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ABSTRA CT

A GEOMETRIC FRAMEW ORK FOR TRANSFER
LEARNING USING MANIF OLD ALIGNMENT

SEPTEMBER 2010

CHANG WANG
B.Sc., NANKAI UNIVERSITY
M.E., NANKAI UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: ProfessorSridhar Mahadewan

Many madine learning problems involve dealing with a large amourt of high-
dimensionaldata acrossdiversedomains. In addition, annotating or labeling the data
is expensiwe asit involvessigni cant human e®ort. This dissertation exploresa joint
solution to both theseproblemsby exploiting the property that high-dimensionaldata
in real-world application domainsoften lies on a lower-dimensionalstructure, whose
geometry can be modeled as a graph or manifold. In particular, we proposea set of
novel manifold-alignmen basedapproatesfor transfer learning. The proposedap-
proadestransfer knowledgeacrossdi®erenn domainsby nding low-dimensionalem-
beddingsof the datasetsto a commonlatent space,which simultaneously match cor-
responding instanceswhile preservinglocal or global geometryof ead input dataset.

We dewelop a novel two-step transfer learning method called Procrustes align-

mert. Procrustesalignmert rst mapsthe datasetsto low-dimensionallatent spaces

Vi



re°ecting their intrinsic geometriesand then removesthe translational, rotational and
scalingcomponerts from oneset sothat the optimal alignmert betweenthe two sets
canbe adieved. This approad canpresene either global geometryor local geometry
depending on the dimensionality reduction approad usedin the rst step.

We propose a general one-stepmanifold alignmert framework called manifold
projectionsthat can nd alignmerts, both acrossinstancesaswell as acrossfeatures,
while preservinglocal domain geometry We dewelop and mathematically analyze
seweral extensionsof this framework to more challenging situations, including (1)
when no correspndencesacrossdomains are given; (2) when the global geometry
of ead input domain needsto be respected; (3) when label information rather than
correspndenceinformation is available.

A nal cortribution of this thesisis the study of multiscale methods for mani-
fold alignmert. Multiscale alignmert automatically generatesalignmert results at
di®eren levels by discovering the sharedintrinsic multilevel structures of the given

datasets,providing a commonrepresemation acrossall input datasets.
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CHAPTER 1
MOTIV ATION

1.1 Background

Many madine learning approadesrely on the availability of a large amourt of
labeled data to train a model. Howewer, labeled data is often expensiwe to obtain.
To save labeling and training e®ort, in many situations we want to transfer labeled
information or existing models from one domain to another. This problem arisesin
a variety of applicationsin information retrieval, e-commercecomputer vision, and
many other elds. To addressthis problem, the areaof transfer learning in general,
and domain adaptation in particular, has recerly seena surge of activity [10, 25,
28, 48,52, 64]. This areadraws inspiration from the obsenation that people can
often apply knowledge learned previously to new problems. If done successfully
knowledgetransfer cansigni cantly speedup computation by reducingthe number of
training instancesthat needto be speci ed or reusing existing models. A geometric
view of transfer learning is illustrated in Figure 1.1. The generalideaisto nd a
commonlatent spacesharedacrossall input domainssud that usefulknowledgecan

be transferred acrossdomainsvia this space.

1.2 Challenges
Most existing approadiesin this areaassumethat the sourceand target domains

sharesomefeatures,and the di®erencebetweendomainsprimarily arisesdue to the



Figure 1.1. This “gure illustrates a geometricframework for transfer learning investigated
in this thesis. We have three input datasets (lying on low-dimensional manifolds) together
with sometraining corresponding pairs. The goal is to construct three mapping functions
(represenied as black arrows) to project instancesfrom their original feature spacesto a
new latent space,where the instancesfrom di®eren feature spacesare comparable.

di®erenceébetweendata distributions. This assumptionis not valid in many scenarios
sudh as cross-lingualinformation retrieval [27] and multimodal datasets involving
words and imageg[3], wheretransfer of knowledgeacrossdomainsde ned by di®eren
featuresis required. In a generalsetting of the problem, we are given c related input
datasets: X;¢¢¢; X, where ¢ can be larger than 2 and the c input datasetsdo
not have to shareany commonfeaturesor instances. The transfer learning problem
in this scenariois extremely dixcult, especially when we considerthe fact that the
datasetsoften have very limited labeled information. This setting is quite popular
in many real-world applications, and one example is as follows: assumewe have
three collectionsof documerts in English, Italian, and Arabic respectively. In these
collections,there are suzcient labeledEnglish and Italian documerts, but few labeled
Arabic documerts. The task is to label the unlabeled Arabic documerts, leveraging
the labels from English and Italian collections. Most existing domain adaptation

and transfer learning techniques [10, 25, 28, 48] cannot be directly applied to this



setting, sincethe input domainsare de ned in di®eren feature spaces.Approaches
that heavily dependon labeledinformation (like [23]) may not work either, sincethey
may result in over tting whenthe labeledinformation is inadequate.

A key stepin addressingsud transfer learning problemsis to construct a common
underlying latent spacesharedby all input high-dimensionaldatasets. Howewer, quite
a few challengeshave to be addressedn this construction process.Firstly, we often
have multiple input domainsto processbut most existing transfer learning techniques
can only handle two input domains. Secondly the given training correspndencein-
formation is often insuxcient. Soif we construct our model basedsolely on the given
correspndencesthe performancemay be poor dueto over tting. Thirdly, the given
correspndenceinformation is not guararteed to be perfect. Someinstancein one
domain might have more than one matchesin another domain; someinstance has
exactly onematch, but the true match is only known to be amonga small set of can-
didates and no further information is available. In somesituations, correspndence
information acrossdomainsis not available at all, instead we have somelabel infor-
mation that might be useful to compute the latent space. In someextreme cases,
even the label information is not available either. To handle the challengesmen-
tioned above, we needthe proposedapproad to be able to handle multiple domains,
make use of unlabeled data, and processmany to many correspndences.My thesis
proposesa set of sud approatesthat can addressthese challengesunder di®erert
situations. These approadies corvert transfer learning problemsto single domain
learning problems, and can also be conmbined with other existing transfer learning
techniguesas a pre-processingstep to project instancesfrom di®eren feature spaces
to the samespace.

To addressreal-world challenges,using transfer learning techniquesalone is not
suzcient. Evenwhenwe assumethat the given correspndenceinformation is accu-

rate and suzxcient, it is still possiblethat the featuresto represen the input data are



redundart and someof them provide nothing but misleadinginformation to the learn-
ing tasks. The transfer learning part is designedto learn feature-featurecorrelations
acrossdomains using the given features, so its performancewill not be satisfying
when the input featuresare of low quality. To solve real-world problems, we also
needrepresemation learning techniquesto re-represen the input datasetsin a more

excient way.

1.3 Contributions and Outline of The Thesis
Two lines of work preserted in this thesisare illustrated in Figure 1.2. An outline

of the thesisis givenin Figure 1.3.

Figure 1.2. Transfer Learning and Represemation Learning. X1, X, and X3 are three
input domains.

1.3.1 Transfer Learning (TL)

Figure 1.2 illustrates the two main componerts of my thesis: transfer learning
and represemation learning. Inside the triangle, a set of manifold alignmert methods
are usedto learn a common underlying latent spacesharedby all input datasets.

In machine learning, most datasetsof interest can be assumedto lie on enbedded



Figure 1.3. Outline of the Thesis.
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non-linear manifolds within the higher-dimensionalspace[55, 63, 4]. A manifold is a
mathematical spacethat on a small enoughscaleresenblesthe Euclideanspace,but

the global structure of a manifold may be more complicated. Manifold alignmert is

usedto map di®erern datasets(manifolds) to the samespace simultaneouslymatching

the correspnding instancesand preserving topology of ead input dataset. The

assumptionof manifold alignmert is the data lies on a manifold, which is embedded
in Euclidean space,and the given data is sampledfrom the underlying manifold in

terms of the featuresof the embedding space.Manifold alignment makesuseof both

unlabeledand labeleddata. The ability to exploit unlabeleddata is particularly useful
for transfer learning and domain adaptation, where the number of labeled instances
in the target domain is usually limited.

Existing manifold alignmert approatescan be categorizedinto two types: two-
step alignment and one-step alignment . In two-step alignmert (illustrated in
Figure 1.4(A)), the data instancesin ead datasetare rst mapped to lower dimen-
sionalspacege’ecting their intrinsic geometriesusinga standard (linear like LPP [33]
or nonlinear like Laplacian eigenmapg4]) dimensionality reduction approad. If the

input manifoldsare similar, then their underlying structures shouldbe related. Align-
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Figure 1.4. Two types of manifold alignment. The red regions represent the subsets
that are in correspondence. Z is the new space. (A) Two-step manifold alignment: Xj

and X, are two manifolds. f and g are mapping functions to compute lower dimensional
embeddings. (B) One-stepmanifold alignment: c is the number of manifolds to be aligned.

mert of two manifolds can be achieved by removing somecomponerts (lik e rotational
and scaling componerts) from one manifold leaving another untouched. Existing
two-stepalignmert approatescan only handle pair-wise alignmert problems. Given
somearbitrary manifolds, there is no guarartee that their intrinsic structures will
be similar. Soin two-step alignmert, there should be conditions under which two
manifolds cannot be aligned well. One-stepalignmert, which can handle multiple
alignmert problems(c, 3), is achieved by simultaneously matching the correspnd-
ing instancesand preservingthe topology of ead given manifold. One-stepalignmert
is illustrated in Figure 1.4(B).

Manifold alignmert can be done at two levels: instanc e-level and featur e-
level. In text mining, examplesof instancescan be documerts in English, Arabic,
etc; examplesof features can be English words/topics, Arabic words/topics, etc.
Instance-le\el alignmert computesnonlinear embeddingsfor alignmert, but sud an
alignmert result is de ned only on known instances,and ditcult to generalizeto new
instances. Feature-lewel alignmert builds mappings between features, and is more
suited for knowledge transfer applications than instance-leel alignmert. Feature-

level alignmert only computes\linear" mappings for alignmert, but the mappings



can be easily generalizedto new instancesand provide a \dictionary" represeting
direct mappingsbetweenfeaturesin di®eren spaces.

The rst contribution of the thesis is Procrustes alignment (Chapter 3),
a two-stepapproad that can handle both instance-leel and feature-le\el alignmert
problems. Procrustesalignmert rst mapsthe datasetsto low-dimensional spaces
re°ecting their intrinsic geometriesand then removes the translational, rotational
and scalingcomponerts from one set sothat the optimal alignment betweenthe two
sets can be adhieved. This approad can presene either global geometry or local
geometry depending on the dimensionality reduction approades used in the rst
step.

The second contribution is Manifold Projections (Chapter 4), a general
framework for one-stepinstance-lewel or feature-level manifold alignmert preserv-
ing local geometry This framework computes lower dimensional enmbedding and
alignmernt simultaneously Some existing algorithms like Laplacian eigenmaps[4],
LPP [33], Canonical Correlation Analysis (CCA), semi-sugervisedalignmert [31] can
be obtained from this framework as special cases. Manifold projections can handle
many to many corresppndencessolve multiple alignmert problemsand be usedasa
basisfor many di®eren variants. As a natural extensionof this framework, we also
presen a knowledgetransfer algorithm to directly build mappingsbetweenspacesie-
“ned by di®eren features. This knowledgetransfer algorithm canautomatically solve
two key issuesin transfer learning area: \what to transfer" and \how to transfer".

The thir d contribution includesa set of extensions of manifold pro-
jections to solve alignment problems under di®er ent situations . The rst
extension(Chapter 4) is designedto handle the situations when no correspndences
acrossdomains are given. This problem is commonin real-world applications, but
extremely dixcult to solve. The secondextension(Chapter 5) is an alignmert algo-

rithm to match correspnding instancesacrossdomainsand presene global geometry



of ead input domain. The ability to presene global geometryis desiredin some
tasks, like text mining and robot navigation. The last extension(Chapter 6) makes
useof labelsrather than correspndencego align the input manifolds. This extension
signi cantly broadensthe application scope of manifold alignmert techniques.

The relationship between di®erenn manifold alignmert approades preserted in

this thesisis illustrated in Table1.1.

Table 1.1. Relationship BetweenDi®erert Alignment Approaches.

Alignment using | Alignment using | Unsupervised

correspondences labels alignment

Presene local geometry Chapter 3, 4 Chapter 6 Chapter 4
Presene global geometry | Chapter 3, 5 N/A N/A

One-stepalignment Chapter 4,5 Chapter 6 Chapter 4
Two-step alignment Chapter 3 N/A N/A

Feature-leel Chapter 3, 4,5 Chapter 6 Chapter 4

Instance-lewel Chapter 3, 4,5 Chapter 6 Chapter 4

1.3.2 Representation Learning (RL)

The thesis also proposesa set of represetation learning techniques(as shavn in
Figure 1.2) to construct a basis(a set of features)for ead individual domain sothat
the new represemation of the data is well adaptedto the given task and geometry of
the data space.

The fourth contribution of the thesis is a novel approad to learn multi-
scalerepresemations from a given dataset (Chapter 7). This approad learns basis
functions to spanthe original problem spaceat multiple scaleqg20] and can automat-
ically map the data instancesto lower dimensionalspacesreservingthe relationship
inherert in the data. It also o®ersthe following advantages over the state of the
art methods: it provides multiscale analysis, it computesbasisfunctions that have
local support, it is able to handle non-symmetricrelationships. As a casestudy, the

new approad hasbeenapplied to text domain to extract hierarchical topics from a



given collection of text documerts (Chapter 8). Comparedto the other approates
in the eld, our method is parameter free and can automatically compute the topic
hierarchy and topics at eadt level. Applications to a number of other areas,including
computer vision, graph data mining, and bioinformatics have also beeninvestigated.
The approad to learning multiscale represemations is task independer. Chapter 9
presens atask dependert approad to learning newrepresetations for the givendata

preservingtask oriented discriminative information.

1.3.3 A Combination of TL and RL

The fth contribution is multisc ale manifold alignment (Chapter 10),
a new approat to conbine Transfer learning and Represetation learning. Com-
pared to regular single-lewel alignmert approades, multiscale alignmert automati-
cally generatesalignmert resultsat di®eren levelsby discovering the sharedintrinsic
multilev el structures of the given datasets. In cortrast to previous\°at" alignmert
methods, whereusersneedto specify the dimensionality of the new space,the multi-
level approad automatically nds alignmerts of varying dimensionality. Compared
to regular represemation learning techniques, which learn a new represetation for
ead individual dataset,the new algorithm learnsa commonrepresetation acrossall

input datasets.



CHAPTER 2
RELA TED WORK

2.1 Transfer Learning
2.1.1 Overview

Transferlearninginvolvesthree main researt issued52]: (1) What to transfer; (2)
How to transfer; (3) Whento transfer. \What to transfer” involvesdetermining which
part of knowledgecan be transferred acrossdomains. Someknowledgeis speci ¢ for
individual domains, and someknowledge may be common acrossdi®erett domains
sud that they may helpimprove performancefor the target domain. After discovering
what knowledgecanbe transferred,\How to transfer" studieshow to deweloplearning
algorithmsto transfer the knowledge.\When to transfer" asksunder what situations,
knowledgeshouldnot betransferred. In somesituations, whenthe sourcedomainand
target domain are not related to ead other, brute-forcetransfer may be unsuccessful.
In the worst case,it may even hurt the performanceof learningin the target domain.
Most current work on transfer learning focuseson \What to transfer" and \How to
transfer”, by implicitly assumingthat the sourceand target domainsare related to

ead other.

2.1.2 Related Work

Sincemy thesisstudieshow to constructa commonunderlying latent spaceshared
by all input high-dimensionaldatasets,we only focuson the work in transfer learning
that is related to this particular area.

Semi-survised manifold alignmert [31] is a one-stepinstance-leel alignmert

algorithm. In this approad, the points of two datasetsare mappedto a new spaceby
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solvinga constrainedenbeddingproblem, wherethe embeddingsof the correspnding
points from di®eren setsare constrainedto be similar. Semi-sugervised alignmert
directly computesthe embedding results rather than the mapping functions, so the
(latent) mapping function canbe any non-linearfunction, but the alignmert is de ned
only on the known data points, and it is hard to handle the new test points. Semi-
supervised alignmert can be obtained as a special caseof our general framework
for one-stepalignmert (seeEquation (4.20) for more details). Semi-de nite manifold
alignmert [75 is alsoa one-stepinstance-lewel alignmert algorithm. It solvesa similar
problem as semi-supervised alignmert in a semi-de nite programming framework.
Semi-de nite alignmert can handle multiple manifold alignmert problemsand also
handle relative comparisoninformation.

Di®usion maps-basedmanifold alignmert [40] is a two-step approad and can
handle both instance-leel and feature-lewel alignmert problems. In the rst step,
this approad constructs a graph to represen ead given dataset and usesdi®usion
maps[19 to map the vertices(instances)to lower dimensionalspaces.In the second
step, it appliesatne matching to align the resulting points that arein corresppndence.
A similar framework is presered in [2], where ISOMAP [63 is usedto embed the
nodes of the graphs correspnding to the aligned datasets and a graph-matding
approad is then applied to align the point sets.

Canonical Correlation Analysis (CCA) nds linear mappingsthat transform in-
stancesfrom multiple datasetsto one space,wherethe correlation betweenthe cor-
responding points is maximized. CCA is a feature-le\el alignmert approad, but it
doesnot presene the local geometriesof the given manifolds. CCA can be obtained
asa special caseof Manifold Projections (Chapter 4). A nonlinear extensionof CCA
usingcross-etropy wasdewelopedin [68]. A similar method to coordinate local charts
basedon the LLE [55 framework wasproposedin [62]. This approad requiresaccess

to the underlying manifold structure, soit is not directly related to our problem.
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Knowledgetransfer is becomingincreasinglypopular in madine learningand data
mining [52, 64]. Much previouswork in transfer assumeghe training data and test
data to be de ned in the samespace. For example, self-taugh learning [54] uses
unlabeleddata to help improve classi cation performanceon labeleddata, wherethe
unlabeled data comesfrom a di®eren set of categories(e.qg. if the task is to classify
motor cyclesvs. bicycles,the unlabeled data could be random imagesof mourtains
and hills). Howewer, many real-world applications like cross-lingualinformation re-
trieval require transfer of knowledgeacrossdomainsde ned by di®eren features. To
addressthis problem, multi-view learning (designedfor classi cation) proposesa nat-
ural way to divide featuresinto views and an instanceis described by a di®eren set
of featuresin ead view [11]. The classi ersin multiple viewslearnfrom ead other to
enhancethe learning process. Translated learning [23] shavs how labeled data from
onefeature spaceis usedto enhancethe classi cation performancefor another space.
In this approad, the translator (A(y:;ys) _ p(Yijys)) connectingtwo feature spaces
is computed by a simple algorithm leveraging the given feature-lewel co-accurrence
p(y:;¥s), whereys and y; represen the featuresin the sourceand target spaces,
p(ajb) represems conditional probability, and p(a;b) represems co-occurrenceproba-
bility. Comparedto the translator A(y;;ys), usingmanifold alignmert for feature-lewel
knowledgetransfer is much more powerful. The latter builds mappingsbetweenmul-
tiple feature spaces(rather than just two) consideringboth partial correspndence
information and the manifold topology. It is alsounlikely to run into an over tting
problem, since the manifold topology needsto be presened in the alignment pro-
cess.A growing body of recen researt usesgraphical modelsto addressthe transfer
learning problem, e.g. Bayesian Task-Lewel Transfer [56] usesHierarchical Dirich-
let ProcesseHDP) [61] to extend the simple Na&ve Bayesian classi er to multiple
classi cation domains. The approatesbasedon graphical models generally require

specifying a fairly large number of parameters. The processof tting a model to
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the data requiressampling, and can incur signi cant computational time. Howe\er,
the advantagesof graphical models are their generality and power. In corrast, the
manifold alignmert approatesstudied belov generallyrequire far fewer parameters,
and their training time is usually considerablyless. Howewer, the tradeo®sare some
of the models are simpler and lessgeneral,e.g. feature-lewel alignmert methods use

linear mappings.

2.2 Representation Learning
Represetations play a major role in intelligent systems.Represetation learning
studies how to construct a basisso that the new represemation of the data is well

adaptedto the giventask and geometryof the data space.

2.2.1 Overview

In machine learning, a function could represemn almost any instancethat we are
interestedin, like an image (de ned in pixel space)and a documert (de ned in word
space). The spacethat suc functions are de ned on is called a function spaceand
spannedby a set of basisfunctions (bases).

For functions on Euclidean spaces,two types of \ xed" basesare widely used:
wavelet basesusedin wavelet analysis[24], and Fourier basesusedin Fourier anal-
ysis [13]. For functions on non-Euclideanspaceswhich include discrete spacessuc
as graphs and cortinuous spacessud as manifolds, these xed basesmay not be
optimal. In particular, asthe geometryof the spacemay be unknown and needsto
be reconstructedfrom the data, the basesthemselhes needto be learned from the
data. One exampleof non-Euclideanspaceis a 2D Swissroll manifold enmbeddedin
a 3D space(Figure 2.1). From this gure, we can seethat the instancesthat are far

away from ead other on the manifold could be neighborsin Euclideanspace.SoEu-

13



40

20

Figure 2.1. A 2D SwissRoll Embeddedin a 3D Space.

clideandistanceis not appropriate to computethe distancebetweennon-neigtboring
instancesfor this manifold.

Table 2.2 explainsa framework of represemation discovery. It is a procesghat lies
in betweenthe given data and tasks. It exploresthe intrinsic structure of the data,
learnsbasisfunctions that provide more excient represemations of the instancesand

may signi cantly simplify the standard learning or analysisalgorithms.

Example:
In this section, we use a real-world text mining exampleto shov why constructing
new basisfunctions can be useful.

A documert can be de ned in a word vector space,where eat basis function
represeis a word, and the coexcient correspndingto word i represeis the number
of timesthat word i occursin that documert. Another way to represemn documens is
to descrilke them in a\topic" spacewhereead basisfunction is a concept(topic). A
topic can be thought asa multinomial word distribution learnedfrom a collection of
text documerts and the words that cortribute more to ead topic provide keywords
that brie°y summarizethe themesin the collection. An example of a documert

represered in a topic spaceis as follows (details on how sud a basisis generatedis
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in Chapter 8):

D ocumen ‘Kernel' £ 05+ 'SVM' £ 0:3+ "Protein £ 0:1+ ¢¢¢  (2.1)

"Computer Sciene' £ 0:9 + "Biology' £ 0:1: (2.2)

Comparedto unit vectors, the new basesprovide a set of topics de ned by the
documerts, providing quartitativ e measureghat can be usedto idertify the cortent
of documerts. For example,we can estimate that Documern | is a paper discussing
how to use kernel methods to study protein structure data. Sud new basesalso
compresghe represemation of documerts, sincethe number of topics is usually much

smaller than the number of the words in the dictionary.

2.2.2 Traditional Approac hes for Basis Construction

There are two widely used approates of decomposing a function into a sum
of basisfunctions on real-valued function spaces:Fourier analysis[13] and wavelet
analysis [24]. Recerly, these two approades have been extendedto graphs and
manifolds: graph Laplacian [17] and Di®usionWavelets [20].

The basicidea of Fourier analysisis that any function f (x) can be written asa
summationof a seriesof sineand cosineterms of increasingfrequency The summation
can consistof an in nite number of sineand cosineterms. Using this idea, any space
or time varying data can be transformedinto a frequencyspace.Here, the meaning
of term \frequency" is broad. It could also be a function of spatial position (like
variation in color on an image), rather than time.

Fourier analysis has somelimitations: rst, Fourier basesare globally smaoth,
soit is hard to represemn piecewise-smoth functions with local discortinuities; sec-
ond, Fourier analysisdoes not reveal multiscale regularities of the data. To address
thesechallenges,theory of waveletsemergedroughly two decadesago [24]. Wavelets

are mathematical tools that decommse data into di®erent frequency componerts,
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Figure 2.3. Relationship betweenFourier Basesand Wavelet Bases.

and then represeh eat componert with basesat a resolution matched to its scale.
Wavelet algorithms processdata at di®eren scalesor resolutions,wherethe scalethat
one usesin looking at data plays a special role. If we look at a signal with a large
\window", we would notice grossfeatures. Similarly, if we look at a signal with a
small\window", we would notice small discortinuities. The result in wavelet analysis
is to \see the forest and the trees".

A comparisonof Fourier basesand wavelet basess shown in Figure 2.3. From this
“gure, we can seethat wavelet basesat eah scaleare related to the Fourier basesat
a certain band of frequenciesand wavelet basesare localized both in frequencyand
time.

Wavelets are de ned by the wavelet functions (the mother wavelet) and scaling
functions (the father wavelet). The wavelet function is in e®ecta band-passlter and
scalingit for ead level halvesits bandwidth. This createsthe problemthat in order

to cover the ertire spectrum, an in nite number of levels would be required. The
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scalingfunction Tters the lowest level of the transform and ensuresall the spectrum

is covered.

2.2.3 Graph-based Approac hes for Basis Construction

Many problemsin intelligent systemssud aslearning, optimization, seart, plan-
ning are formulated in the cortext of graphs. In fact, any generaldiscretedomain can
be modeledby graphs. The functions on graphsrepresem most of the data instances
that we are interestedin. For example, an image can be thought as a function on
a pixel graph; a documert can be thought as a function on a word graph, the value
function in reinforcemen learning can be thought as a function on the state space
graph. In Fourier or wavelet analysison real-valued spaces.the basisfunctions are
\ xed". On many discretespaceslike graphs,the baseshave to be learned,sincethe
graphsare constructedfrom the given samples.A key goal of my thesisis to provide
a di®usionwavelets basedframework to construct basesfor the analysisof functions
de ned on graphs.

A graph represets a set of objects and the pairwise relations betweenthose ob-
jects. The objects are called vertices and the link betweentwo verticesis called an
edge.A graph G is represetted by G = (V;E), whereV is a nite setof verticesand
E is a set of edges.Given any two verticesu and v, the weight function w mapsthe
relation betweenthem to a real value: w(u;v) ! R. Consideringthe Hilbert space
of functions on a graph, whereead function f : V! R assignsa real valuef (v) to
eat vertex v. The function spacecan be endaved with the inner product of f and
g ;g = P vy F(V)g(v). Any function in this spacecan be thought asa column
vectorin RVI. The inner product of f and g can alsobe replacedby a more complex
positive semi-de nite kernel [57], which arisesasa similarity measurein a\modi ed"
feature space. The kernels designedfor general purpose isnclude Polynomial kernel

(k(;x9 = (x 6x99), GaussianRBF kernel (k(x;x9 = exp | ®5%* ) and Sigmoid
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kernel (k(x; x9 = tanh(- x &°+ c)). Numerouskernelsare application oriented. Suc
kernelshelp solwe a large number of interesting real-world problemslike text classi -
cation [42] and protein tertiary structure comparison[73]. The enrichment of kernels

makesthe construction of graph represemation of the given instancespossible.

2.2.3.1 Eigenvector Based Approac hes:

Once the graph to represem a set of objects is constructed, eigervectors corre-
sponding to this graph can be usedas basisfunctions in many di®eren applications.
In dimensionality reduction, Principle Componert Analysis(PCA), MultiDimensional
Scaling(MDS) [21], and ISOMAP [63] useeigervectorsto computethe lower dimen-
sional embedding of the data. Eigenfaceg67] are a set of eigervectors usedin the
computer vision problem of human facerecognition. In information retrieval, Latent
Semattic Indexing (LSI) [2€] is a well-known eigervector basedapproad and widely

usedto nd topicsin atext corpus.

Limitations:

One key limitation of eigervector basedapproadiesis that it is ditcult to use
thesemethods to uncover regularities at multiple scales.This is a signi cant problem
in many applications. For example,the corpora of text documerts could include the
conceptsat multiple levels. Using NIPS paper dataset as an example,at the most
abstract level, there are two main conceptsin the published papers: madine learning
and neuroscience At the next level, there may be topics pertaining to a number of
areas, sudh as reinforcemen learning, dimensionality reduction, etc. LSI discovers
°at topics (topics at onelevel), but it would be better to go one step further to look

at the whole topic hierarchy. This is beyond what eigervalue decompsition can do.

lwww.cs.tororto.edu/ » roweis/data.html
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The secondproblemis that eigervector basedmethods cannot handlethe relation-
ships characterizedby directed graphs without somead-hoc symmetrization. Some
typical exampleswhere non-symmetric matrices arise are when k-nearestneighbor
relationships are used, in information retrieval/data mining applications basedon
network topology [58], and state spacetransitions in a Markov decisionprocess.

The third limitation is that eigervectorsonly detect global smaothness,and may
poorly modelthe relationship which is not globally smooth but only piecewisesmaoth,
or with di®eren smoothnessin di®eren regions. This limits eigervector basedap-
proadiesin applications like topic discovery and value function approximation, since
the generatedtopics (eigervectors) are not interpretable, and the globally smaoth

eigervectorsare not able to appraximate somediscortinuous value functions.

2.2.3.2 Extension of Fourier Analysis to Graphs: Graph Laplacian

As a special caseof eigervector based approad, graph Laplacian [17] extends
Fourier analysisto graphs,wherelLaplacian eigervectorsare usedasbasesto approx-
imate functions de ned on graphs. In particular, spectral graphtheory [17] combined
with classicaldi®erertial geometryand global analysison manifolds forms the theo-
retical basisfor \Laplacian" techniquesfor function appraximation and learning on
graphsand manifolds, using the eigenfunctionsof a Laplaceoperator to reveal hidden
structure.

The combinatorial Laplacianis de ned as:
L=D;i W, (2.3)

P
whereW is a weight matrix, and D is a diagonal matrix (Dj = j W; ). We often

considerthe normalized Laplacian

L=D YD W)Di ¥ (2.4)
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which hasa spectrum in [0,2]. It is easyto seethat

HLfi= X f (X)Lf (x) = * wiY)(F(X) i T(y)?= kr fk; (2.5)

X Xy

so Laplacian is related to the notion of smaothnessof functions. Laplacian eigen-
vectorsf»g and correspnding eigervalues: 0 - o - ,1::: - ,j::: are computed
by solving the eigervalue equation L»; = _j» or L» = ,i». The graph Laplacian
has many nice properties. For example,L (or L) is always positive-semide niteand
the multiplicit y of O as an eigervalue of L (or L) givesthe number of connected
componerts of a graph.

Consider the problem of building basis functions for smaooth functions (func-
tions with low Sololev norm [17]) on graphs. Given any graph G, an obvious
but poor choice of basis functions is to encale the i™ node in the graph using
A(i) = [0¢¢¢1¢ee0], wherethe i™ ertry is the only non-zeroertry. This represen-
tation doesnot re°ect the topology of the speci ¢ graph under consideration. The
Laplacian eigenfunctionapproad usesthe eigervectors of graph Laplacian, in e®ect
performing a global Fourier analysison the graph. Given the obsenation that » sat-

is eskr » kg = . i, the characterization of eigervectorsshowns that » is the normalized

function f (on the problem space)onto the top k eigervectors of the Laplacian is
the smoothest approximation to f [46]. The eigenfunctionsof the Laplacian can be
viewed as an orthonormal basisof global Fourier smooth functions that can be used
for appraximating any smooth function on a graph.[17.

The graph Laplacian has beenapplied in many elds: one exampleis in dimen-
sionality reduction, which will be discussedbelon in detail. Another exampleis
spectral clustering [51], wheresmoothest Laplacian eigervectorsare usedto represen
the original data points for clustering. Proto-value function approximation [46] in re-

inforcemen learning alsofalls into this framework. It usesa summation of Laplacian
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eigervectorsto appraoximate value functions de ned on the state spacegraph.

Case Study: Graph Laplacian-Based Dimensionalit y Reduction

In many application domainsof interest, from information retrieval and natural lan-
guage processingto perception and robotics, data appears high dimensional, but
often lies near or on low-dimensionalstructures, sud as a manifold or a graph. By
explicitly modeling and recovering the underlying structure, graph Laplacian based
methods sud as Laplacian eigenmaps[4] have beenshawvn to be signi cantly more
e®ectie than classicalEuclidean methods, suc as multidimensional scaling[21] and
principal componert analysis. Laplacian eigenmapg4] constructs an embeddingsof
the data usingthe low-order eigervectorsof graph Laplacian asa new coordinate ba-
sis[17], which extendsFourier analysisto graphsand manifolds. Locality Preserving
Projections (LPP) is a linear approximation of Laplacian eigenmapg33], wherethe
mapping functions to compute lower dimensionalembeddingsare constrainedto be
linear.

AssumeX = [xq;¢¢¢; x,] isa p£ n matrix represeting n instancesde nedin ap
dimensionalspace.W is an n£ n weight matrix, whereW;; represems the similarity
of x; and x;. D is a diagonal matrix, whereDj; = ; W;;. W = D! OSWDi 05,
L=1j W, wherelL isthe normalizedLaplacian matrix and | is an identity matrix.

(1) Laplacian eigenmaps constructsY = (y;;¢¢¢;y,) to minimize the cost
function

X
kyi i Y KW ; (2.6)
i5j
which encouragesthe neighbors in the original spaceto be neighbors in the new

space. Under the constrairt to prevent the embedding results from collapsing into
one point, the ¢ dimensionalenbedding is provided by the eigervectorsof Lx = X

correspnding to the ¢ smallestnon-zeroeigervalues.

22



(2) LPP is a linear appraximation of Laplacian eigenmaps. LPP constructs
mapping function f to minimize the cost function
X
kf TXi i fTXj kZWi;j , (2.7)
i
wherethe f to adhieve ¢ dimensionalembedding is provided by the eigervectors of

XLXTx = X XTx correspnding to the ¢ smallest non-zero eigervalues under a

similar constrairt.

2.2.3.3 Extension of Wavelets to Graphs: Di®usion Wavelets

While Fourier analysisis a powerful tool for glokal analysis of functions, it is
known to be poor at recovering multiscale regularities acrossdata and for modeling
local or transient properties [47]. Consequetly, one limitation of graph Laplacian
basedapproadiesis that they only yield a \°at” emnbedding but not a multiscale
embedding. Another problem is that sud eigervector methods cannot handle the
relationships characterizedby directed graphswithout somead-hoc symmetrization.
For a generalweight matrix W represeting the edgeweights on a directed graph, its
eigervaluesand eigervectorsare not guararteedto be real. Many current approades
to this problem convert directed graphsto undirected graphs. A simple solution is
setting W to be W + WT or WWT. A more sophisticated symmetrization method
usesthe directed Laplacian [18], wherethe symmetrization usesthe Perron-Fobenius
theorem. It is moredesirableto nd anapproad that handlesdirectedgraphswithout
the needfor symmetrization.

Di®usionWavelets[20] approad is arecert extensionof waveletanalysisto graphs,
wheredi®usionscalingfunctions and di®usionwavelet functions are usedas basesto
appraoximate functions de ned on graphs. Di®usionwaveletscan be usedto solwe the

problemsmertioned above. Details about this approad are discussedn Chapter 7.

23



CHAPTER 3
PROCRUSTES MANIF OLD ALIGNMENT

3.1 Overview

Given two datasets: S; = S'lS SY, S, = S'2S SY, where S| = fst; ¢ee;s!g,
SY = fsi™:¢e¢;sPg, Sy = fsh; ¢¢¢;shg, Sy = fs,t; ¢¢¢; shg along with additional
pairwise correspndencesetweena subsetof the training instances(S] and S}, arein
pairwise correspndence(s, A! s, fori - 1)), Procrustesmanifold alignmert learns
an alignmert of the remaininginstancesin the two datasets. An illustrativ e example
of Procrustes manifold alignmert is in Figure 3.1, where two manifolds X; and X,
are seeminglydi®eren in their original space(Figure 3.1(A)), and the goalis to align
them in a new space(Figure 3.1(B)). The data comesfrom a real protein tertiary
structure dataset. The approat and experiment setting usedin this example are

discussedn Section3.5.

(A) Comparison of Manifold 1 and 2 (Before Alignment) (B) After alignment is done
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Figure 3.1. lllustration of Procrustes Manifold Alignment.
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Procrustesmanifold alignmert is a two-stepalignmert method. In the rst step,
we map the datasetsto lower dimensionalspacese°ecting their intrinsic geometries
using a standard (nonlinear or linear) dimensionality reduction approat. For ex-
ample, using a graph-basednonlinear dimensionality reduction method provides a
discretized approximation to the manifolds, so the new represetations characterize
the relationshipsbetweenpoints but not the original features. By doing this, we can
comparethe embeddingsof the two setsinstead of their original represemations. In
the secondstep, we apply Procrustesanalysisto align the two lower dimensionalem-
beddingsof the datasetsbasedon a number of landmark points. Procrustesanalysis,
which has beenusedfor statistical shape analysisand image registration of 2D/3D
data [44], removesthe translational, rotational and scalingcomponerts from one set
so that the optimal alignmert betweenthe two sets can be achieved. Procrustes
alignmert approad resultsin a mapping that is de ned everywhererather than just
on the known data points (provided a suitable dimensionality reduction method like
LPP [33] or PCA is used). Comparedto well-known atne matching [37], which
changesthe shape of one given manifold to achieve alignmert, Procrustesalignmert
presenesthe manifold shape. This property presenesthe relationship betweenany
two data points within ead individual manifold in the processof alignmert.

The rest of this chapter is as follows. In Section 3.2 we descrike the main algo-
rithm. In Section 3.3 we explain the rationale underlying our approad. Given the
fact that dimensionality reduction approadesplay a key role in this approad, Sec-
tion 3.4 provides a theoretical bound for the di®erencebetween subspacespanned
by low dimensionalembeddingsof the two datasets. This bound analytically char-
acterizeswhen the two datasetscan be aligned well. We use a protein exampleto

illustrate how this approad works in Section3.5.
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3.2 The Algorithm

Similar to other work in the eld [31], we assumea kernel for computing the
similarity between data points in eat of the two datasetsis already given. The
algorithmic procedureis stated in Figure 3.2. For the sake of concretenessl.aplacian
eigenmapd4] is usedfor dimensionality reduction in the procedure. Dependingon the
dimensionality reduction approad that we want to use,there are seeral variations
of Step 1. For example,if we are using LPP [33], then we uselinear appraximation
of Laplacian eigenmapsfor embedding computation. Note that when LPP is used,
the lower dimensionalenbedding will be de ned everywhererather than just on the

training instances.

3.3 Justi cation

Procrustesanalysisseekghe isotropic dilation and the rigid translation, re°ection
and rotation neededto best match onedata con guration to another[21]. Given low
dimensionalenbeddingsE mbed = [X; X []" and Embed = [Y,";Y,]" (dened in
Figure 3.2), the most conveniert way to do translation is to translate the con gu-
rations in X, and Y, sothat their certroids are at the origin. Then, the problem
is simpli ed as: nding Q and k sothat kX, j kY,Qkr is minimized, where k ¢kr
is Frobenius norm. The matrix Q is orthonormal, giving a rotation and possibly a
re°ection, k is a re-scalefactor to either stretch or shrink Y;. Below, we show that

the optimal solution is given by the SVD of Y,"X,. Theorem 1 is credited to regular

Procrustesanalysis[21]].

Theorem 1. Let rowsof X, and Y, be low dimensional emkeddings of the points
with known pairwise correspnden@s in datasetS;, S,, and x; matchesy; for each
i 2 [1;1]. If Singular Value Decomposition (SVD) of Y, X, is U§VT, thenQ = UVT
and k = tracg8) =tracgY,"Y;) minimize kX, j KY,Qke.
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1. Construct the relationship matrices:

2 Construct the weight matrices Wy for S and Wy, for S, using ke‘rnels
K1 and K 2, where Wy (i; j) = K1(s};s}) and Wy (i; j) = K2(sh; S)).

2 Compute Laplacian matrices Ly = | j Di%WyD} % and L, =
i D} %*W,D} %>, where Dy is a diagonal mayix (Dx(i; i)
j Wy(i;j)), Dy is a diagonal matrix (Dy(i; i) = j Wy(i;j)) and
| is the identit y matrix.

2. Learn low dimensional embeddings of the datasets:

2 Compute c selectedeigervectorsof Ly and L for the low dimensional
embeddings of the datasets S; and S,. Let Embed, = [X,; X[,
whererow i of X; (or X,) is the ¢ dimensional embedding of the it
elemen of S (or S{). Let Embed, = [Y,"; Y/ ]", where row i of Y,
(or Yy) is the ¢ dimensional embedding of the i!" elemert of Sh (or
SY). Embed, is an m £ ¢ matrix, Embec is an n £ ¢ matrix.

3. Find the optimal alignmen t of X, and Y:

2 Let x; represent row i of X|, y; represert row i of Y|. Translate the
clgn guratlop,s in X, Xy, Yy and Yy, sothat X, Y, havetheir certroids
(=1 %=l , 1 Yi=l) at the origin.

2 Compute the singular value decomposition (SVD) of YlTX|, that is
USVT = SVD(Y,"X)).

2 Y" = kY|Q is the optimal mapping result that minimizes kX i
Y,“kp, where k:kg is the Frobenius norm, Q = UVT and k
tr acg(8) =tracgY," Y}).

4. Apply Q and k to nd corresp ondences between Sj and SY.

2 Y2 = kY,Q.

2 For eahh elemert x in Xy, its corresppndence in Y,
argminy=s ye Ky j xk.

Figure 3.2. Procrustes Manifold Alignment Algorithm.
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Proof: The problemis formalized as:

fKopt; Qoptg = arg Tg‘ kX1 i kYQKg: (3.1)

It is easyto verify that

kX) i kY,Qk2 = trace(X, X|) + k? ¢trace(Y," V) i 2k ¢tracgQ"Y,"X)): (3.2)

Sincetr acg X" X|) is a constart, the minimization problemis equivalert to

fKopt; Qoptd = arg rlp_iQn(kz ¢trace(Y," V) i 2k ¢tracgQ'Y,"X))): (3.3)

Di®ereniating with respect to k, we have

2k ¢trace(Y,"V)) = 2¢trace(Q'Y," X)); (3.4)

k= tracgQTY," X|)=trace(Y," ¥,): (3.5)

(3.3) and (3.5) show that the minimization problem reducesto

Qopt = argmax(tr ace(Q" ¥ X)) (3.6)

Case 1.
If tracgQ'Y,"X,), 0, then the problem becomes

Qopt = arg max traceg(Q" Y, X)): (3.7)

Using Singular Value Decomposition, we have Y,"X, = U8V T, whereU and V are
orthonormal, and § is a diagonal matrix having asits main diagonalall the positive
singular valuesof Y,"X,. So

mgxtr acgQ'Y,"X)) = mgxtr acqQ'USVT): (3.8)

It is well-known that for two matricesA and B, tracq AB) = tracgBA), so

mgxtr acqQ'UgVT) = mantr aceV'QTUS): (3.9)

For simplicity, we use Z to represen V'QTU. We know Q, U and V are all or-

thonormal matrices, so Z is also orthonormal. It is well-known that any elemen in
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an orthonormal matrix, say B, isin [-1,1] (otherwise BB is not an identit y matrix).

Sowe know
tr aCdZ §) = Z]_;l§ 11t ¢ee+ Zc;c§ cc ' §1;1+ ¢ee+ §c;c; (310)
which implies Z = | maximizestracqZ8), wherel is an identity matrix.
The solutionto Z = | is
Q=UuVvT: (3.11)
Case 2.

If tracg(QTY,"X,) < 0, then the problem becomes

Qopt = arg mcgn traceQ'Y," X)): (3.12)

Following the similar procedureshovn above, we have

tr aCdZ §) = Z]_;]_§ 11t ¢ee+ Zc;c§ cc, | §1;1i ¢ee; §c;c; (313)
which impliesthat Z = j | minimizestr acgZ8).
The solutionto Z = j | is
Q=juv’: (3.14)

Considering (3.6), it is easyto verify that Q = UVT and Q = j UVT return the
sameresults,soQ = UVT is always the optimal solution to (3.6), no matter whether
tracgQTY,"X,) is positive or not. Further, we can simplify (3.5), and obtain:

k = trace(8) =trace(Y,'Y)): (3.15)

O

3.4 Theoretical Analysis

Given the fact that dimensionality reduction approades play a key role in our
approad, Theorem 2 provides a theoretical bound for the di®erencebetween em-
bedding subspaces. Theorem 3 shows why the bound in Theorem 2 characterizes
the conditions under which two datasetscan be aligned well. Notation usedin this

sectionis shown in Figure 3.3.
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Many dimensionality reduction approates rst compute a relationship matrix,
and then project the data onto a subspacespannedby the \top" eigervectorsof the
matrix. The \top" eigervectors mean somesubsetof eigervectorsthat are of inter-
est. They might be eigervectorscorrespnding to largest, smallest,or even arbitrary
eigervalues. One exampleis Laplacian eigenmaps,where we project the data onto
the subspacespannedby the \smoothest" eigervectors of the graph Laplacian. An-
other exampleis PCA, wherewe project the data onto the subspacespannedby the
\largest" eigervectorsof the covariancematrix. In this section,we study the general
approad, which provides a generalframework for ead individual algorithm sud as
Laplacian eigenmaps.We assumethe two given datasetsS; and S, do not di®er sig-
ni cantly, sothe related relationship matrices A and B are\v ery similar". We study
the di®erencebetweenthe enmbedding subspacesorrespnding to the two relation-
ship matrices. The di®erencebetweenorthogonal projectionskQ j Pk characterizes
the distance betweenthe two subspaces.The proof of the theorem below is based
on the perturbation theory of spectral subspaceswhereE = B j A can be thought

asthe perturbation to A. The only assumptionwe needto make is for any i and j,

JEij]- ¢

Theorem 2. If the absolutevalue of each elementin E is boundel by ¢, and ¢, -
2'd;=(n(Ya+ 2")), then the di®erene between the two emiedding subspeskQ i Pk

is at most".

Proof: From the de nition of operator norm, we know

KE k CxX k 2 X k?
Ek= ma i Eji )2; given £=1: 3.16
kl;k2;¢3t(§<n | ( | i Eij )%, giv | | ( )

We can verify the following inequality always holds:

X X ) X 2X )
( k] Ei;j ) - n kj Ei;j .
i j j i

(3.17)
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A is an n £ n relationship matrix computed from Si, which is de ned in Section 3.1.
B is an n £ n relationship matrix computed from S,, which is de ned in Section 3.1.
E=Bi A.

X denotesa subspaceof the column spaceof A spannedby top c eigervectors of A.
Y denotesa subspaceof the column spaceof B spannedby top c eigervectors of B.
X is a matrix whosecolumns are an orthonormal basisof X.
Y is a matrix whosecolumns are an orthonormal basisof Y.

+1 is the set of top c eigenvaluesof A, 2 includesall eigervaluesof A exceptthosein .
+ is the setof top c eigenvaluesof B, 2 includesall eigenvaluesof B exceptthosein .

d; is the eigengapbetween+: and 13, i.e. d; = min,izig;,jzig INERNIE
d= i .

P denotesthe orthogonal projection onto subspaceX .
Q denotesthe orthogonal projection onto subspacey .

k ¢k denotesOperator Norm, i.e. KLkio = maXe(y)=1 * (LX), where?; © are simply k ¢k,.

Figure 3.3. Notation usedin Section 3.4.

From (3.16) and (3.17), we have
X X X
( KiEij)?- n%? kP =n%x (3.18)
i j
Combining (3.16) and (3.18), we have:

KEK - n¢: (3.19)

It can be shawn that if A and E are bounded self-adjoirt operators on a separable
Hilbert space,then the spectrum of A+E is in the closedkE k-neighborhood of the
spectrum of A [39]. We also have the following inequality:

kQ? Pk - VKEk=2d: (3.20)

We know A hasan isolated part +} of the spectrum separatedfrom its remainder3
by gap d;. To guarartee A + E also has separatedcomponerts, we needto assume
KEk < d;=2. Thus (3.20) becomes

kQ’? Pk - YkEk=2(d1 i KEK): (3.21)
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Interchangingthe rolesof 1 and £2, we have the analogousinequality:

kQP?k - VkEk=2(d1 i KEK): (3.22)
Since
kQi Pk= maxfk Q° Pk;kQP? kg; (3.23)
we have
kQi Pk- YKEk=2(dyj KEK): (3.24)

Wede neR= Qj P, andfrom (3.24), we get
kRK - YKEk=2(d1j KEK): (3.25)

(3.25) implies that
if KEK - 2d;"=(2" + ¥); then kRKk - " (3.26)

So we have the following conclusion: if the absolute value of eat elemen in E is
boundedby ¢, and ¢ - 2'd;=(n(¥Ya+ 2")), then the di®erenceof the subspacespanned

by top c eigervectorsof A and B is at most ". O]

Theorem 2 tells us that if the eigengap(between+; and %) is large, then the
subspacecorrespnding to the top ¢ eigervectorsof A is insensitive to perturbations.
In other words, the algorithm can tolerate larger di®erencedbetweenA and B. So
when we are selectingeigervectorsto form a subspacethe eigengapis an important
factor to be considered. The reasoningbehind this is that if the magnitudes of
the relevant eigervaluesdo not changetoo much, the top c eigervectorswill not be
overtaken by other eigervectors, thus the related spaceis more stable. Our result in
essenceconnectsthe di®erencebetween two relationship matrices to the di®erence
betweentwo subspacegof the column spacesof the relationship matrices).

Now we want to connectthe relationship between subspacedo the relationship
betweenlower dimensionalembeddings. Our conclusionis that if X and Y are the
same,then the related lower dimensionalenbeddingsare also the sameup to a ro-
tation. In the rst scenario(usedin PCA or LPP), we compute lower dimensional

embeddingsof S; and S, by projecting the data onto X and Y. The conclusionis
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trivial, sincethe projection results of the samedata instanceon X and Y are always
the same. In the secondscenario,we directly userows of X and Y asenmbeddings,
similar to Laplacian eigenmaps.The following theorem shons why the sameconclu-
sionis alsovalid. Following the notation presened in Figure 3.3, we know the i™ row

of X (or Y) is the ¢ dimensionalembedding of the i!" elemen of S; (or S).

Theorem 3. If columnsof X andY span the samesubspce, then the correspnding

rowsof X andY are the sameup to a rotation: X = YT, whee T is a rotation.

Proof: If columnsof X and Y spanthe samespace,then

XXT=vYT: (3.27)

Sincethe columnsof both X and Y are orthonormal,

XTX = YTY = |; wherel is an identit y matrix : (3.28)

From (3.27) and (3.28), we know

X =X1=XXTX=YYTX = Y(YTX): (3.29)

Next, we shov T = YTX is arotation matrix: (3.28) implies

TTT=XTYYTX = XTXXTX =1I: (3.30)

Also from (3.28), we have

TTT=Y™XXTY=YTYYTY =1|: (3.31)
Since
det(TTT) = (det(T))? = 1; (3.32)
we have
det(T) = 1. (3.33)
From (3.30)-(3.33),we know T is a rotation matrix. O]
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3.5 Experimental Results

In this section, we use a protein exampleto illustrate how Procrustes manifold
alignmert works. Resultson more experimerts are reported in Chapter 4.

Protein 3D structure reconstruction is an important step in Nuclear Magnetic
ResonancgNMR) protein structure determination. Basically, it nds a map from
pairwise distancesbetweenamino acidsto coordinates. A protein 3D structure is a
chain of amino acids. Let n be the number of amino acids in a given protein and
Cy; ¢¢¢; C, bethe coordinate vectorsfor the amino acids,whereC; = (C;.1; Ci.2; Ci:3)"
and C;.1;C;.,, and C;.; are the X, y, z coordinates of amino acid i (in biology, one
usually usesatoms, and not amino acids, asthe basicelemen in determining protein
structure. Sincethe number of atomsis large, for simplicity, we use amino acids as
the basicelemert). Then the distanced;; betweenamino acidsi andj canbe de ned
asdj = kCij Cjk. Dene A = fd;;i;j = 1,¢¢¢;ng, and C = fCj;i = 1;¢¢¢; ng.
It is easyto seethat if C is given, then we canimmediately compute A. Howewer, if
A is given, it is non-trivial to compute C. The latter problem is essetially Protein
3D structure reconstruction. In fact, the problem is even more tricky, sinceonly the
distancesbetween neighbors are reliable, and this makes A an incomplete distance
matrix. The problem hasbeenprovedto be NP-completefor generalsparsedistance
matrices [35]. In practice, other techniques such as angle constrairts and human
experienceare usedtogether with the partial distance matrix to determine protein
structures. With the information available to us, NMR techniquesmight nd multiple
estimations (models), sincemore than one con guration can be consisten with the
distance matrix and the constraints. Thus, the result is an ensenble of models,
rather than a single structure. Usually, the ensenble of structures, with perhaps
10 - 50 members, all of which 't the NMR data and retain good stereahemistry is
depositedwith the Protein Data Bank (PDB) [7]. Modelsrelatedto the sameprotein

shouldbe similar and comparisonsdetweenthe modelsin this ensenble providessome
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information on how well the protein conformation was determinedby NMR. In this
thesis,we study a Glutaredoxin protein PDB-1G70 (this protein has215amino acids
in total), whose3D structure has 21 models. In this chapter, we assumethat only
the distancematricesrelated to thesemodelsare available. In the other chapters, we
directly make useof the 3D data in PDB.

In this test, we selectModel 1 and Model 21 for testing. Thesemodelsare related
to the sameprotein, soit makessenseto treat them as manifolds to test our tech-
niques. We denotethe i"" model by Manifold X;, which is represeted by a 215£ 215
distance matrix D;. Sincethe distance matrices are already given, we skip Step 1
in Procrustesalignmert algorithm (Figure 3.2). In Step 2, we apply MDS [2]] to
construct 3D embeddingsfrom the distance matrices resulting in two 3 £ 215 ma-
trices X; and X,. To ewaluate how manifold alignmert can re-scalemanifolds, we
manually stretch manifold X, by letting X, = 4X,. The comparisonof Manifold X;
and X, (column vectorsof X; and X, represen points in the 3D space)are shovn
in Figure 3.4(A). It is clearthat manifold X, is larger than X;. The orientations of
these manifolds are also quite di®erent. To simulate pairwise correspndenceinfor-
mation, we uniformly selected10% amino acids as correspndenceresulting in two
3£ 22 matrices. In Step 3, we align X; and X,. Procrustesalignmert rst translates
the con gurations of X; and X, sothat they have their certroids at the origin (See
Figure 3.4(B) for the result). Then it re-scalesX, to make its size match the size
of X; (Figure 3.4(C)). Finally, a rotation is applied to X, sud that X; and X, are
perfectly aligned (Figure 3.4(D)).

3.6 Remarks
In this chapter we intro duceda novel approad to manifold alignmert: Procrustes
alignmert (a two-step alignmert approad). Procrustes alignmert rst maps the

datasetsto low-dimensionalspacesre®ecting their intrinsic geometriesand then re-
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(A) Comparison of Manifold 1 and 2 (Before Alignment) (B) After translations are done

(C) After re scaling is done (D) After rotation is done

Figure 3.4. (A): Comparison of Manifold X; (red) and X, (blue); (B): After translations
are done; (C): After re-scalingis done; (D): After rotation is done.

movesthe translational, rotational and scalingcomponerts from one set sothat the

optimal alignmert betweenthe two setscan be acieved.
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CHAPTER 4

MANIF OLD ALIGNMENT  PRESER VING LOCAL
GEOMETR Y

4.1 Overview

We now presert Manifold Projections , a generalframework that consistsof
a family of approatesto align manifolds by simultaneously matching the corre-
sponding instancesand preservingthe local geometry of ead given manifold. Some
existing approades like canonical correlation analysis [34], semi-sugervised align-
mert [3]], Laplacian eigenmapg[4], and LPP [33] can be obtained as special cases.
Our framework can solve multiple manifold alignmert problems, processmany to
many correspndencesand be adaptedto handle the situation when no correspn-
denceinformation is available. The goal of this framework is illustrated in Figure 4.1
using an examplewith three input datasets.

The key idea underlying manifold projections is to map di®eren feature spaces
to a new latent space,simultaneously matching the correspnding instancesand pre-
servinglocal geometryof ead input dataset. Manifold projections makesuseof both
unlabeledand labeleddata. The ability to exploit unlabeleddata is particularly useful
for knowledgetransfer tasks, wherethe number of labeledinstancesis limited. Given
the input manifolds Xy; ¢¢¢; X, manifold projections rst createsa graph Laplacian
matrix L to represen the joint manifold, which jointly modelsall input manifolds by
concatenatingthe correspnding instancesacrossmanifolds and preservingtopology
of eadr manifold. The given correspndencesplay a key role in creating L. They

force the instancesin correspndence(from di®erem manifolds) to be neighbors in
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Manifald 1 (Before Alignment)
Manifold 2 (Before Alignment)
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Figure 4.1. This gure illustrates the goal for manifold projections, a manifold alignment
framework preservinglocal geometry We have three input datasets (treated as manifolds)
together with sometraining corresponding pairs. The goal is to construct three mapping
functions (represeried as black arrows) to project instancesfrom their original spacesto
a new latent space,where instancesin correspondenceare projected near ead other and
neighborhood relationship within ead input set is also respected. In this "gure, we show
three possible latent spaces(3D, 2D, 1D). The approad and experiment setting used in
this example are discussedin Section4.6.1.
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Xi

A Joint Manifold

Figure 4.2. lllustration of the generalframework for Manifold Projections.

the joint manifold. In the secondstep, manifold projections projects the joint man-
ifold to a lower dimensional spacepreservingits (joint) local geometry resulting in
a new feature space. The new feature spaceis commonto all input manifolds. The
overall ideais illustrated in Figure 4.2.

The rest of this chapter is as follows. In Section 4.2 we analyze the problem
theoretically. In Section4.3, we presen the framework of manifold projections and
its relationship to somepreviously studied approadesincluding Canonical Correla-
tion Analysis (CCA), Laplacian eigenmaps,LPP, etc. We also shov how manifold
projectionsis adaptedto handle the problem of unsupervisedalignmert. Section4.4
comparedi®eren manifold alignmert algorithms. In Section4.5, we provide a knowl-
edgetransfer framework basedon manifold projections. Somenovel applications and

our experimertal results are summarizedin Section4.6.

4.2 Theoretical Results

Manifold projections can be done at two levels: instanc e-level and featur e-
level. In text mining, examplesof instancescan be documerts in English, Arabic,
etc; examplesof features can be English words/topics, Arabic words/topics, etc.

Instance-leel alignmert builds connectionsbetweeninstances. It can compute non-
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linear embeddings for alignmert, but such an alignmert result is de ned only on
known instances,and dixcult to generalizeto newinstances.Feature-lewel alignmert
builds connectionsbetweenfeatures,and is more appropriate for knowledgetransfer
applicationsthan instance-leel alignmert. Feature-leel alignmert canonly compute
linear mappingsfor alignmert, but it can be easily generalizedto new instancesand
provides a \dictionary" represeting direct connectionsbetweenfeaturesin di®erert
spaces.In this section,we rst introduce the cost functions for both instance-leel
and feature-le\el alignmert tasks, and then justify the correspnding algorithms. No-

tation usedto presen this framework is summarizedin Figure 4.3.

Cost functions for instance-lev el alignmen t: First, we considerthe problem of

computing instance-leel alignmert. The costfunction being minimized is asfollows:

Xe X Xa X
C(Yq; ¢e¢; Y,) = 058 KYLi YikeW2h
a=1l b=1 i=1 j=1
Xe R R
+0:5! , KYii Ypkew,!; (4.1)
k=1 i=1 j=1

where Y| represets the enmbedding result of x|, (for alignmert). The rst term of
C(Yq; ¢¢¢; Y.) penalizesthe di®erencedbetweenthe given manifolds on the mapping
resultsof the correspndinginstances. The seconderm encourageshe local geometry
of eat given manifold to be presened. When C(Y3; ¢¢¢;Y.) is used, alignmert
algorithms build mappingsbetweeninstances.! ;=1, is the weight of the rst term in
the lossfunction. We usethe following simple strategy to decidethe value of * ;=1,.
Assumingall input weight matricesare normalized,then! ; = 1, meansthe rst term
and the secondterm are equally important. If we want to focus more on manifold
geometry presenation, we let 1 ; < 1,; if we want to focus more on the alignmert,
weletl;>1,,

Cost functions for feature-lev el alignmen t: Next, we considerthe problem of

computing feature-lewel alignmert. Here, we compute mapping functions for the
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¢. number of manifolds that we want to align.

XL is de ned in a px dimensional space(manifold Xy);

Xk = fxE; 00¢;x7g, Xk isapx £ my matrix. '

Wy is an my £ my matrix, where W, is the similarity of x, and x} (could be dened by
heat kernel). N
Dy is an my £ my diagonal matrix: D,' =
Lk = Dk i Wk. p =
Ik is an my £ my identit y matrix; 1 is :F\,(C ko1 mi) § ( k=1 M) identit y matrix.

|« isapk £ px identity matrix; | isa( =y Pk) £ ( =y Px) identity matrix.

iij
j Wk .

When a= b Wa4 is an may £ my zero matrix.
When a 6 b Wy is an may £ mp matrix, where W;‘b = 1, when xia and ij are in
correspondence; 0, otherwise. W;Jb can also be set in a more °exible way basedon how
important the given corresponding pair is. Note: the correspondencecan be many to
many correspondence.

- a isdan ma £ my diaqonal()natrix, where -1a(i; i) = P b1 P j We'ljb
D; ¢ec¢ O Il ¢¢ O
D= et A or@ ¢¢¢ A depending on what constraint we are using.
0 0 ¢¢¢ D¢ 1 00 ¢cee e 1
X1 ¢e¢ O Tobg+1g-1 j YWy CCC 11 Wi
Z= (0 AL=@ ¢ee
0 ¢ee X i 11Wea i 1iWe2 ¢ 1oL+ 13-

YL is the mapping result of x}( in the common space(d dimensional) (Yi is an my £
d matrix). (Y{;YJ];¢e¢;YI)T = °14, where °14 represent eigervectorsof L° = D °
corresponding to the d smallest non-zeroeigervalues.

Fk is a mapping to map x}( to the common space(d dimensional): Fkai (Fk isap £
d matrix). (FJ;FJ;¢¢¢;FI)T = °14, where °1.4 represen eigervectors of ZLZ T° =
.Z DZT° corresponding to the d smallest non-zeroeigervalues.

Figure 4.3. Notation usedin Manifold Projections.

computation of embeddings (rather than directly computing an enmbedding). The

cost function for this caseis as follows:

X X Xa X _ N
C(Fy; ¢¢¢;Fc) = 05 KFaxyi FpXxpk*Weh
a=l b=1 i=1 j=1
XC Rk Rk _ S
+0:5! KFo Xl i Fyxi kW, ; (4.2)
k=1 i=1 j=1

whereF is the mapping function to map instancesfrom X to the new space.Com-

pared to instance-lewel alignmert, feature-le\el alignmert usesF | x, to approximate
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Y.. In someapplications, we also want to considera possibletranslation follow-

ing the linear transform, i.e. using F!x} + tx to appraximate Y. In fact, suc a

translation can be naturally combined with C(F4; ¢¢¢; F.). Note that F[Ix} + t, =

[FkT;tk][xikT; 1]". To considerthe translations, what we needto do is to add a new

feature (with value 1) to eat x| 2 Xy. The form of C(Fy; ¢¢¢; F.) still holds.

Theorem 4. Eigenvetors correspnding to the minimum eigenvaluesof ZLZ 7° =

.Z DZT° provide optimal linear mappingsto align X 1; ¢¢¢; X . for the cost function

C(Fq;¢eC; Fe).

Proof: When c= 1: It is trivial to seethat
X1 X ) )
C(F1) = 0:5' KF{xhi FIXIKPW = 1oF [ XLaX {Fy:
i=1 j=1
Whenc= 2:

The rst term of the cost function becomes

X X2 Ya Yo , . X1 X2 _ .
0:5 1 KFaxyi Fpxik®Wi =1, KF{xyi Fjxbk®Wih
a=1 b=1 i=1 j=1 i=1 j=1
H u 1
- i Wy, XTF
= Tracg* 1(F{ X1;F4 X v e L7y
&L 1(F1 X1iF2 X2) i War -2 XJF2 )
The secondterm can be written as:
X2 Xk Xk _ ,
05, KF X i Fyx k2w,
k=1 i=1 j=1
X1 X1 _ . X2 X2 _ .
= 05, KF{x}i Fixk®Wy + 05, KFJxhi Fjaxbk®W, ;
i=1 j=1 i=1 j=1
where
X1 X1 _ .
0:5 kF{x}i Fixk®W,? = TracgF{ X iL1X{Fy);
i=1 j=1
X2 X2 _ .
0:5 kFJx5i FJxbk®W,' = TracgFJ X,LoXJ Fa):
i=1 j=1
So
Ho fw o+
Li+11-1 i 1iWio X1F1
C(F1;F2) = Trace((F{ X1;FJ X 2 * L
( 1 2) d( 1 1 2 2) i 11W2;1 12L2+ 11_ 2 XgFZ
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:TraCd(FT.FT)Ihl Xl 0 ﬂu 12L1+ 11_1 illwl;z ﬂl—l x:-Lr 0 ﬂl—l Fl T[)
Lz 0 Xz i tiW21  tolat - 0 XJ Fa
(4.10)
Similarly, whenc > 2:
C(F1;¢0¢;Fc) = Trace(®'ZLZ ™°); (4.11)

where® = [F[;¢¢¢;FI]". We can verify the result by expandingthe right hand
side of the equation. The matrix L is usedto join the given manifolds sudh that the

underlying structure in commoncan be explored.

To remove an arbitrary scaling factor in the embedding, we impose an extra con-

straint:
Fo XkXQFy = 1y for k= 1;¢edc: (4.12)

or
FlXkDX | Fy = I; for k= 1;¢eec: (4.13)

wherel ¢ is a px £ px identity matrix. When the constrairt in Equation 4.13is used,
the matricesDy (k = 1; ¢¢¢; c) provide a natural measureon the vertices (instances)
of the graph. If the value D} is large, it meansx}, is moreimportant. Without sud
constrairts, all instancescould be mapped to the samelocation in the new space.A
similar constrairt is alsousedin Laplacian eigenmapg4].

The constrairt in Equation 4.12 can be re-written as

°TzzT° =1: (4.14)

Similarly, the constrairt in Equation 4.13 can be re-written as

°TzDzT° = |: (4.15)

When d = 1, the optimization problem can be written as:

arg _min  C(Fi;¢¢¢;F)=arg min °TzLZ'° (4.16)
°©TZDZTo=1 °©°TZDZzTo=1

By using Lagrangemultipliers, it can be showvn that the solution to this equationis

the sameasthe minimum eigervector solution to

ZLzZT° = zDzT°: (4.17)
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When d > 1, the problem becomesargmin:..typzr--, Tracg®°TZLZ T°). Standard
methods [30] show that the solution to nd a d dimensionalalignmert is provided
by the eigervectorscorrespnding to the d lowest eigervaluesof the samegeneralized

eigervalue decomposition equation. O

Theorem 5. Eigenvetors correspnding to the minimum eigenvaluesof L° = D °

provide optimal emhleddingsto align X 1; ¢¢¢; X . for the cost function C(Y; ¢¢¢;Y,.).

This instance-leel alignmert problemis simplerthan the feature-le\el alignmert.

The proof (skipped) is similar to the proof of Theorem4.

4.3 The Main Framew ork and Some Special Cases

In this section,we rst preser manifold projections framework, and then discuss
how somepreviously studied approades are obtained as special casesof the frame-
work. We alsodiscusshow the main algorithmic framework can be adaptedto handle

the situation when no correspndenceis available.

4.3.1 The Main Algorithmic Framew ork

The main algorithmic framework is summarizedin Figure 4.4.

4.3.2 Laplacian Eigenmaps and LPP
Whenc= 1;1; = 0,and?!, = 1, equations(4.1) and (4.2) reduceto
X1 X

C(Y1) = 05 kYl Yikew,! (4.18)
i=1 j=1
and
X1 Y1 _ .
C(F1) = 05 KF{xii Fixik®wy!; (4.19)
i=1 j=1

which are exactly the lossfunctions of Laplacian eigenmapd4] and LPP [33]. When
c = 1, there is only one given manifold, so the target is simpli ed to mapping the

givendatasetto a lower dimensionalspacepreservingits local geometry This is what
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1. Construct the relationship matrices Wy (k = 1¢¢¢c) to model the
local geometry of each manifold, and W,y (a;b 2 f1;¢¢¢; cg) to
mo del the corresp ondence relationship across manifolds.

2. Create the joint manifold:

2 Compute the matrices L; Z and D. They are usedto model the
joint structure.

3. Compute the optimal embedding results (or mapping func-
tions) to reduce the dimensionalit y of the joint structure:

2 instanc e-level alignment: The d dimensional embedding result
is computed by d minimum eigervectors ° 1 ¢¢¢° 4 of the generalized
eigervalue decomposition L° = D °.

2 featur e-level alignment. The d dimensional mapping function
is computed by d minimum eigervectors ° 1 ¢¢¢° 4 of the generalized
eigervalue decomposition ZLZT° = ZDZz"°.

4. Find the corresp ondence between X, and Xy

2 instanc qjlevel alignmentr'D Let Yy be part of [°1 ¢¢¢° 4] (from
ki 1 k [ i i

row 1+ _limgtorow ;_; ma). Now Y, and Y} arein the
samespaceand can be directly compared.

2 featlfg e-level alignmlgnt: Let Fy be part of [°1 ¢¢¢° 4] (from row
1+ Kilp,torow K. pa). Now FIx. and FTx! arein the

a=1 Ma a=1 Fa/- a a b *b

samespaceand can be directly compared.

Figure 4.4. The algorithmic framework for manifold projections.

regular dimensionality approatesare solving. So Laplacian eigenmapsand LPP are

obtained as special casesof our framework.

4.3.3 General Forms of Semi-Sup ervised Manifold Alignmen t

Whenc= 2and?!, = 1, equations(4.1) and (4.2) reduceto

X2 o XX
C(Y1:Y2) =1, KYyi Y3k*Wy, + 0.5 kYli Yik®w,’
i=1 J=1 i=1 J:l
Xz Rz
+0:5 KYS i Yhkew,); (4.20)
i=1 j=1
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and

X X2 . "
C(F;;Fp) =1, KF{x:i FJxbk®Wih,
i=1 j=1
X1 X1 . Rz Q2 .
+0:5 kF{xii Fixk®w;! + 0:5 kFJxbhi Faxbk®W,! : (4.21)
i=1 j=1 i=1 j=1

The lossfunctions of semi-sugervisedmanifold alignmert [31] and its linear appraxi-
mation [71] are special casesof C(Y,;Y,) and C(Fq;F;), whenthe given corresppon-
denceis constrainedto beone to one correspndence.An advantage of the proposed
algorithmsis that they canalsohandlemany to many corresppndences.The ability
to handle many to many correspndencesds extremely important for real-world ap-
plications, and o®ersus the ability to solve label-basedalignmert problems(Chapter

6) and unsupervisedalignmert problems(Section4.3.6).

4.3.4 Canonical Correlation Analysis
There is an interesting connectionbetweenour feature-leel alignmert algorithm
and canonicalcorrelation analysis(CCA) [34]. Following the notation we are using,
CCA can be written with a least-squareformulation as follows (Chapter 1.1 of [16]
has a detailed description):
mine,.e, KFT X1 i FJXoKE

st. F{XiXJF1=11 and Fj X XJFo= 12 (4.22)

The lossfunction shovn above is the sameas C(F1; F,) shavn in Equation 4.21,
whenthe given correspndences oneto onecorrespndencel ; = land!, = 0.1, =
0 meansthe manifold topology doesnot needto be respected. The above constrairt
is alsothe sameas the constraint we usein our algorithm (SeeEquation 4.12). So
CCA can be obtained as a special casefrom manifold projections framework, which
goesbeyond CCA in that it canalsohandlemany to many corresppndencesand take

the given manifold topology into consideration.
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4.3.5 Multiple Manifold Alignmen t

Whenc , 3,the framework canautomatically handlemultiple manifold alignmert
problems, which are not well studied yet. Multiple manifold alignment problems
arisein many applications, such as nding commontopics sharedby many documert

collections,and in data mining over multiple languagedatasets.

4.3.6 Unsup ervised Manifold Alignmen t

When correspndencesare not given, and the datasetsX ;, and X, are represemned
by di®eren features,it is dixcult to directly comparex! and x{). To build mappings
betweenthem, we proposean approad usingthe relation betweenx!, andits neighbors
to characterizex.'s local geometry Using relations rather than featuresto represem
local geometry makes the direct comparisonof x!, and x{) possible. This approat
can be conbined with the main algorithm in Figure 4.4. In this section, we rst
show how local patterns represeting local geometryare computedand matched, and
then explain why this is valid (seeTheorem 6). Somenotation usedin unsupervised
alignmert is as follows: R,; is a (k + 1) £ (k + 1) matrix represeting the local
geometryof x,. Ry (u;v) = distance(z,;z,), wherez, = xi;fz,; ¢¢¢z., g are xi's k
nearestneighbors. Similarly, ijb isa(k+ 1)£ (k+ 1) matrix represeting the local
geometryof x,. The order of x.'s k nearestneigtbors have k! permutations, so Ry
hask! variants. Let foL gn denoteits h'" variant.

Given X, we rst construct an m, £ m, distance matrix Distance(i;j) = Eu-
clidean distance betweenx!, and x),. We then decompseit into elemertary cortact
patterns of xed sizek + 1. Ead local cortact pattern R,; is represeted by a
submatrix, which cortains all pairwise distancesbetweenlocal neighbors around x%.
Sud a submatrix is a 2D represemation of a high dimensionalsubstructure, and is
independen of the coordinate frame. All such submatricestogether cortain enough

information to reconstruct the whole manifold. X, is processedsimilarly and the
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distancebetweenR,; and R, is de ned asfollows:
dist(Ryi; ijb) = 1.rrp]i.nk!min(distl(h);distz(h));

where

diStl(h) = kf ijbgh i kleiak;

disty(h) = kRXiai kof RXJ-bghk;

Ky = tr ace(RIiaf ijbgh)ztrace(RIia Ryi )
ko = trace(f ijbgl Ry )=trace(f RX,-ngf R, On):
Finally, Wy, is computed as follows:
i diSt(in R j):iz
a Xb :

j—
W, =e

Theorem 6. Giventwo (k+ 1) £ (k + 1) distane matricesR; and R,
k, = tracgR] Ry)=tracgR; R,) minimizeskR; | kyR.k

and

k; = tracgR] Ry)=tracgR] R1) minimizeskR, | kiR:k:

Proof: Finding k; is formalized as
k, = arg rrllin kR1i koR2k;
2

wherek ¢k represeis Frobeniusnorm.

It is easyto verify that

kR1i kaRok = traceRIR1) | 2katracegR1R1) + katr acgR} Ry):

Sincetr acgR] R;) is a constart, the minimization problem is equalto
ko = arg rrllin katr ace(RyR2) | 2kotr acg(R1 R1):
2

Di®ererntiating with respect to kj, (4.31) implies
2kotr aceRJ R,) = 2tr acg(RJ R1):

(4.32) implies

ko = tracgR} Ry)=tracgRJ R»):

Similarly,

ky = tracgR] Ry)=tracgR] Ry):
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To compute matrix W,,,, we needto compareall pairs of local patterns. When

comparinglocal patterns R,; andR,; , we assumex’ matchesij. However, how x.'s

Xl
k neighbors match xjt,'s k neighbors is not known to us. To nd the best possible
match, we have to considerall k! possiblepermutations. This is tractable, sincewe
are comparing local patterns and k is always small. R,; and ijb are from di®eren
manifolds, so their sizescould be quite di®erert. In Theorem 6, we shav how to
‘nd the best re-scalerto enlarge or shrink one of them to match the other. It is
straightforward to show that dist(Ry ; ijb) considersall the possiblematchesbetween
two local patterns and returns the distance computedfrom the best possiblematch.
Other Ways to Compute W,,,: dist(@ de nedin this sectionprovidesa general
way to comparelocal patterns. In fact, the local pattern generationand comparison
should be application oriented. For example, many existing kernels basedon the
idea of convolution kernels[32 can be applied here. Similarity W2 is then directly

computed from dist(i; j ) of neighboring points with either heat kernel ei dist(i)=** or

somethinglike v, j dist(i; j), wherev, is larger than dist(i; j) forany i andj.

4.4 A Comparison of Manifold Alignmen t Approac hes

All manifold alignmert approahesneedto balancetwo goals: matching instances
in correspndenceand preservinglocal geometry The rst goalis obviously the key.
The secondgoal lowers the chance of running into over tting problems by taking
considerationof unlabeleddata. Local geometrypresenation is extremely important
when we only have a limited number of training correspndences.

In Procrustesalignmert, local geometryis perfectly presened. Recall that the
only goalin its rst stepis to map the data to a lower dimensionalspacepreserving
the local geometry In its secondstep, alignmert is achieved by removing rotational,
scaling, re°ectional and translational componerts. None of these operations will

changethe local geometry The chief drawbad of Procrustesalignmert is there is no
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guarartee that a reasonablygood alignmert result can be achieved (for the training
data) when the underlying structures of the given manifolds are di®eren. Di®usion
maps-basedalignmert slightly relaxesthe local geometry constrairnt by using atne
matching in the secondstep. The \shearing" operation in atne matching might
changethe local geometry

Manifold projections framework conbinestwo separatestepsmertioned above in
onestep and uses! ; and !, to balancethe two goals.When!; = 0and?!, = 1, the
approad is reducedto regular dimensionality reduction; When; = 1and!, = 0, it
is reducedto a linear transform (for feature-lewel alignmert). A signi cant challenge
in one-stepalignmert is how to nd the best! =1, for ead individual application.
In manifold projections framework, the local geometry cannot be presened as well
as two-step alignmert and thus the alignmert result might not be generalizedto
new instancesvery well. When the given manifolds are excessiely complex, sud as
having too many degreesof freedomin relation to the amourt of data available or
the training data is not well sampled, over tting can occur. The problem becomes
worsefor instance-lewel alignmert, wherethe mapping function for alignmert canbe
any function and canbe over-tunedfor the training data. The feature-le\el alignmert
can reducethe chanceof over tting, sincethere is a strong constrairt to guarartee

robustness:the mapping function hasto be a linear transform.

4.5 Knowledge Transfer via Manifold Alignmen t

In this section, we usetwo input datasetsto explain the framework for knowl-
edgetransfer basedon feature-level manifold alignmert. The sameframework can
naturally generalizeto multiple datasets. Following the main algorithm discussed
in Section 4.3, once mapping functions like F, and F, are available, we can map

instancesfrom ead individual manifold to the latent spaceas follows:
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For any x} 2 X;its represenation in latent spaceis F x.: (4.35)

For any ij 2 Xp; its represettation in latent spaceis ngjb: (4.36)

Comparedto F, andFy,, F,F, and F,F; goonestepfurther. They directly build
mappingsbetweeninput manifolds, and can be usedas\k eys" to translate instances

betweenspacesde ned by very di®eren features. Recallthat F, is a p, £ d matrix,
Fyis a pp £ d matrix. The formulas to translate instancesacrosstranslated spaces
are asfollows:

For any x, 2 Xa; its represenation in Xp is (FaF )" x: (4.37)

For any ij 2 Xy, its represenation in Xj is (Fng)ijb: (4.38)

When the alignmert is perfect, F]x = F/Jy holds for any pair (x, y) in correspn-
dence,wherex 2 X,, y 2 X, To shaw (4.37) is valid (the validity of (4.38) can be
shown similarly), we needto prove (F,F, )" x is a solution to y satisfyingthe equation
Fax = F/ly. This is trivial whenFy is a full rank squarematrix. Now we discuss
two more generalcases:

Case 1: WhenF, F, = |. The solution to y might not be unique. It is easyto

verify that (F,F )T x is oneof them:
Foy=Fix=) Foy=Fg(FQ)"Fix=) Fix=F,(FaF;)'x: (4.39)

Case 2: When F,F, = |. The solution to y might not exist, and the goal is
then to nd the y that best ts the equation. A well-known solution to this problem
is givenby y = (FaF, )"x. A similar idea has alsobeenusedto solwe least squares

problems.
Fax=Fpy=) (Fy) Fax=(Fp)'Fyy=y=) y=(FaFy)'x: (4.40)

Manifold alignmert basedknowledgetransferisillustrated in Figure 4.5, wherethe

blue solid lines represen the \k eys". The two keys(F.F, and F,F}) are extremely
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Xa Xs

Figure 4.5. Knowledgetransfer acrossmanifolds.

usefulin knowledgetransfer. Onething to note is that the knowledgetransfer is done
via the latent space which only hasinformation that is commonto all input datasets.
Soonly the knowledge sharedacrossall input datasetswill be transferred, and the

knowledgethat is only useful for one particular input datasetwill be automatically

‘Ttered out.

The knowledgetransfer framework is basedon feature-lewel alignmert algorithms.

In sudh algorithms, the computational complexity (of training) dependson the num-

ber of featuresrather than the number of instances.In the algorithmic framework, the

mosttime consumingstepis eigervalue decompsition, which requiresO(d(P c P2

time to align ¢ manifolds(manifold i is de ned by p; features)in ad dimensionalspace.
We know no matter how large the datasetis, the number of featuresis determined,
and we canalways seta thresholdto Tter out the featuresthat arenot quite useful,so
our feature-leel algorithm can handle problemsat a very large scale. The testing is
computationally tractable, sincewhat we needto dois just apply alinear mapping. In

real applications, the testing can be donein real time without much computational
cost. So our mapping functions for alignmert can even be conbined with seart

enginesto provide real time knowledgetransfer like automatic query translation.
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4.6 Exp erimental Results

In this section,we rst usea bioinformatics exampleto illustrate how our manifold
alignmert algorithms work, then we apply our approatesto two real-world problems
in information retrieval: corporaalignmert and cross-lingualinformation retrieval. In
all experimerts, *; = 1, = 1, and weight matricesW; are adjacencymatricescreated

by k-nearest-neigbhor approad, wherek = 10.

4.6.1 A Protein Example

In this example,we directly align the given manifolds and use somepictures to
illustrate how the manifold alignmert algorithms work. The given manifolds come
from a real protein tertiary structure dataset, which is descriked in Section3.5.

In this test, we study a Glutaredoxin protein PDB-1G70 (this protein has 215
amino acidsin total), whose3D structure has 21 models. We selectModel 1, Model
21 and Model 10 for testing. These models are related to the same protein, so it
makes senseto treat them as manifolds to test our techniques. We denote the i
model by Manifold X;, which is represeted by matrix X;. X, X, and X3 are all
3 £ 215 matrices. To ewvaluate how manifold alignmert can re-scalemanifolds, we
manually stretch manifold X, by letting X, = 4X,, manifold X3 by letting X3 = 2X3.
The comparisonof Manifold X; and X, (row vectorsof X; and X, represen points
in the 3D space)are shown in Figure 4.6(A). The comparisonof all three manifolds
are shown in Figure 4.7(A). In biology, such chains are called protein badkbones.|t is
clearthat manifold X, is larger than Xz, which is larger than X;. The orientations of
these manifolds are also quite di®eren. To simulate pairwise correspndenceinfor-
mation, we uniformly selected10% amino acids as correspndenceresulting in three

3£ 22 matrices.
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Pro crustes Manifold Alignmen t:

Sincesud modelsare already low dimensional(3D) embeddingsof the distancema-
trices, we skip Step 1 and 2 in Procrustes alignmert algorithm [70. We run the
algorithm from Step 3 (Figure 3.2) to align X; and X,. Procrustesalignmert removes
the translational, rotational and scalingcomponeris so that the optimal alignmert
between the instancesin correspndenceis achieved. The algorithm identi es the
re-scalefactor k as0.2471,and the rotation matrix Q as

1
0:6045 | 0:5412 0:5845
Q=@ 06212 07796 0:0794A :
i 0:4987 0:3151 0:8075

X3, the new represemation of X,, is computed as X; = kX,Q. We plot X5 and
X1 in the samegraph (Figure 4.6(B)). The result shavs that Manifold X, is rotated

and shrunk to the similar sizeas Xy, and now the two manifoldsare alignedvery well.

Manifold Pro jections (Feature-Lev el):

We plot 3D (Figure 4.6(C)), 2D (Figure 4.6(D)) and 1D (Figure 4.6(E)) feature-le\el
alignmert results in Figure 4.6. The nD alignmert results are basedon the top n
eigervectors correspnding to the smallest eigervalues. These gures clearly shav
that the alignmert of two di®erem manifoldsis achieved by projecting the data (rep-
resenied by the original features) onto a new spaceusing our mapping functions.
Comparedto the 3D alignmert result of Procrustesalignmert, 3D alignmert from
manifold projection changesthe topologiesof both manifolds to make them match.
Recallthat Procrustesalignmert doesnot changethe shapesof the given manifolds.
The mapping functions F; and F, to compute alignmert are asfollows:

0:1016 j 0:1592 0:93921

F,= @ 02473 09109 0:2449A ;
0:9331 0:2935 0:0055

1
0:1828  0:1041 0:1081

F,= @ 0:0157 0:1603 0:1926 A :
0:1555 0:1492  0:0951
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Manifold Pro jections (Instance-Lev el):

We tried instance-leel manifold projectionsusing the samedata and correspndence.
We only have two input datasetsfor this test and the given correspndenceis one
to onecorrespndence,so running instance-leel manifold projections is the sameas
running semi-sugervised manifold alignmert. We plot 3D (Figure 4.6(F)), 2D (Fig-
ure 4.6(G)) and 1D (Figure 4.6(H)) resultsin Figure 4.6. These gures shaw that the
alignmernt of di®erert manifoldsis achieved in the latent space.Instance-leel align-
mernt is sensitive to the constrairnt we use and the way that the adjacencygraphes
are constructed. The reasonfor this is that the mapping function in instance-leel
alignmert canbe any function, which might \over t* the training data and doesnot
generalizewell to the test data. Under another experimert setting with a di®eren
number of training correspnding pairs, instance-leel alignmert failed while feature-
level alignment succeededWe cheded the results and found that the test data was
not aligned well but the training instanceswere perfectly aligned. The feature-le\el
alignmernt can reducethe chanceof over tting, sincethere is a strong constrairt to

guarartee robustness:the mapping function hasto be a linear transform.

Unsup ervised Manifold Alignmen t:

We tested our manifold alignmert approad assumingno pairwise correspndence
information is given. We plot 3D (Figure 4.6(1)), 2D (Figure 4.6(J)) and 1D (Fig-
ure 4.6(K)) alignmert resultsin Figure 4.6. nD alignmerts are basedon the top n
eigervectors assaiated with the smallest eigervalues. A more detailed description
of the setting of this experimert is in [71]. These gures show that alignmert can
still be achieved using the local geometry matching algorithm when no pairwise cor-

respondenceinformation is given.
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(A) Comparison of Manifold 1 and 2 (Before Alignment) (B) Procrustes Alignment
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Figure 4.6. (A): Comparison of Manifold X;(red) and Xz(blue) before alignmert; (B):
Procrustes manifold alignment; (C): 3D alignment using feature-level manifold projections;
(D): 2D alignment using feature-level manifold projections; (E): 1D alignment using feature-
level manifold projections; (F): 3D alignmert using instance-level manifold projections; (G):
2D alignment using instance-lewel manifold projections; (H): 1D alignment using instance-
level manifold projections; (I): 3D alignment usingunsupervisedmanifold alignment; (J3): 2D
alignment using unsupervised manifold alignmert; (K): 1D alignment using unsupervised
manifold alignmert.
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(A) Comparison of Manifold 1, 2 and 3 (Before Alignment) (8) Comparison of Manifold 1, 2 and 3 (After 3D Alignment)

Figure 4.7. (A): Comparison of Manifold X4 (red), X2(blue) and X3(green) before align-
ment; (B): 3D alignment using feature-level multiple manifold projections; (C): 2D align-
ment using feature-level multiple manifold projections; (D): 1D alignment using feature-lewel
multiple manifold projections.

Multiple Manifold Alignmen t:

Our algorithmic framework for multiple manifold alignmert using feature-le\el algo-
rithm (c= 3) is alsotestedwith all three manifolds. The alignmert resultsare shavn
in Figure 4.7. From these gures, we can seethat our approad can project all three
manifolds to the samespace,where alignmert is achieved. The mapping functions
Fi1, F, and F3; to compute alignmert are asfollows:

1
0:0852 0:1467 0:8418

Fi= @ 01691 j 0:8351 0:2294 A :
0:8531 j 0:2100 j 0:0258

1
0:1593 0:1053 0:0904
F, = @ i 0:0049  0:1464 0:1736 A ;
0:1473  0:1245 ; 0:0890

1
i 0:0566 0:3056 0:2712

Fs= @ 0:2015 | 0:2820 0:2566 A :
0:3813 | 0:1267 0:2291
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4.6.2 Alignmen t of Document Corp ora

Another application of manifold alignmert in information retrieval is corpora
alignmert, wherecorpora canbe alignedsothat knowledgetransfer betweendi®erert
collectionsis possible. In this section, we apply our manifold alignmert framework
(feature-lewel alignmert, c = 2) to this problem.

The datasetwe usein this experimert is the NIPS (1-12) full paper dataset,down-
loadable from http://www.cs.toron to.edu/» roweis/data.html. This datasetincludes
1,740papersand 2,301,3750kens. We rst represen this datasetusingtwo di®erert
topic spaces:Latent Semaric Indexing (LSI) topic space[26] and Latent Dirichlet
Allocation (LDA) topic space[9]. Then the di®eren represemations of the original
dataset are aligned using our manifold alignmert algorithm. The reasonswhy we
align sudh \simulated" datasetsrather than two real data setsare asfollows: (1) The
two sets are de ned by di®eren features, LS| topics and LDA topics, so they are
suzcient to test our methods for transferring knowledge acrossdomains. (2) Even
though the represetations of the two sets are di®eren, they are constructed from
the samedata. Sothe resulting datasetsare related and should be aligned well. (3)
Both LSI and LDA topics can be mapped badk to English words, so the mapping
functions are semattically interpretable. This helpsus understand how alignmert of
two collectionsis achieved (by aligning their underlying topics). (4) The problem
of aligning two topic spacesitself is inherertly useful, sinceit computesthe topics
sharedby two collections.

Topic modeling is designedto extract succinct descriptions of the members of
a collection that enableexcient generalizationand further processing. It has been
successfullyused to analyze large amourts of textual information for many tasks.
A topic could be thought as a multinomial word distribution learnedfrom a collec-

tion of textual documernts using either linear algebraicor statistical techniques. The
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words that cortribute more to ead topic provide keywords that brie®y summarize
the themesin the collection.

If a topic spaceS is spannedby a set of r topic vectors, we write the set as
S = (t(2); ¢¢¢; t(r)), wheretopic t(i) is a column vector (t(i)1;t(i), ¢¢¢;t(i),)". Here
n is the size of the vocabulary set, kt(i)k = 1 and the value of t(i); represets the
cortribution of term j to t(i). Obviously, S is an n £ r matrix. We know the term-
documert matrix A (an n £ m matrix) modelsthe corpus,wherem is the number of
the documerts and columnsof A represemn documerts in the \term" space.The low
dimensionalembedding of A in the \topic" spaceS is then Arqpic = STA. At opic 1S
ar £ m matrix, whosecolumnsare the new represetations of documerts in S.

We extract 400 topics from the datasetwith both LDA and LSI models (in LSI,
we simply selectthe top 400 topics; in LDA, we set the number of topics to 400).
The top 10 words of topic 1-5from ead model are shovn in Table4.1and Table 4.2.
It is clear that none of the correspnding topics are similar acrossthe two sets. We
represem the original dataset in both topic spaces. This step eliminates a lot of
information from the original set and can only provide us with an approximation.
We denotethe datasetrepreseted in LDA topic spaceas manifold X, (represened
by a 400£ 1;740matrix X;), and in LSI topic spaceas manifold X, (represered by
a 400£ 1;740matrix X»).

Following our main framework (feature-lewel alignmert, ¢ = 2), given 25% uni-
formly selecteddocumernts as the initial corresppndences,we align these two col-
lections in a 300 dimensional space. The mapping functions F; and F, are both
400£ 300 matrices. They changethe original LDA, LSI topic vectors (de ning the
original spaces)to vectorsspanningthe new joint space(latent space). Sud vectors
can be treated as latent topics (spanning the latent space), which are represered
over LDA/LSI topics. We know LDA/LSI topics are represeted over English words,

solatent topics canalsobe directly represemed with Englishwords. In Table 4.3and
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Table 4.1. Topic 1-5(LDA).

Top 10 Terms

generalization function generalizeshovn performancetheory size shepardgeneralgeneralizes

hebbian hebb plasticity activity neuronal synaptic anti hippocampal modi cation

grid moore methods atkesonstepsweighted start interpolation spacelocally

measurestandard data dataset datasetsresults experiments measuresranking signi cantly

energy minimum yuille minima shown local university physicsvalid make

Table 4.2. Topic 1-5 (LSI).

Top 10 Terms
“sh terminals gapsarbor magnetic die insect cone crossingwiesel
learning algorithm data model state function models distribution policy algorithms
model cells neuronscell visual gure time neuron responsesystem
data training set model recognition image models gaussiantest classi cation
state neural network model time networks control system models states

4.4, we show the top 5 latent topics constructed from manifold X; (LDA space)and
X, (LSI space). From thesetables, we can seethat the correspnding latent topics
are very similar to ead other. This implies that the spacesspannedby two di®erert
latent topic setsare almost the same(they approximate the latent space).An inter-
esting thing is that the latent topics constructedfrom LSI (or LDA) spaceare linear
combinations of the existing LSI (or LDA) topics. Sothe new spaceis a subspace
of the original LSI (or LDA) space.The alignmert of two documert collectionsis in
fact doneby nding a commontopic subspacesharedby both LS| and LDA spaces.
We alsoran a test to directly translate test documerts from LDA spaceto LSI
spaceusing F1F, (de ned in Figure 4.3). For eat test documert x, we compareits
mapping result to all documerts in LSI spaceand seeif x's true match is amongits j
nearestneighbors. The resultsare summarizedin Table4.5. The resultsshaw that for
any given documert in LDA space,we cantranslate it to LSI space.Its translation
has a roughly 89% probability of being the nearestneighbor of its true match. This
test explains how knowledgeis transferred betweendi®eren topic spaces.The same

technique canalsobe applied to build mappingsbetweendatasetsde ned by di®eren
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Table 4.3. Top 5 latent topics constructed from LDA space.

Top 10 Terms
network learning networks training error input neural recurrent output hmm
network neural input networks “gure output hierarchical xor neurons units
data set training model test models error hmm missing parameters
function gure tangent basisvector measureuniversity theorem averageconvergence
learning input training gure units visual pattern output unit error

Table 4.4. Top 5 latent topics constructed from LSI space.

Top 10 Terms
network learning networks training input error hidden units neural output
network neural input output “gure networks neurons processingunits neuron
data training set model mixture error test models recognition performance
function theorem approximation “gure theory functions processdynamics basis vector
learning input training “gure visual units pattern unit output error

Table 4.5. The probability that x's true match is among(F1F; )Tx's j nearestneighbors.

i 1 2 3 4 5
% | 89.6552% | 91.2644%)| 91.8774%)| 92.1073%)| 92.4904%
i 6 7 8 9 10
% | 92.56700%)| 92.8736%)| 93.2567%)| 93.2567%)| 93.4110%

languages.The latter is usefulin madine translation and cross-lingualinformation

retrieval.

4.6.3 Europ ean Parliamen t Pro ceedings Parallel Corpus

In this section,we compareour approadeswith state of the art methods using a
real-world cross-lingualinformation retrieval dataset. The task hereis to nd exact
correspndencedetweendocumerts in di®erern languages.This is quite useful, since
it allows usersto query a documert in their native languageand retrieve documens
in a foreign language. Seen approathesare comparedin this experimert. Three of
them are instance-lewel approades: Procrustesalignmert with Laplacian eigenmaps,
Atne matching with Laplacian eigenmaps,and instance-lexel manifold projections.
The other four are feature-lewel approades: Procrustesalignmert with LPP, Atne

matching with LPP, CCA, and feature-lewel manifold projections. Procrustesalign-
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ment and atne matching can only handle pairwise alignmert, sowhen we align two
collectionsthe third collection is not taken into consideration. Manifold projections
and CCA align all input collectionssimultaneously In corntrast to most approades
in cross-lingualknowledgetransfer, we are not using any specialized pre-processing

technique from information retrieval to tune our algorithms to this task.

4.6.3.1 Data

In this experimert, we make use of the proceedingsof European Parliament [3§],
dating from 04/1996 to 10/2009. The corpus includes versionsin 11 European
languages: Frendh, Italian, Spanish, Portuguese,English, Dutch, German, Danish,
Swedish, Greek and Finnish. Altogether, the corpus comprisesof about 55 million
words for ead language. The data for our experimert comesfrom English, Italian
and German collections. The dataset has many les, ead e cortains the utter-
ancesof one spealer in turn. We treat an utterance asa documert. We Itered out
stop words, and extracted English-Italian-German documert triples where all three
documerts have at least 75 words. This resulted in 70,458documert triples. We
then represeted ead English documert with the most commonlyused2,500English
words, ead Italian documert with the most commonlyused2,500Italian words, and
eath German documert with the most commonly used 2,500 German words. The
documerts were represeted as bagsof words, and no tag information was included.
The topical structure of eat collectioncan be thought asa manifold over documerts.
Each documert is a samplefrom the manifold. To our knowledge, no one has ever

useda datasetat this scaleto test manifold alignmert approades.

4.6.3.2 A Comparison of All Approac hes
Instance-leel manifold projections cannot processa very large collection sinceit
needsto do an eigervalue decomposition of an (m;+ m,+ m3)£ (my+ m,+ m3) matrix,

where m; represens the number of examplesin the i input dataset. Approaches
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basedon Laplacian eigenmapssu®erfrom a similar problem. In this experimen, we
usea small subsetof the whole datasetto test all seven approades. 1; 000documert
triples wereusedascorrespndingtriples in training and 1; 5000ther documen triples
were usedas unlabeled documerts for both training and testing, i.e. p; = p, = ps =
2,500,m; = mp = m3 = 2;500. xi Al x,L Al xj fori 2 [1;1000]. Similarity
matrices W,, W, and W3 were all 2;500£ 2;500 adjacency matrices constructed
by nearest neighbor approad, where k = 10. To use Procrustes alignmert and
Axne matching, we ran a pre-processingstep with Laplacian eigenmapsand LPP to
project the data to a d = 200dimensionalspace.In CCA and feature-leel manifold
projections, dis also200,i.e. we map all three collectionsto the same200dimensional
space.

Our testing sthemeis as follows: for ead given documert in one language,we
retrieve its top K most similar documerts in another language.The probability that
the true match is amongthe top K documerts is usedto shav the goodnessof the
method. Here, we considerthree scenarios:English $ ltalian, English $ German
and Italian $ German. Figure 4.8 summarizesthe averageperformanceof all these
three scenarios.

The rst result we can seefrom Figure 4.8 is that all three instance-lewel ap-
proadesoutperform the correspnding feature-leel approades. There aretwo possi-
ble reasondor this. Oneis that feature-le\el approahesuselinear mapping functions
to computelower dimensionalembeddingor alignmert. Instance-le\el approadesare
basedon non-linear mapping functions, which are more powerful than linear map-
pings. Another reasonis that the number of training samplesin this experimert is
smaller than the number of features. Sothe training data is not sutcient to deter-
mine the mapping functions for feature-le\el approates. Feature-lewel approathes
have two advantagesover instance-leel approades. Firstly, feature-lewel approates

learn feature feature correlations, sothey can be applied to a very large datasetand
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directly generalizeto newtest data. Secondly their chanceof getting into over tting
problemsis much lower than instance-leel approacesdue to the \linear" constrairt
on mapping functions.

The secondresult from Figure 4.8 is that Procrustesalignmert performs better
than Atne matching on both feature-le\el and instance-leel alignmerts. The reason
is that Axne matching hasan extra action comparedto Procrustesalignmert: shear-
ing. To achieve a high accuracyin training, this action can break the topology of the
given manifold. If the labeleddata is suxcient, Atne matching canwork well; if the
labeleddata is limited, A+tne matching hasa larger chanceof running into over tting
problems comparedto Procrustesalignmert. In this experimen, the given labeled
correspnding triples are not suxcient, soProcrustesalignmert performsbetter than
Atne matching.

The third result is that CCA doesa very poor job in aligning the test documerts.
We alsotook a closerlook at the the training correspnding documert triples, and
found that they were perfectly aligned in the result. Soit is clear that the poor
performanceis due to insuzxciency of the training data. When the training data is
limited, CCA has a large chanceof over tting the given correspndences.Feature-
level manifold projectionsdoesnot su®erfrom this problemand performsmuch better
than CCA in this experimert, sincethe manifold topology alsoneedsto be respected

in the alignmert.

4.6.3.3 A Comparison of Feature-lev el Approac hes

Time complexity of feature-le\el approades dependson the number of features
rather than the number of instances. We know no matter how large the datasetis,
the number of featuresis determined. Sofeature-le\el approadiescan processa very
large dataset. In this experimert, 7;500 correspnding documert triples and 7; 500

documerts from ead collection were usedin training, i.e. p; = p, = pz = 2;500,
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Figure 4.8. EU Test: A Comparison of All Approaches Using the AveragePerformance
over All Three Scenarios.

m; = mp = m3 = 15000. x; Al x, Al xj for i 2 [1;7500]. Similarity matrices
W1, W, and W wereall 15;000£ 15; 000adjacencymatricesconstructedby a nearest
neighbor approad, wherek = 10. To useProcrustesalignmert and A+tne matching,
we pre-processedthe dataset by applying LPP to project the data to a d = 200
dimensional space. In CCA and feature-level manifold projections, d = 200. The
test procedurein this test is similar to that usedin Section4.6.3.2. We test all four
feature-lewel approatesusing the remaining 62,958unlabeled correspnding triples.

All three scenarios:English$ Italian, English$ Germanand Italian $ German
are considered.The results are summarizedin Figure 4.9,4.10and 4.11. From these
“gures, we can seethat the performanceon English-Italian alignmert is signi cantly
better than the other two. We alsosummarizethe averageperformanceover all three
scenariosin Figure 4.12. Comparedto the experimert in Section4.6.3.2,CCA does
a much better job in this test. This is due to the large number of correspnding

triples usedin the training set. Feature-leel manifold projections performsthe best
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in this experimert, adhieving roughly 10%improvemert over CCA. The improvemen
comesfrom the presenation of manifold topology. In this experimern, Procrustes
alignmernt and Atne matching do not perform quite well. In the pre-processingstep,
LPP is usedto project the data from 2,500dimensionalspaceto a 200 dimensional
space.In this step, dimensionality reduction is donewithout consideringthe purpose
of alignmert. So someuseful information for alignmert might be lost. In CCA and
feature-level manifold projections, dimensionality reduction and alignmert are done
simultaneously preservingthe information that is useful for alignmert in the lower
dimensionalembedding. Sincethe training corresmpnding triples are sutcient, CCA

performsbetter than Procrustesalignmert in this experimen.
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Figure 4.12. EU Test: A Comparison of Feature-level Approaches.

4.6.3.4 Mapping Function Interpretation and Cross-domain Translation
Feature-leel manifold projectionsresultsin three mapping functions: F, (for En-

glish), F, (for Italian) and F3 (for German)to construct the newlatent space.These
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Top Terms
“sheries “shing agency shermen negotiated applause proto col nos sustainabilit y ports
consumers internet consumer strategies b5 bulgaria behaviour b4 discharge november
strategies swedish courage denmark telecommunications nato credibilit y wine regional brings
interinstitutional parliaments repeated guarantees century rail nland british choose conciliation
unemployment thursday heads portuguese economies declarations balkans widespread islands india

Figure 4.13. 5 selectedmapping functions (English)

Top Terms
pescaagenzia a5 applausi proto collo ripartizione pescatori bilaterali sostenibilita tonnellate
consumatori reca internet consumatore strategie discarico bulgaria novembre allargamento chiusa
strategie svedeseinterrogazioni occidentali danimarca regionale kyoto coraggio credibilita segretario
parlamenti sentenza interistituzionale aprile ferroviario britannica tecnici essenzialmerte unanimita indip endenza
disoccupazione giovedi scienti ca portoghese balcani aeree rmato turco maggio piccoli

Figure 4.14. 5 selectedmapping functions (Italian)

Top Terms
“scherei “schereipolitk agentur protok olls “scher protok oll ablehnen a5 tatsAchlichen arten
verbrauchern verbraucher strategien internet bulgarien entlastung anfragen todesstrafe b4 zukénftigen
schwedischen strategien regionalp olitik frist anfragen westlichen mut nato regionalen minuten
parlamente interinstitutionelle b4 parlamenten urteil spezielle folgt anmerkungen nachster beshlu¥s
portugiesischen personal arb eitslosigkeit o®enenwissensdaftlic hen polizei verordnungen donnerstag inseln

Figure 4.15. 5 selectedmapping functions (German)

three mappingfunctions project documerts from the original English/Italian/German
spacedo the same200 dimensionalspace.Ead column of F; is a 2; 500£ 1 vector.
Eadch entry on this vector correspndsto a word. To illustrate how the alignmert is
achieved using our approad, we shav the words that make the largest cortributions
to 5 correspnding triples of columns selectedfrom F4, F, and F3 in Figure 4.13,
4.14and 4.15. Our resulting tables resenble inter-languagedictionaries, sincethey
have roughly the samecontents but in di®eren languages.Note that we did not use
any dictionary or ad-hoc information retrieval technique in this alignmert process.
From these gures, we can seethat the corresppnding mapping functions can auto-
matically project the documerts with similar cortents but in di®eren languagesto
similar locationsin the new space.

As shown in our knowledgetransfer framework (Figure 4.5), F1F, canautomati-

cally translate any unseeninstancefrom domain X ; (English) to domain X, (Italian),
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Italian Words | turismo regno | reddito | sussidiarieta | tornata | sessuale| unito

Translations | tourism | kingdom | income | subsidiarity | return | sexual | united

Contributions | 0.1433 | 0.0249 | 0.0134 0.0060 0.0058 | 0.0043 | 0.0034

Figure 4.16. The wordsthat make the largest contributions to the resulting Italian query
generatedby F,F; from English query \UK tourism income".

German Words | fremderverkehr | k8nigreich | gro¥sbritannien | einkommen
Translations tourism kingdom | Great Britain income
Contributions 0.0968 0.0279 0.0058 0.0043

Figure 4.17. The words that make the largest cortributions to the resulting German
query generatedby F3F; from English query \UK tourism income".

whereF is the inverseof F,. Similarly, F1F; canautomatically translate any un-
seeninstance from domain X ; (English) to domain X3 (Italian). Sud a translation
is via the latent space,sothe information that is only useful for the sourcedomain
will not be transferred. To illustrate how FiF; and F;F; work, we generatean
English query \UK tourism income", and use these mapping functions to translate
this query into Italian and German. The English query is represeted by a vector
of length 2,500, correspnding to 2,500English words. Only 3 ertries on that vector
are 1s, all the other entries are 0s. The resulting Italian and German queriesare also
vectorsof length 2,500,correspnding to 2,500Italian/German words. The numbers
on the resulting vectors shav the cortribution from ead Italian/German word to
the queries. We print out top words for the resulting Italian query in Figure 4.16,
top words for the resulting German query in Figure 4.17. The results show that the
resulting Italian query and German query can be used as translations of the input

English query, and applied for cross-lingualinformation retrieval.

4.7 Remarks
In this chapter we introduced a generalframework for manifold alignmert. Our

framework computes lower dimensional embedding and alignmert simultaneously
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Someexisting algorithms like CCA, or semi-sugervised alignmert can be obtained
from this framework as special cases.Our framework can handle many to many cor-
respondencessolve multiple manifold alignmert problemsand be applied to handle
the situation whenno corresppndenceinformation is available. As a natural extension
of our manifold alignmert algorithms, we preserted a knowledgetransfer framework
to directly build mappingsbetweenspacedde ned by di®eren featuresand discussed
somesampleapplications. The approadesare descrited and evaluated both theoret-
ically and experimertally, providing results shaving useful knowledgetransfer from

onedomain to another.
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CHAPTER 5

MANIF OLD ALIGNMENT PRESER VING GLOBAL
GEOMETR Y

5.1 Overview

Previous approades to manifold alignmert are designedto only presene local
geometriesof the input manifolds. This objectiveis not desirablein many applications
wherethe global geometriesof the input datasetsalsoneedto berespected. One sud
exampleis from text mining. Documerts in di®eren languagescan be alignedin a
new space,where direct comparisonand knowledgetransfer betweendocumerts (in
di®eren languages)s desired. Local geometrypreservingmanifold alignmert [31, 71]
doesnot prevent dissimilar documerts in the original spacefrom being neighbors in
the new space (it only encouragessimilar documerts in the original spaceto be
neighborsin the new space). This could leadto poor performancein sometasks, and
needso be addressed.In someother applications, the distancebetweeninstancesalso
provides us with valuable information. For example,in a robot navigation problem,
we may be given distancesbetween locations recorded by di®erert sensors,which
are represeted in distinct high-dimensionalfeature spaces.We want to align these
locations basedon a partial correspndence,where we also want to presene the
pairwise distance score. Clearly, manifold alignmert basedon local geometry may
not be suzcient for sud tasks.

To addressthe problems mertioned above, we descrite a novel framework that
constructsfunctions mapping data instancesfrom di®erern high dimensionaldatasets
to a new lower dimensional space,simultaneously matching the instancesin corre-

spondenceand preserving pairwise distancesbetween instanceswithin the original
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dataset. The goal of this framework is illustrated in Figure 5.1. Our algorithm
has seweral other added bene ts. For example,its solution involves computing the
eigervectorsassaiated with the largesteigervalues,which are easierand more stable
numerically than computing the smallesteigervectors usedby many other manifold
alignmert methods. It alsohasfewer parametersthat needto be speci ed. The e®ec-
tivenessf our algorithm is demonstratedand validated in two real-world cross-lingual

information retrieval tasks.

Figure 5.1. This "gure illustrates the goal for manifold alignment preserving global
geometry X and Y are two input datasets. Three corresponding pairs are given: red i
correspondsto bluei fori 2 [1;3]. ®and  are mapping functions that we want to construct.
They project instancesfrom X and Y to a new spaceZ, whereinstancesin correspondence
are projected near ead other and pairwise distance within ead input setis also respected.

The rest of this chapter is organizedasfollows. In Section5.2we give a theoretical
analysis of the problem. In Section 5.3 we descrike our algorithms. Section 5.4

summarizesour experimertal results.

5.2 Theoretical Analysis
5.2.1 High Level Explanation

As discussedn Chapter 4, the optimal instance-lewel solution with regardto the
cost function de ned in Equation 4.1is given by Laplacian eigenmapg4] on a graph

Laplacian matrix modeling the joint manifold that involvesthe input datasetsand
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the correspndenceinformation, whereasthe optimal feature-lewel solution is given
by locality preservingprojections (LPP) [33] on the samegraph Laplacian matrix.
To presene global geometriesnstead of local geometriesthe proposedapproad uses
a distancematrix D rather than a Laplacian matrix to represen the joint manifold.
Our cortributions are two-fold: (a) we provide a way to construct a distance matrix
to model the joint manifold; (b) the proposedapproad learns a mapping function
for ead input dataset (treated as a manifold), suc that the mapping functions can
work together to project the input manifolds to the samelatent spacepreserving
global geometry of eadh manifold. The proposedapproad builds on the well-known
MDS/ISOMAP [63] as well as isometric projections [14]. Similar to local geometry
preserving approades, there are two solutions to this problem: instance-leel and
feature-lewel. In this chapter, we focuson the latter, which is technically more chal-
lenging than the former and a better match to transfer learning tasks. For the sake
of simplicity, we usetwo input datasetsto explain the algorithm. The algorithm can

easily generalizeto more than two datasets.

5.2.2 Notation

Notation usedin this chapter is asfollows:
Datasets and corr espondenc es:
X = [x1¢¢¢x,,] is a p£ m matrix, wherex; is de ned by p features. X represets
one high-dimensionaldataset. Y = [y; ¢¢¢y, ] is a £ n matrix, wherey; is de ned
by q features. Y represets another high-dimensionaldataset. The correspndence
betweenX and Y is given as follows: x, A! y,, wherei 2 [1;1], & 2 [1;m] and
b 2 [1;n]. Here,x; 2 X can match more than oneinstancein Y.
Matric es used to compute re-scaling factor:
Daisan| £ | matrix, where D4(i; j) is the distance betweenx, and X, . Dy is an

| £ | matrix, whereDy(i; ] ) is the distancebetweeny, andyy, .

73



Distanc e matric es modeling the joint graph:
Dyx isanm £ m matrix, whereD, (i; ] ) is the distancebetweenx; and X;. Dyy =

DJ;X is an m £ n matrix, where Dy, (i;]) represefs the distance betweenx; and

Y. Dyy is an n £ n matrix, where Dy.,(i;]) is the distance betweeny; and vy;.

u
Dxx D Xy

Dy;x Dy;y
our algorithm.

D= isa(m+ n)£ (m+ n) matrix, modeling a joint graph usedin
Mapping functions:

We construct mapping functions®and to map X and Y to the samed-dimensional
space.®isap£ dmatrix, isaq£ dmatrix.

Others:

k:k represems Frobenius norm, tr (:) represets trace, |4 represems a d dimensional
identity matrix. T he ¢, operator [63] corverts distancesto inner products, which
uniquely characterizethe geometryof the data. Givenan m £ m distancematrix D,
whereD;; represems the distancebetweeninstancei andj, ¢(D) = | HSH=2. Here,

Sij = Df,Hiy =% i 1I=mand¥%; = 1wheni = j; 0, otherwise.

5.2.3 The Problem

Assumethe (m + n) £ (m + n) distance matrix D, represeting the pairwise
distance between any two instancesfrom fxj; ¢¢¢; X,; y1; ¢¢¢;y, g, is already given
(we will discusshow to construct D later). Sincethe ¢, operator converts distancesto
inner products, which uniquely characterizethe geometry of the data, we de ne the
cost function to minimize as follows:

C(® ;k)=k¢D)i (L(DX;Y;®;_;k)k2

or £

£ o
= k¢(D)i k @X; TTY ®@X; TY K (5.1)

where®, andk areto be determined: ® isad£ p matrix, isad£ qmatrix, k is

a positive number to rescalemapping functions.
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5.2.4 Construct Matrix D to Represent the Joint Manifold

When datasets X and Y are given, D,x and Dy, are easily computed using
the geadesicdistance measure. Howeer, the scalesof Dy, and Dy., could be quite
di®eren. To createa joint manifold of both X and Y, we needto learn an optimal
rescalefactor © sud that Dy,x and” Dy., arerescaledto the samespace.To compute
", we rst createdistancematricesD, and Dy, using the instancesin correspndence.

D, and Dy, areboth | £ | matrices. The formula to compute” is givenin Theorem?7.

Theorem 7. Giventwo | £ | matricesD, and Dy, the solution to ~ that minimizes

kD, “Dpk? is givenby = tr (D] D,)=tr(D/ Dy).

Proof:
kDqi “Dpk?=tr(DIDg)j 2 tr(D]Da)+ 2tr (D] Dpy): (5.2)

tr (D] D,) is constart, so

arg minkD,j “Dpk? = arg min 2tr (DI Dp) i 2 tr(D{ Da): (5.3)

Di®ereniating “2tr (D] Dp) i 2 tr (D} Da) with respectto “, we have
" = tr (D Dg)=tr (D Dy): (5.4)

O

To construct a distance matrix D represeting the joint manifold, we needto
compute distances between instancesacrossdatasets. We use Dy, Dy, and the
correspndenceinformation to compute these distances. We know Dy and Dy.,
model the distance betweeninstanceswithin ead given dataset. The correspnding
pairs can then be treated as\bridges" to connectthe two datasets. For any pair (X;
and y;), we compute the distancesbetweenthem through all possible\bridges”, and
setDy. (i; J) to be the minimum of them. i.e.

Doy (i) = min (Dx (Xi5Xa,) + Dy (¥ :¥n,): (5.5)

In the approat shavn above, we provide oneway to computethe distancematrix
D using gedaesicdistance. Depending on the application, we can also use other ap-

proadiesto createD. For example,D could be constructedusing Euclideandistance.
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5.2.5 Find Corresp ondence Across Datasets

Given X, Y, and the correspndenceinformation, we want to learn mapping
functions®for X,  for Y andrescaleparameterk, such that C(®; ; k) is minimized.
The optimal solution will encouragethe correspnding instancesto be mapped to
similar locationsin the new space and the pairwisedistancebetweeninstanceswithin
ead set to be respected. To guarartee the generatedlower dimensional data is

sphered,we add one more constrair:

£ _.om XTe* £ 8o x 0° XT o0 ®
2 3

X 0
Theorem 8. LetZ = 2 % Then, the eigenvetors correspnding to the d
0OY

maximum eigenvalueof Z¢(D)Z7° = ,Z ZT° provide optimal mappingsto minimize

C(® k).
Proof:

C(® k)= ke(D)j k¢ ’ k?: (5.7)
2 3

Letf = 9 C_@E then we have

C(® ;k)=k¢(D)j ke¢ZTffTzk?=tr((¢(D)i k¢ZTFfTZ)(¢(D)i ke¢ZzTFfTZ)")

= tr(¢(D)e(D)T)i ketr (ZTFETZ¢(D)T) i katr (¢(D)ZTFfTZ)+ K2ar(ZTf672Z2T1872):

(5.8)
Giventhe property that tr (AB) = tr (BA), we have
C(® :k) = tr (¢(D)e(D)T) i 2k ¢tr (f TZ¢(D)ZTF) + k2 ¢tr (I 4): (5.9)
Di®erertiating C(®; ; k) with respect to k, we have
2¢tr (fTZ¢(D)Z7f) = 2k ¢d: (5.10)
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This implies
k=tr(fTZ¢(D)ZTf)=d: (5.11)

So

C(® ":k) = tr (&(D)e(D) )i 2=da(tr (f TZ¢(D)ZT£))2+ 1=dd(tr (f "Z¢(D)ZTf))?: (5.12)

Sinceboth tr (¢(D)¢(D)") and d are constart, we have

arg (E)n_irll( C(®,;k) = arg mfax(tr (fTZ2¢(D)Z2T))% (5.13)

It is easyto verify that f TZ¢(D)ZTf is positive semi-de nite, so
tr(f7z¢(D)Z27f), O (5.14)

So
arg min C(® ";k) = arg max(tr (f TZ24(D)ZT1)): (5.15)

It can be showvn that the solution to

argmaxtr (f TZ¢(D)Z7f); sit: f1Z2Z7f = Ig: (5.16)

is given by the eigervectors correspnding to the d largest eigervaluesof

Z¢(D)2Te = 722727 (5.17)

5.3 The Algorithms
5.3.1 The Algorithmic Pro cedure

Notation usedin this sectionis de ned in Section5.2.2. Given two high dimen-
sionaldatasetsX, Y alongwith additional pairwise correspndencedetweena subset

of the instances,the algorithmic procedureis asfollows:

1. Rescale dataset Y:
Y="Y;

where
" = tr (D] Da)=tr(DyDy):
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2. Construct distance matrix D, modeling the joint graph:

" T
Dxx D Xy

D= ;
DYJX Dy;y

where

Dy;x(j i) = Dx;y(i; j)= ur;][ilnl](DX;X (Xi;xau) + Dy;y(Yj 1 Yh, ):

3. Find the corresp ondence between X and Y:

Computethe eigervectors[®; ¢¢¢; ° 4] correspnding to d maximum eigervalues

of

’ 0> XT o
Y 0 YT

O .

X 0’ ,.. XT o0, X
OYC(D) OYT - 0

4. Construct ®and to map X and Y to the same d-dimensional space:

The d-dimensionalrepresetations of X and Y are columnsof ® X and " 'Y,

where

© = pyeee;og):
5.3.2 Comparison of Global Geometry Preserving and Local Geometry
Preserving Approac hes

Pros: The costfunction for local geometrypreservingmanifold alignmert showvn
in Chapter 4 usesa scalar real-valued parameter ! =1, to balancethe con’icting
objectives of matching correspnding instancesand preserving manifold topologies.
1,=1, is usually manually speci ed by trial and error. In the new approad, *; and
1, are not needed. The usageof them is replacedby setting the distance between
correspnding instancesacrossdomainsto 0. In cortrast to local geometrypreserving
manifold alignment approadesthat use eigervectors correspnding to the smallest
eigervalues,the new approad is basedon eigervectors correspnding to the largest
eigervalues. Numerically, eigensolersare lessstablein computing the smallesteigen-

vectorsthan when they compute the largest eigervectors.
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Cons: Global geometry preservingalignmert approad needsto maintain a dis-
tance matrix modeling pairwise distancebetweenany two instancesin the given data.
This matrix is expensive to construct, and consumesa lot memory when the input
datasetsare large. Overall speaking, the time complexity of global geometrypreserv-
ing approad is O(N3) + O(kP?), wherek is the number eigervectors we want to
compute, N is the total number of instancesand P is the total number of features

acrossall input datasets.

5.4 Exp erimen tal Results

We compare global geometry preserving approades to local geometry preserv-
ing manifold alignmert approahesat nding both instance-lewel [31] and feature-
level [71] alignmerts. The experimerts include two real-world exampleson cross-
lingual information retrieval. In the rst experimert, we useparallel data in two lan-
guages:English and Arabic. In the secondexperimen, we usethree input datasets

from the proceedingsof European Parliamert [38§].

5.4.1 English Arabic Cross-Lingual Retriev al

In this test, we comparedi®erem methods usinga real-world cross-lingualinforma-
tion retrieval dataset. The task is to nd exact correspndencesbetweendocumerts
in di®eren languages.This application is useful,sinceit allows usersto input queries
in their native languageand retrieve resultsin a foreign language. The dataset used
belov was originally studied in [27]. It includestwo collections: one in English
and onein Arabic (manually translated). The topical structure of ead collection is
treated as a manifold over documerts. Each documert is an instance sampledfrom
the manifold. To learn corresppndencesetweenthe two collections,we are alsogiven

sometraining correspndencedetweendocumerts that are exacttranslations of eat
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other. The task is to nd the most similar documert in the other corpus for eath
English or Arabic documert in the untranslated set.

In this experimert, ead of the two documern collections has 2,119 documerts.
We tried two di®eren settings: (1) Correspondencesbetween 25% of them were
given and usedto learn the alignmert. The remaining 75% were held for testing; (2)
Correspndenceshetween 10% of them were given and usedto learn the alignmernt.
The remaining 90% were held for testing. Our testing schemeis as follows: for eah
given English documert, we retrieve its top k most similar Arabic documerts. The
probability that the true match is amongthe top k documerns is usedto show the
goodnessof the method. We usethis data to comparethe global geometrypreserving
correspndencelearning framework with the local geometry preserving framework.
Both frameworks map the data to a 100 dimensionallatent space(d = 100), where
documerts in di®eren languagescan be directly compared. A baselineapproat was
alsotested. The baselinemethod is asfollows: assumehat we havel correspndences
in the training set, then documen x is represeted by a vectorV with length |, where
V(i) is the similarity of x andthe i'"" documert in the training correspndences.The
baselinemethod mapsthe documerts from di®eren collectionsto the sameenbedding
spaceR!'.

When 25% instancesare usedastraining corresppndencesthe resultsare in Fig-
ure 5.2. In our global geometry preservingapproad, for eath given English docu-
mert, if we retrieve the most relevant Arabic documen, then the true match hasa
35% probability of beingretrieved. If we retrieve the 10 most similar documerts, the
probability increasesto 80%. For feature-lewel local geometry preserving manifold
alignmernt [71], the correspnding numbers are 26% and 68%. Instance-leel local
geometry preservingmanifold alignmert [31] resultsin a very poor alignmert. One
reasonfor this is that instance-leel alignmert learns non-linear mapping functions

for alignmert. Sincethe mapping function can be any function, it might over t the
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training data and doesnot generalizewell to the test data. To verify this, we also
examined a casewhere the training instanceslie on the new spaceand found out
that the training instanceswere perfectly aligned. When 10% instancesare usedas
training corresppndences.the results are as showvn in Figure 5.3. Global geometry
preservingapproad hasthe bestperformanceamongall four approades,followed by
feature-lewel local geometrypreservingmanifold alignmert. Interestingly, the baseline

approad also performsreasonablywell in both tests.

5.4.2 Europ ean Parliamen t Pro ceedings Parallel Corpus Test

In this test, we make useof the EU dataset discussedn Section4.6.3. To speed
up the computation, we represeted ead English documert with the most commonly
usedl1,000English words, ead Italian documert with the most commonlyused1,000
Italian words, and eath German documen with the most commonly used1,000Ger-
manwords. The documerts wererepreseted asbagsof words, and no tag information
was included. 1; 000resulting documert triples were usedas correspnding triples in
training and the remaining 69; 458 documert triples were held for testing. In this
test, the only parameterwe needto setis d = 100,i.e. we map all three manifoldsto
the samel100dimensionalspace.

Instance-le\el local geometryalignmert approad [31] cannot processa very large
collection, sinceit needsto do an eigervalue decomposition of an (ny+ ny+ n3)£ (N1 +
N, + n3) matrix wheren; represets the number of examplesin the i!" input dataset.
In the rst setting, we use 2,500 correspnding triples from the data including the
given 1,000 correspnding triples to comparedi®eren approades(i.e. ny = n, =
n3z = 2;500). The procedurefor the test is quite similar to the previoustest. The
only di®erencas that we considerthree di®eren scenariodn the newsetting: English
$ Iltalian, English $ German and Italian $ German. Figure 5.4 summarizesthe

averageperformanceof thesethree scenarios.Given a documert in onelanguage,our
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new approad hasa 40% probability of nding the true match if we retrieve the most
similar documert in another language.If we retrieve 10 most similar documerts, the
probability of nding the true match increase€o more than 60%. Feature-leel local
geometrypreservingapproad is roughly 20%worse,but still better than the baseline
approad and instance-lewel local geometrypreservingapproad. Our globalgeometry
preservingapproad results in three mapping functions to construct the new latent

space:F; (for English), F, (for Italian) and F3 (for German). Thesethree mapping
functions project documerts from the original English/Italian/German spacedo the
same 100 dimensionalspace. Each column of F; is a 1;000£ 1 vector. Each entry

on this vector correspndsto a word. To illustrate how the alignmert is achieved
using our approad, we shav the words that make the largest cortributions to 3
selectedcorrespnding columnsfrom F,, F, and F3 in Figure 5.6,5.7 and 5.8. From
these gures, we can seethat the mapping functions can automatically project the
documerts with similar cortents but in di®eren languagedo similar locationsin the
new space.

In our global geometry preservingalignmert approad and feature-le\el local ge-
ometry preservingapproad, the most time consumingstep is an eigervalue decom-
position of a (p;+ po+ p3) £ (p1+ P2+ ps) Matrix, wherep; is the number of featuresof
the i!" dataset. We know no matter how large the datasetis, the number of features
is determined,and we can always seta thresholdto Iter out the featuresthat are not
quite useful,soour newapproad and feature-leel local geometrypreservingmanifold
alignmert algorithm can handle datasetsat a large scale. In our secondsetting, we
apply thesetwo approades (they acieved the best performancesin English-Arabic
retrieval and Figure 5.4) to processall 69,458test documert pairs in English-Italian
parallel collection. The results are summarizedin Figure 5.5. For any English docu-
mert, if we retrieve the most similar Italian documert, the new approat hasa 17%

chanceof getting the true match. If we retrieve 10 most similar Italian documerts,

82



the new approat hasa 30% probability of getting the true match. Feature-le\el lo-
cal geometrypreservingapproad performsmuch worsethan the new approad. This
shaws that global geometry presenation is quite important for applications like text
mining. This test underthe secondsetting is in fact very ditcult, sincewe have 1,000
features,roughly 70,000documerts in ead input datasetbut only 1,000given corre-
sponding triples. In cortrast to most approadesin cross-lingualknowledgetransfer,
we are not using any specializedpre-processingtechnique from information retrieval

to tune our framework to this task.

5.5 Remarks

In this chapter, we proposea novel framework for manifold alignmert, which maps
data instancesfrom di®eren high dimensionaldatasetsto a new lower dimensional
space simultaneouslymatching the instancesin correspndenceand preservingglobal
distancesbetweeninstanceswithin the original dataset. Unlike previous approades
basedon local geometrypresenation, the proposedapproad is better suited to appli-
cations wherethe global geometry of manifold needsto be respected. The e®ectie-
nessof our algorithm was demonstratedand validated in two real-world cross-lingual

information retrieval tasks.
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Figure 5.2. Teston cross-lingualdata (25% instancesare
in the given correspndence).
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Figure 5.3. Teston cross-lingualdata (10% instancesare
in the given correspndence).
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Figure 5.4. EU parallel corpora data with 1,500English-
Italian-German test triples.
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Figure 5.5. EU parallel corpora data with 69,458English-
ltalian test pairs.

Top Terms
amendments directiv e prop osal amendment ladies committee challenges application accept asked
policy gentlemen foreign committee behalf security eu defence rights development
programme administrativ e turk ey processanswer ministers adoption conclusions created price

Figure 5.6. 3 selectedmapping functions (English).

Top Terms
direttiv a emendamenti prop osta reca emendamento chiusa modi ca nome giuridica relatore
politica chiusa estera nome sicurezza sapere modi ca chiarezza dobbiamo diritti
programma turc hia processopaese chiusa disoccupazione cambiamenti obiettivi milioni potra

Figure 5.7. 3 selectedmapping functions (Italian).

Top Terms

richtlinie aussduss nr vorschlag abanderungsantrag antrag abanderungsantrage vorgesdlagen abanderungsantragen

politik aussdussesgemeinsame bereich man namen eu menschenrechte herren insgesamt

programm turk ei prozess meines programms britisc hen linie aufmerksam menschenrechte zweitens

Figure 5.8. 3 selectedmapping functions (German).
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CHAPTER 6
MANIF OLD ALIGNMENT  USING LABELS

6.1 Overview

It is often the casethat plentiful labeleddata existsin onedomain, but onedesires
a model that performswell on another related, but not identical domain. Labeling
data in the new domain is always costly, so one often wishesto be able to leverage
the original data when building a model for the new data. This problemis known as
domain adaptation [25]. In this chapter, we study how to apply manifold alignmert
techniquesto domain adaptation.

A key ditcult y in applying manifold alignmert to domain adaptation is that the
alignmert method requiresspecifying a small amourt of cross-domaircorrespndence
relationship to learn mapping functions, but sud information may be dixcult to
obtain for most domain adaptation applications. To solwe this problem, we extend
the manifold alignmert framework to domain adaptation by exploring how to uselabel
information rather than correspndenceto align input domains. This idea is based
on the obsenation that many sourceand target domainsde ned by di®eren features
often sharethe samelabels. Our approad is designedto learn mapping functions to
project the sourceand target domainsto a newlatent space simultaneouslymatching
the instanceswith the samelabels, separatingthe instanceswith di®eren labelsand
preservingthe topology of eat input domain. An illustration of the approad is given
in Figure 6.1.

The cortributions of this chapter are two-fold. From the perspective of domain

adaptation, our cortribution is a new approad to addressthe problem of transfer
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Figure 6.1. Manifold alignment using labels. Di®erert colors represen di®erert classes.

even in the casewhenthe sourceand target domainsdo not shareany commonfea-
tures or instances.lIt canalsoprocesamultiple (> 2) input domainsby exploring their
commonunderlying structure. As a pre-processingstep, our approad can be com-
bined with existing domain adaptation approadhesto learn a commonfeature space
for all input domains. From the perspective of manifold alignmert, our cortribution
is a new approad that useslabels rather than corresppndenceso learn alignmernt.
This signi cantly broadensthe application scope of manifold alignmert. In experi-
merts, we preseit casestudieson how the new approad is applied to cross-domain
text categorization,and cross-domainranking.

The rest of this chapter is organizedas follows. In Section 6.2, we de ne the
problem, and provide a theoretical analysisof the problem. Subsequetly, Section6.3
describesthe main algorithmic framework, and an algorithm for domain adaptation
making use of the manifold alignmert results. Section 6.4 presens the main experi-

mertal results.
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6.2 Manifold Alignmen t using Lab els
6.2.1 The Problem

Assumewe are given K input datasets, where the data instancescome from ¢
di®eren classes.Let Xy = (xi; ¢¢¢; %) represen the k™ input dataset, wherethe
i instancex|, is de ned by py features. X canbe viewed asa matrix of sizep, £ my.
The labels for the rst I instancesof Xy are given as Vi = (V; ¢¢¢;v|'(k). When X
correspndsto a sourcedomain, | is usually large; when X corresppndsto a target
domain, Iy is usually small. In this problem formulation, X 1; ¢¢¢; X« are assumedo
be disjoint.

The problem is to construct K mapping functions, f;¢¢¢;f¢ to map the K
input setsto a new d dimensional(latent) space,where (1) the topology of eat set
is presened, (2) the instancesfrom the sameclass(acrossthe input sets)are mapped
to similar locations, and (3) the instancesfrom di®eren classesare well-separated

from ead other.

6.2.2 High Level Explanation

We treat ead input domain as a manifold. The goalis to construct K mapping
functions to project the input domainsto a new latent spacepreservingthe topology
of eadh domain, matching instanceswith the samelabels and separating instances
with di®eren labels. To achieve this goal, we rst createa matrix represetation of
the joint manifold modeling the union of all input domains. Each manifold is rep-
reserted by a Laplacian matrix constructed from a graph de ned by an \aznit y"
measureconnectingnearhy instances. The label information plays a key role in join-
ing theseadjacencygraphs,forcing the instanceswith the samelabelsto be neighbors
and separatinginstanceswith di®eren labels. The joint manifold has featuresfrom
all input domains, soits feature spaceis redundart. To remove the redundart fea-

tures, we project the joint manifold to a lower dimensionalspacepreservingmanifold
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topology. This is a dimensionality reduction step, and is solved by a generalized
eigervalue decomposition. The resulting feature spaceis a commonunderlying space
shared by all the input domains, and can be directly used for knowledge transfer

acrossdomains.

6.2.3 Notation

Beforede ning the costfunction beingoptimized, we needto de ne somematrices
usedin the problem formulation. We rst de ne the similarity matrix Ws, dissimilar-
ity matrix Wy, their row sum matricesDs, D4 and combinatorial Laplacian matrices

Ls, Lq. Then we de ne matriggsL and Z to model gll the input domains.
Wit eee WK
“ Similarity matrix Ws = % ¢ee  ¢ec ¢ed g isan (my+ ¢¢¢+ my )£ (my+
WL gee WK

S
¢¢¢+ my ) matrix, where W& is an m, £ m, matrix. W2P(i;j) = 1, if x| and

x{, are from the sameclass; W2®(i; j) = 0, otherwise (including the casewhen the
label information is not available). The correspnding diagonal row sum matrix is
de ned as Dg(i; i) = P ; Ws(i; ), and the combinatorial graph Laplacian matrix
Ls=Dsij Ws. 0 1
witoeee WS
" Dissimilarity matrix Wy = ox 0 OSN  (~ S  ( isan (my + ¢CC+ my) £
Wt eee WK
(my+ ¢+ my ) matrix, whereW2® is an m, £ my matrix. W2P(i; j) = 1, if x, and x,
are from di®erert classeswj“b(i; j) = 0, otherwise(including the casewhenthe label
information is not available). The correspnding diagonalrow sum matrix is de ned
asDy(i; i) = P j Wjy(i; j ), and the combinatorial Laplacianmatrix Ly = Dgj Wg.
" To represen the topology of ead given domain, we de ne Wy, Dy and Ly as
follows. Let Wy(i;j) represenm the similarity of x| and xjk. This similarity can be

computed as ek *i Xk We also de ne the correspnding diagonal row sum matrix

89



P
Dy asD(i; i) = j W, (i; j) and combinatorial Laplacian matrix asLy = Dy j Wk.

Matrices L and Z are de ned as follows:

0 1
L, 0 ¢¢ O
L = %m ¢ee ¢ ¢¢¢§ is an (my + ¢¢¢+ my ) £ (my + ¢¢¢+ my ) matrix:
0 ¢¢ 0 Lk
0 1
X1 0 ¢¢ O
Z = %}m ¢ee ¢oe ¢¢¢§ isa(py+ ¢+ pc) £ (Mg + CCC+ my ) matrix:

0 ¢¢ 0 Xk

6.2.4 The Cost Function
We then de ne A, B and C: three scalarsto be usedin the cost function.
XX Xa X _ . ,
A= 05, kfdxbi fdxbk?W2PGi; j); (6.1)
a=1 b=1 i=1 j=1
If x. and ij are from the sameclass,but their enbeddingsare far away from eat
other, then A will be large. Minimizing A encourageghe instancesfrom the same
classto be projectedto similar locationsin the new space.! ; is a weight parameter.
XX Xa Yo _ . "
B =05 Kfaxb i foxp kW3 j); (6.2)
a=l b=1 i=1 j=1
If x, and x|, are from di®eren classesbut their embeddingsare closeto ead other
in the new space,then B will be small. So maximizing B encourageghe instances
from di®eren classedo be separatedin the new space.
XXk Rk _ .
C= 05, Kfg X i o xlk2Wi(is j): (6.3)
k=1 i=1 j=1
If xi, and xL are similar in their domain, then the correspnding Wy(i; j) will be
large. When the embeddingsf,” x| and fkaL are well-separatedfrom ead other in

the new space,C becomeslarge. So minimizing C preseres the topology of eah

givendomain. 1, is a weight parameter.
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We want our algorithm to simultaneously achieve three goalsin the new space:
matching instanceswith the samelabels, separatinginstanceswith di®eren labels,
and preservingtopology of ead givendomain. Sothe overall costfunction C(f 1; ¢¢¢; f « )

to be minimized is:
Cf1;¢¢¢;fx) = (A + C)=B: (6.4)

6.2.5 Theoretical Analysis
Let ° = (f];¢¢¢;f )T bea(p.+ ¢¢¢+ pc) £ d matrix (represeting K mapping
functions) that we want to construct. The solution that minimizesthe cost function

is givenin the following theorem.

Theorem 9. The emkedding that minimizes the cost function C(f 1; ¢¢¢;f ) is given
by the eigenvetors correspnding to the smalest non-zeo eigenvaluesf the geneal-

ized eigenvaluedecomposition Z (2 1Ls + 1,L)ZTx = ,Z L4Z "x.

Proof: Giventhe input and the costfunction, the problem is formalized as:

. . A+C
ffi;0¢¢;fg = argming .geq, (C(f1;¢0¢;f)) = argmlnfl;mK(T) (6.5)

When d = 1, we can verify the following results hold:

XX Xa X _ . _
A = 05, Kf2xL i foxLkPWaR(i;j)=°TZ21,LZT°: (6.6)
a=1 pb=1 i=1 j=1
X Xa Yo , . N
B = 05 KfJxL i foxpkPWEP(i;j) = °TZLgZ"°: (6.7)
a=l b=1 i=1 j=1
XXk X , .
C = 05, ki X i o xLK2W(i;j) = °TZ1,Lz Te: (6.8)
k=1 i=1 j=1
SO arg, e, MINC(f1; €6¢; ) = arg, goq, min 2402020 - (6.9)
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It follows directly from the Lagrangemultiplier method that the optimal solution to
minimize the lossfunction C(f 1; ¢¢¢; f ) is given by the eigervector correspnding to
the minimum non-zeroeigervalue solution to the generalizedeigervalue problem:

Z(tils+1,5L)Z2Tx = ,Z LgZ™x: (6.10)

Whend> 1,

A=Tr(°TZ1,LsZT°); B=Tr(°TZL4Z™°); C=Tr(°TZ1,LZ7°): (6.11)

i . . — N Tr(CTZ(F1ls+2,L)ZT°),
SO arg,eeq, MinC(f1; C0¢;f) = Argy, gop, Min L FEHRE) (6.12)

Standardapproadtes|[74] shawv that the solutionto °; ¢¢¢° 4 that minimizesC(f 1; ¢¢¢; f )
is provided by the eigervectorscorrespnding to the d lowest eigervaluesof the gen-
eralizedeigervalue decompsition equation:

Z(tils+ 1,L)Z2Tx = Z L4Z™x: (6.13)

O

6.2.6 A Discussion on Non-linear Mapping Functions

In this chapter, the mappingfunctionsf 1; ¢¢¢; f « arelinear. In somescenariosywe
might want the mapping functions to be nonlinear. Then, instead of constructing K
linear mapping functions, f;; ¢¢¢; f« , we can directly compute the embedding result
of ead given instance. In this situation, the \latent" mapping functions can be
nonlinear. This problemis in fact technically lesschallenging,and the correspnding
cost function and algorithm can be given in a similar manner as the linear case

discussedn this chapter.
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1. Construct matrices Z, L, Ls and Ly as dened in Section 6.2.3.

2. Compute the mapping functions (fi;¢¢¢;fx) to align the input
8atase&s:
f1
@ ¢ec A = (°1;¢CC; °q), where °1; ¢¢C; °4 are eigervectors corresponding

fk
to the d smallesteigervaluesof Z (2 jLs + 1 ,L)ZTx = ,Z L4Zx.

3. Apply f1;¢¢¢;fx to map the input datasets to the new d dimen-
sional latent space:

For any x} and x}, fIx} and f [ x} are in the same d-dimensional space
and can be directly compared.

4. Compute solutions for the learning tasks (e.g. classi cation, rank-
ing) in the latent space with regular learning/transfer learning
techniques, leveraging the data from the source domains.

Figure 6.2. The Algorithmic Framework.

6.3 Domain Adaptation using Manifold Alignmen t

Assumingall but oneof the input datasetscorrespnd to the sourcedomains,and
one input dataset correspnds to the target domain, the algorithmic procedureto
construct f 1; ¢¢¢; f« by minimizing C(f 1; ¢¢¢; f« ) is givenin Figure 6.2.

Most existing domain adaptation approacesassumethat the input domainsare
de ned by the samefeaturesand the di®erencebetweendomainslargely comesfrom
data distributions. Our approad projects the input domains de ned by di®erert
featuresto a new space,soit canbe combined with most existing domain adaptation
algorithms to help solve more challengingadaptation problems. This chapter focuses
on the construction of common latent spacerather than studying which existing
domain adaptation approad ts our framework the best. Soin the experimerts, we
compareour algorithm and the other related algorithms on the ability to createsud
a latent space.A simple domain adaptation approad is applied on top of the latent

spacedo seehow di®eren algorithms help in heterogeneousiomain adaptation. The
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simple domain adaptation approad we useis as follows: After the latent spaceis
constructed, we rst usethe labeled instancesfrom the sourcedomainsto train a
linear regressionmodel for the given learning task, like ranking/classi cation. Then
we use the instancesfrom the target domain to create a secondlinear regression
model, sud that the sum of thesetwo regressionscoresis closeto the desiredlabel
for ead labeledinstancein the target domain. The secondregressionmodel is also
‘tted sud that similar instances(including both labeled and unlabeled instances)
in the target domain have similar regressionscores. This simple domain adaptation

approad is implemerted following the idea of manifold regularization [5].

6.4 Applications and Results
6.4.1 An lllustrativ e Example

In this example, we directly align the given datasetsand use some pictures to
illustrate how the alignmert algorithms work. The given manifolds comefrom a real
protein tertiary structure dataset, which is described in Section 3.5. We manually
label 10% of the amino acids in ead set as positive, 10% as negative, and the re-
maining are unlabeled. We denotethe rst setX 1, the secondset X ,, w