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Abstract

Relativized options combine model mini-

mization methods and a hierarchical rein-
forcemen learning framework to derive com-
pact reduced represenations of a related
family of tasks. Relativized options are de-
ned without an absolute frame of reference,
and an option's policy is transformed suit-
ably basedon the circumstancesunder which
the option is invoked. In earlier work we ad-
dressedthe issueof learning the option policy
online. In this article we dewelop an algo-
rithm for choosing, from amonga set of can-
didate transformations, the right transforma-
tion for eadh member of the family of tasks.

1. Intro duction

Tedniquesfor scaling decisiontheoretic planning and
learning methods to complex ervironments with large
state spaceshave attracted much attention lately,
e.g. (Givanet al., 2003;Dietteric h, 2000;Sutton et al.,
1999). Learning approades suc as the MaxQ algo-
rithm (Dietteric h, 2000), Hierarchies of Abstract Ma-
chines (Parr & Russell, 1997), and the options frame-
work (Sutton et al., 1999) decomposea complex prob-
lem into simpler sub-tasksand employ the solutions of
these sub-tasksin a hierarchical fashion to solve the
original task. The sub-problemschosenare not only
simpler than the original task but often are sub-tasks
whosesolutions can be repeatedly reused.

Model minimization methods (Givan et al.,, 2003;
Hartmanis & Stearns,1966;Ravindran & Barto, 2001)

alsoaddressthe issueof planning in large state spaces.

These methods attempt to abstract away redundancy
in the problem de nition to derive an equivalert
smaller model of the problem that can be usedto de-
rive a solution to the original problem. While reducing
entire problems by applying minimization methods is

often not feasible,we can apply theseideasto various
sub-problemsand obtain useful reductions in problem
size. In ref. (Ravindran & Barto, 2002) we showed
that by applying model minimization we can reduce
a family of related sub-tasksto a single sub-task, the
solution of which can be suitably transformed to re-
cover the solutions for the entire family. We extended
the options framework (Sutton et al., 1999)to accom-
modate minimization ideasand intro duced the notion
of a relativized option: an option de ned without an
absolute frame of reference. A relativized option can
be viewed as a compact represetiation of a related
family of options. We borrow the terminology from
Iba (1989) who deweloped a similar represenation for
related families of macro operators.

In this article we explorethe casein which oneis given
the reduced represenation of a sub-task and is re-
quired to choosethe right transformations to recover
the solutions to the members of the related family.
Sudch a scenariowould often arise in caseswhere an
agert is trained in a small prototypical environment
and is required to later act in a complex world where
skills learned earlier are useful. For example,an agert
may be trained to perform certain tasksin a particu-
lar room and then be asked to repeat them in dier-

ent roomsin the building. In many o ce and univer-
sity buildings, rooms tend to be very similar to one
another. Thus the problem of navigating in ead of
theserooms can be consideredsimply that of suitably
transforming the policy learnedin the rst room. An
appropriate set of candidate transformations in this
caseare re ections and rotations of the room. We
build on the options framework and proposea trans-
formation selectionmecanism basedon Bayesian pa-
rameter estimation. We empirically illustrate that the
method corvergesto the correct transformations in a
gridworld \building" environment with multiple simi-
lar rooms. We also considera game like environment
inspired by the Pengi (Agre, 1988) video game. Here
there are many candidate transformations and the con-
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ditions for minimization are only satis ed very approx-
imately. We introduce a heuristic modi cation to our
transformation selectionmethod and again empirically
demonstrate that this method performs adequatelyin
the gameernvironment.

We employ Markov Decision ProcessegfMDPs) asour
basic modeling paradigm. First we presernt some no-
tation regarding MDPs and partitions (Section 2),
followed by a brief summary of MDP homomor-
phisms and our MDP minimization framework (Sec-
tion 3). We the introduce relativized options (Sec-
tion 4) and presert our Bayesianparameter estimation
basedmethod to choosethe correct transformation to
apply to a sub-task (Section 5). We then briey de-
scribe approximate equivalenceand presen a heuristic
modi cation of our likelihood measure(Section 6). In
Section7 we concludeby discussingrelation to existing
work and somefuture directions of researd.

2. Notation

A Markov Decision Processis a tuple hS; A; ;P;Ri,

where S is a nite set of states, A is a nite setof ac-
tions, S A is the set of admissible state-action
pairs, P : S ! [0;1] is the transition probabil-

ity function with P(s;a;s% being the probability of
transition from state s to state s° under action a, and
R : I IR is the expected reward function, with

R(s;a) being the expected reward for performing ac-
tion ain state s. Let Ag = faj(s;a)2 g A denote
the set of actions admissible in state s. We assume
that for all s2 S, As is non-empty.

A stochastic policy, p, is a mapping from  to the real
interval [0;1] with ~ ,,  (s;@) = 1foralls2 S.
For any (s;a) 2 , (s;a) givesthe probability of ex-
ecuting action a in state s. The value of a state-action
pair (s;a) under policy is the expected value of the
sum of discourted future rewards starting from state
s, taking action a, and following  thereafter. The
action-value function, Q , corresponding to a policy
is the mapping from state-action pairs to their values.
The solution of an MDP is an optimal policy, 7, that
uniformly dominatesall other possiblepoliciesfor that
MDP.

Let B be a partition of a set X. For any x 2 X,
[x]g denotesthe block of B to which x belongs. Any
function f from a set X to a setY inducesan equiv-
alencerelation on X, with [x]; = [x9; if and only if

f(x) = f(xO.

An option (or a temporally extended action) (Sutton
et al.,, 1999)in an MDP M = KS;A; ;P, Ri is de-
ned by the tuple O = hl; ; i, where the initiation

set | S is the set of statesin which the option can
beinvoked, isthe option policy, and the termination
function :S! [0;1] givesthe probability of the op-

tion terminating in any given state. The option policy
canin generalbe a mapping from arbitrary sequences
of state-action pairs (or histories) to action probabili-
ties. We restrict attention to Markov options in which
the policies are functions of the current state alone.
The states over which the option policy is de ned is
known asthe domain of the option.

3. Mo del Minimization

Minimization methods exploit redundancy in the def-
inition of an MDP M to form a reduced model M ©,
whosesolution yields a solution to the original MDP.
One way to achieve this is to derive M ° such that
there existsa transformation from M to M °that maps
equivalert statesin M to the samestate in M °, and
equivalent actionsin M to the sameaction in M % An
MDP homomorphismfrom M to M %is such a trans-
formation. Formally, we de ne it as:

De nition: An MDP homomorphism h from an
MDP M = IS;A; ;P;Ri to an MDP M° =
hS% A% CPCRYG s a surjection from  to © de-
ned by a tuple of surjections hf ;fgsjs 2 Sgi, with
h((s;a)) = (f(s);gs(a)), wheref : S ! SO and
Os : Ag ! A$(S) fors2 S, sudh that 8s;s°2 S:a2 Ag:

PYf (s); gs(a); f (s9)

P(s;a;s%; (1)
s902 [s0];
R(s;a): (2)

RAf (s); 0s(2))

We call M © the homomorphic image of M under h.
We usethe shorthand h(s; a) to denote h((s;a)). The
surjection f maps states of M to states of M ©, and
sinceit is generally many-to-one, it generally induces
nontrivial equivalence classesof states s of M: [s]; .
Each surjection gs recodes the actions admissible in

state s of M to actions admissible in state f (s) of
M © This state-dendent recoding of actions is a key
innovation of our de nition, which we discussin more
detail below. Condition (1) says that the transition

probabilities in the simpler MDP M © are expressible
as sums of the transition probabilities of the states
of M that f mapsto that samestate in M % This

is the stochastic version of the standard condition for
homomorphismsof deterministic systemsthat requires
that the homomorphism commutes with the system
dynamics (Hartmanis & Stearns,1966). Condition (2)

says that state-action pairs that have the sameimage
under h have the sameexpected reward. A policy in

M %inducesa policy in M and the following describes
how to derive such an induced policy.
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Figure 1. (a) A simple rooms domain with stochastic ac-
tions. The task is to collect all 5 objects, the black dia-
monds, in the environment. The state is described by the
number of the room the ager is in, the agert's x and y
co-ordinates within the room or corridor with respect to
the referencedirection indicated in the gure, and boolean

ject in room i.(b) The option MDP corresponding to the
sub-task get-object-and-leave-room.

De nition:  Let M °be the image of M under homo-
morphism h = hf ;fgsjs 2 Sgi. Forany s2 S, g, (a9
denotesthe set of actions that have the sameimage
a2 A, under gs. Let be a stochastic policy in
M C Then lifted to M isthe policy y such that for

any a2 g 1(a%, m(s;a)= (f(s);a) g (@) .t

An optimal policy in M ° when lifted to M yields an
optimal policy in M (Ravindran & Barto, 2001). Thus
onemay derive a reducedmodel of M by nding suit-
able homomorphic image. Our minimization frame-
work is an extensionof the approac proposedby Dean
and Givan (Givan et al., 2003). In ref. (Ravindran &
Barto, 2003) we explore application of minimization
ideasin an hierarchical setting and show that the ho-
momorphism conditions are a generalizationof the safe
state abstraction conditions introduced by Dietterich
(2000).

4. Relativized Options

Consider the problem of navigating in the gridworld
ervironment showvn in Figure 1(a). The goal is to
reach the certral corridor after collecting all the ob-
jects in the gridworld. There exists no non-trivial ho-
momorphic image of the ertire problem. But there are
many similar componerts in the problem, namely, the
v e sub-tasksof getting the object and exiting room;.
Sincethe rooms are similarly shaped, we can map one

It issucien tthat  _, 1,0 wm(sid) = (f(s);a"),

but we use the above de nition to make the lifted policy
unique.

sub-taskonto the other by applying simple transforma-
tions sud asre ections and rotations. We can model
this similarity amongthe sub-tasksby a \partial" ho-
momorphic image|where the homomorphism condi-
tions are applicable only to statesin the rooms. One
such partial imageis shown in Figure 1(b).

A relativized option (Ravindran & Barto, 2002) com-
bines partial reductionswith the options framework to
represen compactly a family of related options. Here
the policy for achieving the option's sub-goalis de ned
in a partial image MDP (option MDP). When the op-
tion is invoked, the current state is projected onto the
option MDP and the policy action of the option MDP
is lifted to the original MDP basedon the states in
which the option is invoked. For example, action E
in the option MDP will get lifted as action W when
invoked in room 3 and as action N when invoked in
room 5. Formally we de ne a relativized option as
follows:

De nition: A relativized option of an MDP M =
hS;A; ;P;Ri isthe tuple O = th;M ;1 ; i, where
| S is the initiation set, :S°! [0;1]is the ter-
mination function and h = H ;fgsjs 2 Sgi is a partial
homomorphismfrom the MDP IS;A; ;P;Roi to the
option MDP M ¢ = iS% A% % PC%RY with Rp chosen
basedon the sub-task.

In other words, the option MDP M ¢ is a partial ho-
momorphic image of an MDP with the same states,
actions and transition dynamicsasM but with a re-
ward function chosenbasedon the option's sub-task.
The homomorphism conditions (1) and (2) hold only
for statesin the domain of the option O. The option
policy : 91! [0;1]is obtained by solving M o by
treating it asan episalic task. Note that the initiation
setis de ned over the state spaceof M and not that
of M o. Sincethe initiation setis typically usedby the
higher level when invoking the option, we decidedto
de ne it over S. When lifted to M, is transformed
into policy fragmerts over , with the transformation
depending on the state of M the system s currently
in.

Going bad to our examplein Figure 1(a), we can now
de ne a single get-objet-and-leave-room relativized
option using the option MDP of Figure 1(b). The
policy learnedin this option MDP can then be lifted
to M to provide di erent policy fragmerts in the dif-
ferent rooms.

5. Choosing Transformations

In (Ravindran & Barto, 2002) we exploredthe issueof
learning the relativized option policy while learning to



solve the original task. We establishedthat relativized

options signi cantly speedup initial learning and en-
able more e cien t knowledge transfer. We assumed
that the option MDP and the required transforma-

tions were speci ed beforehand. In a wide variety of
problem settings we can specify a set of possibletrans-

formations to employ with arelativized option but lack

su cien t information to specify which transformation

to employ under which circumstances. For example,
we can train a two-arm ambidextrous robot to accom-
plish certain sub-tasks like grasping and moving ob-
jects using one arm and a small set of object orienta-

tions. If the robot is then supplied a set of rotations

and re ections, it could learn the suitable transforma-

tions required when it usesthe other arm and when it

encourters objects in di erent orientations.

Givenasetof candidate transformations H and the op-
tion MDP M o = iS% A% % PO RG how dowe choose
the right transformation to employ at ead invocation
of the option? Let S be a function of the current state
s that capturesthe features of the states necessaryto
distinguish the particular sub-problem under consid-
eration.? We formulate the problem of choosing the
right transformation as a family of Bayesian parame-
ter estimation problems, onefor ead possiblevalue of
S.

We have a parameter, , that cantake a nite number
of valuesfrom H. Let p(h;3) denote the prior proba-
bility that = h, i.e., the prior probability that h is
the correct transformation to apply in the sub-problem
represened by S. The set of samplesusedfor comput-
ing the posterior distribution is the sequenceof tran-
sitions, hs;; a;;s,;a2; i, obsenedwhenthe option is
executing. Note that the probability of observing a
transition from s; to sj+1 under a for all i, is inde-
pendert of the other transitions in the sequence.We
employ recursive Bayeslearning to update the poste-
rior probabilities incremertally.

Let p, be the posterior probability n time stepsafter
the option wasinvoked. We start by setting po(h;3) =
p(h;s) for all h and 5. Let E, = bsy;an;Sn+1i
be the transition experienced after n time steps of
option execution. We update the posteriors for all
h = h;fgsjs 2 Sgi asfollows:

Pr(Enjh;il)pn 1(h;3) 3)

where Pr(Enjh;s) = PYf(sn);0s, (an);f (Sn+1))

2In the example in Figure 1, the room number is su -
cient, while in an object-based environment someproperty
of the target object, say color, might suce. Frequertly s
is a simple function of s like a projection onto a subset of
features, asin the rooms example.

pn(h;S) =
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Figure 2. Comparison of initial performance of agerts with
and without knowledge of the appropriate partial homo-
morphisms on the task shown in Figure 1 with various lev-
els of stochasticity.

is the probability of observing the h-projection
of trlgnsition E, in the option MDP and
N = oo PATUsn): 60, ()i Asnaa ) 1(h%S) is
a normalizing factor. When an option is executing, at
time step n we use R = argmax, p, (h;S) to project
the state to the option MDP and lift the action to
the original MDP. After experiencing a transition, we
update the posteriors of all the transformations in H
using (3).

5.1. Results

We tested the algorithm on the gridworld in Figure 1.
The agert hasone get-objet-and-exit-room relativized
option de ned in the option MDP in Figure 1(b). Con-
sidering all possiblecombinations of re ections about
the x and y axesand rotations through integral multi-
ples of 90 degrees,we have eight distinct transforma-
tions in H. For ead of the roomsin the world there
is one transformation in H that is the desiredone. In
someways this is a cortriv ed example chosenso that
we canillustrate the correctnessof our algorithm. Re-
duction in problem sizeis possiblein this domain by
more informed represenation scdhemes. We will dis-
cuss,brie y, the relation of such schemesto relativized
options in the Section 7. The agert employed hier-
archical SMDP Q-learning with -greedy exploration,
with = 0:1. The learning rate was set at 0:01 and

at 0.9. We initialized the priors in ead of the rooms
to a uniform distribution with pg(h;3) = 0:125 for all
h 2 H and 5. The trials were terminated either on
completion of the task or after 3000steps. The results
shown in Figure 2 are averagedover 100 independert
runs. Werepeatedthe experiment with di erent levels
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Figure 3. (a) A game domain with interacting robots and
stochastic actions. The task is to collect all 4 objects, the
black diamonds, in the environment. The state is described
as before by the number of the room the agert is in, the
agert's x and y co-ordinates within the room or corridor,

room number, and x and y co-ordinates of every robot in
the domain. The robots are of two types|b enign (shaded)
and delayers (black). Seetext for explanation of robot
types. (b) The option MDP corresponding to the sub-task
get-object-and-leave-room. There is just one delayer robot
in this image MDP.

of stochasticity, or slip, for the actions.

The probability with which an action \fails", i.e., re-
sults in movemen in a direction other than the desired
one, is called the slip in the environment. The greater
the slip, the harder the problem. As shown in Figure
2 the agert rapidly learnedto apply the right transfor-
mation in ead room under di erent levels of stochas-
ticity. We compared the performance to an agert
learning with primitiv e actions alone. The primitiv e
action agert didn't start improving its performance
until after 30,000iterations and hencewe did not em-
ploy that agert in our experiments. We alsocompared
the performanceto an agert that knew the right trans-
formations to begin with. As can be seenin Figure 2
the di erence in performanceis not signicant.® In
this particular task our transformation-choosing algo-
rithm managesto identify the correct transformations
without much lossin performancesincethere is noth-
ing catastrophic in the ervironment and the agen
is able to recover quickly from wrong initial choices.
Typically the agen identi es the right transformation
in a few updates. For examplein room 5 the agert
quickly discardsall pure re ections and the posterior
for transform 5, a rotation through 90 degrees,con-
vergesto 1.0 by the tenth update.

3All the signi cance tests were two sample t-tests, with
a p-value of 0.01, on the learning time distributions.

6. Appro ximate Equiv alence

The task in Figure 1 exhibits perfect symmetric equiv-
alence. Such a scenariodoesnot often arisein practice.
In this sectionwe considera more complexgameexam-
ple with imperfect equivalencesinspired by the Pengi
ernvironment usedby Agre (1988) to demonstrate the
e ectiv enessof deictic represerations. The layout of
the gameis shawn in Figure 3(a). As in the previous
example, the objective of the gameis to gather all the
objects in the environment and the environment has
standard stochastic gridworld dynamics.

Each room also has seweral robots, one of which might
be a delayer. If the agert happensto occupy the same
square as the delayer then it is prevented from mov-
ing for a randomly determined number of time steps,
given by a geometricdistribution with parameter hold.
When not occupying the samesquare,the delayer pur-
suesthe agert with someprobability, chase The other
robots are benign and act as mobile obstacles, exe-
cuting random walks. The agert does not have prior
knowledge of the hold and chaseparameters, nor does
the agert recognizethe delayer on entering the room.
But the agert is aware of the room numbers,and x and
y co-ordinatesof all the robots in the ervironment, all
the havefeatures, its own room number, and x and y
co-ordinates.

The option MDP (Figure 3(b)) weemploy is a symmet-
rical room with just one robot|a delayer with xed

chase and hold parameters. The features describing
the state spaceof the option MDP consists of the x
and y co-ordinates of the agert and the robot and a
boolean variable indicating possessionof the object.
Unlike in the previous example, no room matchesthe
option MDP exactly and no robot hasthe samechase
and hold parametersasthe delayer in the image MDP.
In fact room 2 does not have a delayer robot. While

employing the relativized option, the agert hasto not
only gure out the right orientation of the room but

also which robot is the delayer, i. e., which robot's
location it needsto project onto the option MDP's de-
layer's features. Thus there are 40 candidate transfor-
mations, comprising of di erent re ections, rotations
and projections.*

While this game domain is also a cortriv ed example,
projection transformations arise often in practice. In
an environment with objects, selectinga subsetof ob-
jects (say blocks) with which to perform a sub-taskcan
be modeledasprojecting the featuresof the chosenob-

“Please refer to http://wwwe-all.cs.umass.edu/~ra vi/
ICMLO3-exp eriments.pdf for a more detailed description
of the experimental setup.



jects onto an option MDP. Sud projections canalsobe
usedto model indexical represerations (Agre, 1988).
In this gameexample, nding the projection that cor-
rectly identi es the delayer is semartically equivalert
to implemerting a the-rolot-chasing-mepointer.

In ref. (Ravindran & Barto, 2002) we extended our
minimization framework to accommalate approxi-
mate equivalencesand symmetries. Since we are ig-
noring di erences betweenthe various roomsthere will
be a loss in asymptotic performance. We discussed
bounding this loss using Bounded-parameter MDPs
(Givan et al., 2000)and approximate homomorphisms.

We cannot employ the method we dewveloped in the
previous section for choosing the correct transforma-
tions with approximate homomorphisms. In some
caseseven the correct transformation causesa state
transition the agert just experiencedto project to an
impossibletransition in the image MDP, i.e., one with
aP%value of 0. Thusthe posterior of the correct trans-
formation might be setto zero, and oncethe posterior
reachesO, it stays there regardlessof the positive evi-
dencethat might accunulate later.

To addressthis problem we employed a heuristic|
lower bound the P°valuesusedin the update equation
(3). We compute a \w eight" for the transformations
using:

PY(f (s); gs(a); f (sYwn 1(h;3)
N

phere PYs;a;s%) = max( ;P%s;a;s%), and N =

hoon PA(F X8); 83(a); f AsY))wn 1(%S) is the nor-
malizing factor. Thus even if the projected transition
has a probability of 0 in the option MDP, we use a
value of in update. The weight w(h;3) is a measure
of the likelihood of h being the right transformation
in 5 and we use this weight instead of the posterior
probabilit y.

Wy (h;s) = (4)

We measuredthe performance of this heuristic in the
gameervironment. Sincenoneof the roomsmatch the
option MDP closely keeping the option policy xed
leads to very poor performance. So we allowed the
agert to corntinually modify the option policy while
learning the correct transformations. As with the ear-
lier experimerts, the agert simultaneously learnedthe
policies of the lower level and higher level tasks, using
a learning rate of 0:05 for the higher level MDP and
0:1 for the relativized option. The discourt factor
wassetto 0.9, to 0:1and to 0:01. We initialized
the initial weights in ead of the roomsto a uniform
distribution with wg(h;3) = 0:025for all h 2 H and
5. The trials were terminated either on completion of
the task or after 6000 steps.

We comparedthe performanceof this heuristic against
that of an agert that had 4 dierent regular Markov
options. The agert learned the option policies si-
multaneously with the higher level task. The results
showvn in Figure 4 were averaged over 10 indepen-
dent runs. As shown in Figure 4 the agen using
the heuristic shaws rapid improvemert in performance
initially . This vindicates our belief that it is easier
to learn the \correct" transformations than to learn
the policies from scratch. As expectedthe asymptotic
performance of the regular agert is better than the
relativized agen. We couldn't compare the heuristic
againstan agert that knewthe correct transformations
beforehand since there are no correct transformation
in someof the cases.

Figure 5 shaws the ewolution of weights in room 4 dur-
ing a typical run. The weights have not corverged
to their nal valuesafter 600 updates, but transform
12, the correct transformation in this case, has the
biggestweight and is picked consistertly. After about
thousand updatesthe weight for transform 12 reached
nearly 1 and stayed there. Figure 6 shows the ewolu-
tion of weights in room 2 during a typical run. The
weights oscillate a lot during the runs, since none of
the transforms are ertirely correct in this room. In
this particular run, the agert corvergedto transform
5 after about 1000updates, but that is not always the
case. But the agert can solve the sub-task in room
2 aslong asit correctly identi es the orientation and
employs any of transforms 1 through 5.

While noneof the transformations are completely\cor-

rect" in this ervironment, especially in room 2, the

agert is able to complete eat sub-task successfully
after a bit of retraining. One can easily construct en-
vironments where this is not possibleand we needto

consider somefail-safe mecanism. One alternativ e is
to learn the policy for the failure states at the primi-

tive action level and usethe option only in stateswhere
there is some chance of success. Another alternative
is to spavn a copy of the relativized option which is
available only in the failure statesand allow the agert

to learn the option policy from scratch thus prevert-

ing harmful generalization. We have not explored this

issuein detail in this paper, since we were looking to

dewelop a method that allows us to select the right

transformation under the assumptionthat we have ac-
cessto sud a transformation.

7. Discussion and Future Work

In this article we preseried results on choosing from
among a set of candidate partial homomorphisms,as-
suming that the option MDP and the policy are com-
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pletely speci ed. We are currently working on relax-
ing these assumptions. Speci cally we are looking at
learning the option policy online and working with par-
tial speci cation of the option MDP. We are also ap-
plying this approach to more complex problems. In
particular we are applying this to solving a family of re-
lated tasks on the UMasstorso (Wheeler et al., 2002).
The torso is initially trained on a single task, and is
later required to learn the transformations to apply to
derive solutions to the other tasks in the family.

The experimernts reported in this paper employ a two-
level hierarchy. Our ideas generalize naturally to
multi-lev el hierarchies. The semi-Markov decisionpro-
cess(SMDP) framework is an extension of the MDP
framework which is widely employed in modeling hier-
archical systems(Dietteric h, 2000;Sutton et al., 1999).
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Figure 6. Typical evolution of weights for a subsetof trans-
forms in Room 2 in Figure 3, with a slip of 0.1.

We recertly developed the notion of SMDP homomor-
phism and usedit in de ning hierarchical relativized
options (Ravindran & Barto, 2003). The option is now
de ned using an option SMDP and hence can have
other options as part of its action set. We are cur-
rently applying the methods deweloped in this paper
to domainsthat require hierarchical options.

We employed the options framework in this work, but
our ideas are applicable to other hierarchical frame-
works sudh as MAX Q (Dietteric h, 2000) and Hierar-
chies of Abstract Machines (Parr & Russell, 1997).
Sub-tasksin these frameworks can also be relativized
and we could learn homomorphic transformations be-
tween related sub-tasks. Relativization can also be
combined with automatic hierarchy extraction algo-
rithms (McGovern & Barto, 2001; Hengst, 2002) and
algorithms for building abstractions speci c to dier-

ent levels of the hierarchy (Dietteric h, 2000; Jonsson
& Barto, 2001).

In some environments it is possibleto choose repre-
sentation schemesto implicitly perform the required
transformation depending on the sub-task. Examples
of such schemesinclude ego-cettric and deictic repre-
senations (Agre, 1988), in which an agen senseshe
world via a set of pointers and actions are speci ed
with respect to these pointers. In the game erviron-
ment we employed projection transformations to iden-
tify the delayer robot. As mentioned earlier, this is a
form of indexical represernation with the available pro-
jections specifying the possiblepointer con gurations.
Thus choosingthe right transformation can be viewed
as learning the-rolot-chasing-me pointer. While em-
ploying sud represenations largely simpli es the so-
lution of a problem, they are frequertly very di cult

to design. Our work is a rst step toward systematiz-



ing the transformations neededto map similar sub-
tasks onto ead other in the absenceof versatile sen-
sory medcianisms. The concepts developed here will
alsosene asstepping stonesto designingsophisticated
represertation schemes.

In our approach we employ dierent transformations
to get dierent interpretations of the same MDP
model. Researbers have investigated the problem
of employing multiple models of an environment and
combining the predictions suitably using the EM al-
gorithm (Haruno et al., 2001) and mixtures of experts
models (Doya et al., 2002). We are investigating spe-
cializations of such approachesto our setting wherethe
multiple modelscan be obtained by simple transforma-
tions of one another. This closerelationship between
the various models might yield signi cant simpli ca-
tion of thesearchitectures.
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