal matrices having ¹ on the top l elements of the diagonal
(the other elements are 0s); ­ 1 is an m £ m matrix; ­ 2 and ­ T

3 are m £ n matrices;
­ 4 is an n £ n matrix.

Z =
µ

X 0
0 Y

¶
is a (p + q) £ (m + n) matrix.

D =
µ

Dx 0
0 Dy

¶
and L =

µ
L x + ­ 1 ¡ ­ 2

¡ ­ 3 L y + ­ 4

¶
are both (m + n) £ (m + n)

matrices.
F is a (p + q) £ r matrix, where r is the rank of Z DZ T and F F T = Z DZ T . F can
be constructed by SVD.
(¢)+ represents the Moore-Penrosepseudoinverse.

At level k: ®k is a mapping from any x 2 X to a pk dimensional space:®T
k x (®k is

a p £ pk matrix).
At level k: ¯ k is a mapping from any y 2 Y to a pk dimensional space: ¯ T

k y (¯ k is
a q £ pk matrix).

Figure 10.1. Notation usedin this chapter.

10.2 Multiscale Manifold Alignmen t

In this section,we introducethe framework of multiscale alignment. The notation

usedin this chapter is summarizedin Figure 10.1.

10.2.1 Multiscale Manifold Alignmen t Problem

To de¯ne the multiscalealignment problem,we¯rst needto construct a multiscale

hierarchy, comprising of a hierarchy of subspacesof varying dimensionality. Given

such a hierarchy, the two lossfunctions given in Equation 4.1and 4.2canbe naturally

extendedby projecting onto the subspaces.In this chapter, we usethe lossfunction

given in Equation 4.21 as an example to explain multiscale alignment approaches.
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The overall idea can be easily generalizedto obtain multiscale solutions to minimize

more generallossfunctions given in Equation 4.1 and 4.2.

In Figure 10.1,L is the graph Laplacian matrix, re°ecting the joint manifold con-

structed from two input manifolds and the given corresponding pairs. Given a ¯xed

subspacehierarchy, the multiscale manifold alignment problem is formally de¯ned

as follows: given two datasetsX ; Y along with partial correspondenceinformation

x i 2 X l Ã ! yi 2 Yl , compute mapping functions A k and Bk that project X and Y

from level k in the hierarchy to a newspacepreservinglocal geometryof each set and

matching instancesin correspondence.Here k = 1; : : : ; h represents each level of the

joint manifold hierarchy.

Somultiscale manifold alignment can be decomposedinto two parts: determinea

hierarchy in terms of number of levelsand the dimensionality at each level, then ¯nd

an alignment to minimize the cost function at each level. Our approach is basically

solving in e®ectboth of theseproblemssimultaneously. To construct the hierarchy,

we adopt an approach basedon di®usionwavelets [20]. As described in Chapter 7,

given an input dataset, di®usionwavelets (DWT) is able to automatically identify

the multilevel intrinsic structure of the data. If the input data is a joint manifold,

then those levels will correspond to appropriate scalesto align the input manifolds.

To apply di®usionwavelets to multiscale alignment problem, we needto address

the following challenge: the regular di®usionwavelets algorithm can only handle a

regulareigenvaluedecomposition in the form of A° = ¸° , whereA is the givenmatrix,

° is an eigenvector and ¸ is the corresponding eigenvalue. However, the problem we

are interested in is a generalizedeigenvalue decomposition: A° = ¸B ° , where we

have two input matrices A and B. We addressthis challengein Section10.3,which

contains a theoretical analysis showing the optimalit y of our multiscale manifold

alignment method.
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10.2.2 The Main Algorithm

Given X ; X l ; Y; Yl , using the notation de¯ned in Figure 10.1, the algorithm is as

follows:

1. Construct a matrix represen ting the join t manifold: T = F + Z LZ T (F T )+ .

2. Use di®usion wavelets to explore the in trinsic structure of the join t man-
ifold:

[Ák ]Á0 = DWT(T+ ), where DWT() is described in Chapter 7, [Ák ]Á0 are the scaling
function basesat level k represented as an r £ pk matrix, k = 1; ¢¢¢; h represents the
level in the joint manifold hierarchy. The value of pk is determined in DWT() based
on the intrinsic structure of the given dataset.

3. Compute mapping functions for manifold alignmen t (at lev el k):·
®k

¯ k

¸
= (F T )+ [Ák ]Á0 is a (p + q) £ pk matrix.

4. A t lev el k: apply ®k and ¯ k to ¯nd corresp ondences between X and Y :

For any i and j , ®T
k x i and ¯ T

k yj are in the samepk dimensional spaceand can be
directly compared.

To usethe multiscale framework to solve instance-level manifold alignment prob-

lem, we need to minimize the cost function given in Equation 4.20 instead. This

requiresmaking two changesto our main algorithm. Step 1: T = H + L(H T )+ , where

D = H H T . Step 4: At level k, row i of ®k and row j of ¯ k are in the samepk

dimensionalspaceand can be directly compared.

10.3 Theoretical Analysis

Onesigni¯cant advantageof wavelet analysisis that it directly generalizesto non-

symmetric matrices, which are often encountered when constructing graphs using

k-nearestneighbor relationships, in directed citation and web graphs, and Markov

decision processes. If the matrix is symmetric, there is an interesting connection

between our algorithm and manifold projections. Theorem 18 below proves that

the proposedalignment result at level k and the result from feature-level manifold
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projections (with top pk eigenvectors)are both optimal with respect to the lossfunc-

tion C(F 1; F2) described in Equation 4.21, when ¹ 2 = 1. Theorem 17 proves some

intermediate results, which are subsequently usedin Theorem18.

Theorem 17. The matrix L is positive semi-de¯nite.

Proof: Assumes = [s1:p; sp+1: p+ q] is an arbitrary vector, where s1:p = [s1; ¢¢¢; sp],

sp+1: p+ q = [sp+1 ; ¢¢¢; sp+ q]. Let

L1 =

0

B
@

L x 0

0 L y

1

C
A ; L2 =

0

B
@

­ 1 ¡ ­ 2

¡ ­ 3 ­ 4

1

C
A ; (10.1)

then

sLsT = sL1sT + sL2sT : (10.2)

Firstly,

sL1sT = s1:pL xsT
1:p + sp+1: p+ qL ysT

p+1: p+ q ¸ 0: (10.3)

The reasonis asfollows: L x is a graphLaplacianmatrix, soit is positivesemi-de¯nite.

This implies that

s1:pL xsT
1:p ¸ 0: (10.4)

Similarly,

sp+1: p+ qL ysT
p+1: p+ q ¸ 0: (10.5)

Consideringthe fact that

sL2sT = ¹
lX

i =1

(si ¡ si + p)2; (10.6)

we have sL2sT ¸ 0. So

sLsT = sL1sT + sL2sT ¸ 0: (10.7)

Sinces is an arbitrary vector, L is positive semi-de¯nite.
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Chapter 4 shows that the alignment result from manifold projections (using pk

eigenvectorscorrespondingto the smallestnon-zeroeigenvaluesof ZLZ T ° = ¸Z DZ T ° )

is optimal with respect to the loss function C(F 1; F2). Theorem 18 shows that the

proposedmultiscale algorithm alsoachievesthe optimal result.

Theorem 18. At level k, the multiscale manifold alignment algorithm achievesthe

optimal pk dimensionalalignment result with respect to the cost function C(F 1; F2).

Proof: Let T = F + ZLZ T (F T )+ . SinceL is positive semi-de¯nite (Theorem 17), T

is also positive semi-de¯nite. This meansall eigenvaluesof T ¸ 0, and eigenvectors

corresponding to the smallest non-zeroeigenvaluesof T are the sameas the eigen-

vectorscorresponding to the largest eigenvaluesof T + . From Theorem 13, we know

the solution to generalizedeigenvalue decomposition ZLZ T ° = ¸Z DZ T ° is given by

((F T )+ x; ¸ ), wherex and ¸ are eigenvector and eigenvalue of Tx = ¸x . Let columns

of PX denotethe eigenvectorscorresponding to the pk largestnon-zeroeigenvaluesof

T+ . Then the manifold projections solution is given by (F T )+ PX .

Let columnsof PY denote[Ák ]Á0 , the scalingfunctions of T+ at level k and pk be

the number of columnsof [Ák ]Á0 . In our multiscale algorithm, the solution at level k

is provided by (F T )+ PY .

From [20], we know PX and PY spanthe samespace.This meansPX PT
X = PY PT

Y .

Sincethe columnsof both PX and PY are orthonormal, we have PT
X PX = PT

Y PY = I ,

whereI is an pk£ pk identit y matrix. Let Q = PT
Y PX , then PX = PX I = PX PT

X PX =

PY PT
Y PX = PY (PT

Y PX ) =) PX = PY Q.

QT Q = QQT = I and det(QT Q) = (det(Q))2 = 1, det(Q) = 1. So Q is a rotation

matrix.

Combining the resultsshown above, the multiscale alignment algorithm at level k

and feature-level manifold projections with pk smallestnon-zeroeigenvectorsachieve

the samealignment results up to a rotation Q.
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10.4 Exp erimen tal Results

We apply our approach to the protein exampleand corpora alignment problem.

² = 10¡ 5 and ¹ = 1 for both experiments, where² represents the desiredprecisionused

in DWT, and ¹ = 1 meanspreservingmanifold topologyand matching corresponding

instancesare equally important.

10.4.1 An Illustrativ e Example

In this experiment, we directly align two protein manifolds (details about this

dataset are described in Section3.5) and use¯gures to illustrate how our algorithm

works. The dataset has two protein manifolds, each of which has 215 points (amino

acids) de¯ned in a 3D space. We plot both manifolds on the same graph (Fig-

ure 10.2(A)). It is clear that manifold X (red) is much smaller than Y (blue), and the

orientations of them are quite di®erent. We usematrix X to represent manifold X

and Y to represent X . Both X and Y are3£ 215matrices. Without lossof generality,

we assumex i and yi are in correspondencefor 1 · i · l , wherel = 22 ¼ 215£ 10%.

Multiscale algorithm identi¯ed a four level hierarchy in the joint manifold structure

de¯ned by 6, 3, 2, and 1 basis functions. The alignment results in 3D, 2D and 1D

spacesare in Figure 10.2(B), (C) and (D). Rather than ask users to estimate the

dimensionality, our algorithm can automatically computealignment results at di®er-

ent levels by exploring the intrinsic structures (in common) of the two datasetsat

di®erent scales.In this test, the 3D-1D alignment resultsmake sensein biology. They

correspond to the tertiary, secondary, and primary protein structures.

10.4.2 Multiscale Alignmen t of Corp ora/T opics

One application of manifold alignment in information retrieval is corpora align-

ment, where corpora can be aligned so that knowledge transfer between di®erent

collections is possible. In this test, we applied our approach to align corpora rep-

resented in di®erent topic spaces.Interestingly, our approach was also shown to be
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Figure 10.2. An Illustrativ e Example: (A) Manifold X and Y; (B) Multiscale alignment
at level 2 (3D); (C) Multiscale alignment at Level 3 (2D); (D) Multiscale alignment at Level
4 (1D).

useful in ¯nding topics sharedby multiple collections. Given two collections: X 1 (a

jW1j £ jD1j matrix) and X 2 (a jW2j £ jD2j matrix), where jWi j is the size of the

vocabulary set and jD i j is the number of the documents in collection X i . Assume

the topics learned from the two collections are given by S1 and S2, where Si is a

Wi £ r i matrix and r i is the number of the topics in X i . Then the representations

of X i in the topic spaceis ST
i X i . Following our main algorithm, ST

1 X 1 and ST
2 X 2

can be aligned in the latent spaceat level k by using mapping functions ®k and ¯ k .

The representations of X 1 and X 2 after alignment become®T
k ST

1 X 1 = (S1®k)T X 1

and ¯ T
k ST

2 X 2 = (S2¯ k)T X 2. Obviously, the document contents (X 1 and X 2) are not

changed.The only thing that hasbeenchangedis Si - the topic matrix. Recall that

the columnsof Si are topics of X i . The alignment algorithm changesS1 to S1®k and

S2 to S2¯ k . The columnsof S1®k and S2¯ k are still of length jWi j. Such columnsare

in fact the new \aligned" topics.

The dataset we usedis the NIPS (1-12) full paper dataset, which includes1,740

papers and 2,301,375tokens in total. We ¯rst represented this dataset using two

di®erent topic spaces:LSI space[26] and LDA space[9]. In other words, X 1 = X 2,
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but S1 6= S2 for this set. We extracted 400 topics from the dataset with both LDA

and LSI models (r 1 = r2 = 400). The top 8 words of topic 1-5 from each model

are shown in Figure 10.3 and Figure 10.4. It is clear that none of those topics are

similar acrossthe two sets. We ran the main algorithm using 20%uniformly selected

documents ascorrespondences.We identi¯ed a 3 level hierarchy of mapping functions

and the number of basisfunctions spanningeach level was: 800,91,2. Thesenumbers

correspond to the intrinsic structure of the underlying joint manifold. At the ¯nest

scale, the manifold is spannedby 800 vectors. This makes sense,since the joint

manifold is de¯nitely spannedby 400 LSI topics+ 400 LDA topics. At level 3, the

joint manifold is spannedby 2 vectors. To seehow the original topics were changed

can help us better understand the alignment algorithm. In Figure 10.5 and 10.6,

we show 5 corresponding topics (corresponding columns of S1®2 and S2¯ 2) at level

2. From these ¯gures, we can seethat the new topics in correspondenceare very

similar to each other acrossthe datasets, and interestingly the new aligned topics

are semantically meaningful to represent someareasin either machine learning or

neuroscience.At level 3, there are only two aligned topics (Figure 10.7 and 10.8).

One of them is about machine learning and the other is about neuroscience.These

two topics are the most abstract topics of NIPS papers. From these results, we

can seethat our algorithm can automatically align the given datasets at di®erent

scalesfollowing the intrinsic structure of the joint manifold. Sincethe alignment of

collections is done via topic alignment, the new approach is also useful to ¯nd the

commontopics sharedby the given collections.

10.4.3 Discussion

In previousmanifold alignment approaches,the usersneedto specify the dimen-

sionality of the intended alignment. Finding an appropriate value for this is quite

di±cult. The proposedapproach constructsmultilevel alignment resultsbasedon the
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commonunderlying intrinsic structures of the given datasets,leaving the userswith

a small number of levels to consider(often < 10) even when the underlying problem

may be de¯ned by tens of thousandsof features. Also, somelevels are de¯ned by

either too many or too few features. This eliminates from considerationadditional

levels,usually resulting a handful of levelsaspossiblecandidates.The userscanselect

the level that is the most appropriate for their applications. For example,in parallel

corpus test presented in Section 10.4.2, we only have alignment results at 3 levels

involving 800, 91, 2 dimensionalspaces.Choosing the spacede¯ned by 91 features

is a natural choice, sincethe levels below and above this have too few or too many

features, respectively. A user can also select the most appropriate level by testing

his/her data at di®erent levels.

10.5 Remarks

In this chapter, we introducemultiscale manifold alignment{ a novel approach to

learn multiscale representations acrossinput datasets. Our approach extendsprevi-

ously studied approachesin that it producesa hierarchical alignment that preserves

the local geometryof each given manifold and matchesthe corresponding instances

acrossmanifolds at multiple scales.
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CHAPTER 11

CONCLUSIONS AND FUTURE W ORK

11.1 Summary

As illustrated in Figure 11.1,transfer learningand representation learningare two

main components of my thesis. Inside the triangle, manifold alignment (a geomet-

ric framework for transfer learning) is usedto map di®erent datasets(manifolds) to

the samefeaturespace,simultaneouslymatching the corresponding instancesand pre-

servingtopologyof each input dataset. Oncethe commonspaceis constructed,useful

knowledgecan be transferred acrossdomainsvia this space.Outside the triangle, a

set of representation learning techniquesconstruct a new basis(a set of features)for

each individual domain so that the new representation of the data is well adapted to

the given task and geometryof the data space.

Manifold alignment makesuseof both unlabeledand labeleddata. The abilit y to

exploit unlabeleddata is particularly useful for transfer learning and domain adapta-

tion, where the number of labeled instancesin the target domain is usually limited.

One main result of this thesis is manifold projections, a generalframework for man-

ifold alignment. Manifold projections can handle many to many correspondences,

solve multiple alignment problemsand be usedasa basisfor many di®erent variants.

Someexisting algorithms like Laplacian eigenmaps[4], LPP [33], CanonicalCorrela-

tion Analysis (CCA), and semi-supervisedalignment [31] can be obtained from this

framework asspecialcases.Someproblems(likeunsupervisedalignment and multiple

alignment), which were di±cult to solve and thus not well studied yet, can also be

solved from this framework in a straightforward way. As a natural extensionof mani-
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Figure 11.1. The two main components of the thesis: Transfer Learning and Represen-
tation Learning. X 1, X 2 and X 3 are three input domains.

fold projections,wepresent a knowledgetransfer algorithm to directly build mappings

betweenspacesde¯ned by di®erent features. This algorithm can automatically solve

two key issuesin transfer learning area: \what to transfer" and \how to transfer".

We alsoprovide a set of extensionsof this framework to more challengingsituations:

(1) whenno correspondencesacrossdomainsare given; (2) when the global geometry

of each input domain needsto be respected; (3) when label information rather than

correspondenceinformation is available. Theseextensionssigni¯cantly broadensthe

application scope of manifold alignment techniques.

Another main result of my thesis is a novel representation learning approach to

construct multiscale representations for the input data. This approach learns basis

functions to spanthe original problem spaceat multiple scalesand canautomatically

map the data instancesto lower dimensionalspacespreservingthe relationship in-

herent in the data. It also o®ersthe following advantagesover the state of the art

methods: it provides multiscale analysis,it computesbasisfunctions that have local

support, and it is able to handle non-symmetric relationships. As an application of

the proposedapproach in the text domain, we use it to extract hierarchical topics
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from a given collection of text documents. Comparedto the other approachesin the

¯eld, the new approach is largely parameter free and can automatically compute the

topic hierarchy and topics at each level.

As a combination of transfer learningand representation learning,multiscaleman-

ifold alignment is proposedin this thesis to construct multiscale representations of

the input datasets,matching correspondingpairs and preservingmanifold topologyat

di®erenscales.Many real-world challengescannot be addressedby transfer learning

or representation learning alone. A combination of thesetwo o®ersus a new tool to

solve more interesting problems.

11.2 Limitations

The assumptionof manifold alignment is the data from each input domain lies

on a manifold, which is embeddedin Euclideanspace,and the given data is sampled

from the underlying manifold in terms of the featuresof the embedding space.This

requires(1) the given data is well sampledfrom the input domain, and (2) related

instancesin each input domain shouldbe closeto each other in Euclideanspace.The

¯rst requirement is not special to manifold alignment. It is neededfor all machine

learningapproaches. The secondrequirement is important to decidewhethermanifold

alignment will succeedor not. We observe that if this assumptiondoesnot hold, then

manifold alignment could fail.

One examplethat manifold alignment fails is on matching faceimagesin the wild

and the corresponding captions. In this task, we are given sometraining image{

caption pairs (one example is shown in Figure 11.2), and the goal is to ¯nd the

correlationsbetweenvisual featuresand text features(words) such that the alignment

betweentest imagesand captionscan be achieved. We applied feature-level manifold

projections to this task. Manifold projections can perfectly align the training images

andcaptions,but the alignment doesnot generalizewell to the test data. The problem
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Figure 11.2. Mary Pierceof Franceplays a return to Patricia Wartusch of Austria at the
Australian Open tennis tournament in Melbourne, Tuesday, Jan. 14, 2003. Pierce won the
match 6-1, 6-4.

is that the visual features (SIFT features [43]) we use are not su±cient to capture

the image contents for this task. Two imageswith similar contents might not be

neighbors in the visual feature spaceregardingEuclideandistance,while neighboring

imagesmight represent di®erent contents. So requirement (2) doesnot hold for this

task. This exampletells us that ¯nding a better representation for each input domain

is always important for transfer learning.

11.3 Future Work

THEORETICAL W ORK:

There are a number of interesting directions for future work on developingnew more

scalablealgorithms for manifold alignment.

a. New Algorithms to Create the Join t Manifold

The most important part of each manifold alignment algorithm is on how the joint

manifold is constructed. This thesispresents two major ways for this: oneis basedon

a joint Laplacian matrix (Chapter 4 and 6), and another is basedon a joint distance

matrix (Chapter 5). We like to explore other solutions to this problem, and one of
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them is basedon maximizing mutual information. It has beenshown that the solu-

tion to maximize mutual information betweentwo feature spacesis equal to solving

a canonicalcorrelation analysisproblem and an assignment problem jointly [12]. As

shown in Chapter 4, CCA is a special caseof manifold projections, so it is a rea-

sonableidea to combine mutual information basedapproach with manifold topology

preservation techniquesto provide new manifold alignment algorithms.

b. Transfer Learning and Represen tation Learning in Tensor Space

Most algorithms presented in this thesis are basedon matrix operations like sin-

gular value decomposition and eigenvaluedecomposition. Powerful as they may be,

such operations are not su±cient to handle the problem like ¯nding the patterns in

author-keyword associations evolving over time. The crux is that matriceshave only

two dimensions(e.g., \instance" and \features"), while we may often needmore(e.g.,

\time"). This is what tensor is. A tensor is a generalizationof a matrix or a vector.

An illustration of tensor is given in Figure 11.3. Multilinear algebra extends linear

algebrato analyzehigher-ordertensors.

Figure 11.3. An illustration of ¯rst-order (vector), second-order(matrix) and third-order
tensors.

Using tensors, we can attack a wider range of problems, that matrix opera-

tions cannot process. For example,alignment of human behaviors involving spatio-

temporal motion patterns (a transfer learning problem) and learning how topics
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changeover time (a representation learning problem).

c. Scalabilit y

It takesO(kn2) time to computetop k eigenvectorsof an n £ n matrix in the general

case. So a signi¯cant challengefor any eigenvalue decomposition basedapproach is

scalability. This problem is particularly important for instance-level manifold align-

ment approaches. For example, a naÄ³ve implementation of instance-level manifold

projections becomesinfeasiblewith increasingnumber of the instances.This is com-

monly referred to as the curse of dimensionality, and is well-known in the area of

manifold learning. This issueneedsto be addressedin the future. One possibleso-

lution is the Automated Multilev el Substructuring (AMLS) algorithm [6], which was

recently introducedas a way to scaleup eigenvector computation to very large-scale

problems that involves in sparsesymmetric matrices. Bennighof and Lehoucq re-

ported computing thousandsof eigenpairson a matrix with millions of rows using a

commodity computer and doing so ordersof magnitude faster than current state-of-

the-art algorithms [6].

APPLICA TIONS:

Manifold alignment is a very generaltechnique,and can be usedfor di®erent applica-

tions that involve di®erent typesof features. This thesisreports alignment resultson

biological and text domains. There are alsoa number of other interesting application

areasto explore.

a. Matc hing Pictures and Words

One interesting areais matching pictures and words. This arealearnshow to predict

words associated with whole images(auto-annotation) and corresponding to particu-

lar imageregions(region naming). Auto-annotation might help organizeand access
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large collectionsof images.Regionnaming is a model of object recognition as a pro-

cessof translating image regions to words, much as one might translate from one

languageto another [3]. A similar but more challengingtask is on facedetection [36]

to determine whether pairs of face images,taken under di®erent illumination condi-

tions, werepictures of the samepersonor not.

b. Mo deling Human Behaviors

In this thesis,we studied multiple manifold alignment problem using a cross-lingual

information retrieval dataset. We alsolike to apply alignment techniquesto other in-

teresting datasetsthat have more modalities. A great showcaseis the CMU-MMA C

database(http://kitc hen.cs.cmu.edu), which contains multimodal measuresof hu-

man activit y of subjects performing tasks involved in cooking and food preparation.

A datasetof anomaloussituations while cooking wasrecordedincluding the following

modalities: audio, video, accelerations,angular velocity, motion capture, light, gal-

vanic skin response,heat °ux sensor,skin temperature, RFIDs.

c. Impro ving Adv ertisemen t and Search

We are alsostudying how manifold alignment can be usedto improve advertisement

selection: exploring the intent of user queriesfor search advertising, as well as com-

bining relevanceand click basedfeedback for ad selection. Advertisement selection

problemsare manifold alignment problems. When a user is searching for something,

the company running the search enginelikesto show the userthe most relevant spon-

soredresults,such that the usersmay click on thoselinks and the company cancharge

sponsorssomefeefor this. The problem here is to match the input query words and

the sponsors'advertisement words. Following the notation de¯ned in Figure 4.5, now

x i
a is a userinput query, which includesa coupleof query words. x j

b is a sponsorlink,

which is characterizedby someadvertisement words representing the sponsor. We
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want to compute mapping functions F a and Fb to best match queriesand sponsors.

This problem can be solved by feature-level manifold projections and the resulting

mapping functions can translate userinput words to advertisement words. Oneprob-

lem that we needto answer is how correspondenceinformation is achieved for such

applications. Recall that in our alignment approach, we needsomecorrespondence

to align two datasets. One way to get the correspondenceinformation is exploring

\clic k-through history". If a user inputs a query and then clicks on a sponsor'slink,

it meansthe query-sponsorpair is a match. The click information might have some

\noise", since usersmight accidently click on something. This is not a signi¯cant

problem, sincethe resulting mapping functions are linear and they are lesssensitive

to such type of random noise. Such click information hasalready beenusedto learn

correspondencebetween queriesand documents, and provides an e±cient way for

imagesearch [22].

d. Transfer Learning in Reinforcemen t Learning

Transferlearningstudieshow to re-useknowledgelearnedfrom onedomain or task to

a related domain or task. Here, we discusstransfer learning in Markov decisionpro-

cesses(MDPs). Transfer learning hasbeenactively studied in the context of MDPs.

However, most of the existing work on this topic is basedon constructing mappings

betweenpre-de¯ned featuresof the sourceand target state spaces,and not on auto-

matically constructed features from modeling the geometry of the underlying state

spacemanifolds[66, 65, 60, 50]. In an MDP, a valuefunction is a mappingfrom states

to real numbers,wherethe value of a state represents the long-term reward achieved

starting from that state, and executinga particular policy. An interestingproblemfor

future work is to extend our main algorithmic framework to transfer value functions

acrossdomains.
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